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Four-Dimensional Persistent Screw Systems
of the General Type

Marco Carricato

Abstract When a mechanism moves, the twist systeof the end-effector gener-
ally varies. In significant special casé&is a subalgebra of the Lie algebra of the
special Euclidean group, and it remains constant. In monerngé casesS remains
invariant up to a proper isometry, thus preservingli#éss A mechanism of this kind

is said to generateersistent screw systef@SS) of the end-effector. PSSs play an
important role in mobility analysis and mechanism designispaper presents the
serial generators of 4-dimensional PSSs with a constass ofithegeneraltype.
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1 Introduction

Screw systems are the subspaces of the Lie algeg of the Euclidean group
SE(3). Two screw systems are equivalent if one may be moved ontottrex by
a rigid-body displacement [4]. This equivalence relationdgs the space of screw
systems into infinitely manglassesThe latter may be grouped into a finite number
of general or speciaypes[7, ch. 12], within which the constituent classes are iden-
tified by the values of a small number of parameters. Scretesysbelonging to
the same class have the sadmmensiontypeandshape thus differing only in their
posein space.

For a mechanism in a configurati@h the possible instantaneous motions of the
end-effector are given by a screw syst8{®) C sg3). In general, whe® changes,
so doesS(O©). An important special case occurs when the mechanism eamsthe
body to trace out (at least locally)subgroupof SE(3). Then, for any nonsingular
0, S(@) = A, whereA s thealgebraof the subgroup. The mechanism is said to gen-
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Fig. 1 Relative pose between two screws (a); a chain of four 1-dofipags (b).

erate annvariant screw systerfiSS) of the end-effector [7, 4, 5, 6]. Herein, a more
general case is considered, namely a mechanism v8{&g although not neces-
sarily constant, has eonstant class In other termsS(O©) retains its shape while

it changes its pose, in effect moving like a rigid body in spd€ that is so, and
dimS(©) = n, the mechanism is said to generatenadimensionapersistent screw
systenof the end-effector, or briefly an-PSS. PSSs were presented by Carricato
and Rico Marinez, who showed that PSS generators may be obtained bilyseria
composing generators of ISSs [2, 3, 1]. The exhaustiveiilze®on of PSS gener-
ators is in progress. This paper complements the resulid,iwhere the generators
of 4-PSSs with constant classesspiecialtypes were described. Here, the serial
generators of 4-PSSs with constant classes ofjémeraltype are presented.

In the following, the locutionsriG system’ and hR system’, withR being a
Roman numeral, denotedimensional screw systems, respectively, of geaeral
type and of thékth specialtype, according to [7]. A normalized screw representing
a relative twist between two bodies is designatedsbyrhe axis (when it exists),
the pitch and the direction @& are denoted by, h ands, respectively. When it is
useful, andh accompanys within parentheses, i.&(¢,h) (if h= =, ¢ is replaced
by s). Given two screws; (4, hj) andS;j(¢;, h;) (Fig. 1a),n;j is the common normal
betweer?; and/j; Rj; andB; j are the feet ofij on{ and/j; njj is a unit vector
parallel ton;; and directed fronB;; to Bj j; pij anda;; are the shortest distance
and the relative angle betweénand/;, with ajj being measured about; in the
interval (— /2, 1t/2]; finally, pij = Rj,j — Rj.i = Bijnij.

2 Generatorsof 4-dimensional PSSs of the general type

Any subgroup ofSE(3) may be generated (at least locally) by a serial chain com-
posed by 1-dof lower pairs. Hence, any 4-PSS generator @émgdrg the serial com-
position of ISSs may be considered ‘equivalent’ to a sein&iElge& composed by
(at least) four 1-dof joints (Fig. 1b). Since joint motiorffeat neither the pitches
nor the relative pose of adjacent joints, the geometry ofciain is completely
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defined by the joint screws at an arbitrarily-chosen nondargeference configura-
tion,i.e.§ = §(0)|g_y=S(0),i =1...4. Accordingly,& may be identified with
the array(Sy, ..., Ss). Link 0 of & is the predecessor &; link i, withi=1...3,is
the body laid betwee§, andS 1; and link 4 is the successor 8f.

After a displacemen® = (8y,...,6;), theith joint screw,i > 1, is moved to
S(0) = |‘|'j;1Dj (6;)Si, whereDj is the adjoint action of thgth joint displace-
ment. Generally, in the new configurati®&®) = sparn$;(0),...,S4(0)] # S0).

S generates a PSS if, for every nonsinguarS(©) = G(©)S(0), whereG(O)

is the adjoint action of @roper isometry A simpler formulation of this condition
emerges by observing that joint motiofisand 6, cannot alter the shape 80©),
since they do not affect the relative pose®$ joint screws. Accordingly, when
studying the persistent properties $f©), 6; and 8, may be kept constant, e.g.
6, = 6, =0, and link 2 may be conveniently chosen as the referenceef{&in

As a consequence& generates a 4-PSS if and only if, for every nonsingular pair
(62,63), there is an adjoint actioB(6,, 63) such thatS(6., 83) = G(62, 63)S(0,0),
whereS(6,, 65) = spanD; *(6,)S1, S, Ss, D3(65)S4].

S(©) has a constant class of theneraltype if the principal screws, 1(£p1, —hp1)
andSi2(¢p2, —hpo) of the cylindroidS* reciprocal toS have constarfinite pitches,
andhpy # hp [7] (Fig. 2). If that is so, the principal scre@(¢pi, hpi) of S, with
i =1,2, is collinear withS;; and has pitctnp;, whereas the principal scre\@gs and
Spa Span a cylindrical IS’ (¢p3) along the nodal line o8* (the latter is the line
perpendicular td,; andy, passing through their intersection poit ¢'(¢,3) and
the co-pitch screw therein are, respectively, the only availdBI8 with dimension
greater than 1 and the ondy-pitch screw inS.

A generatoS = (Sy,...,S4) of a 4G-PSS may be constructed by composing the
ISSs available irS. Since? (¢p3) has dimension 2 anl has dimension 4, no less
than three ISSs need to be composeteyarygenerator is constructed by compos-
ing € (¢p3) with two 1-dimensional ISSs, i.e. with two single screwsguéaternary
generator emerges by composing four distinct screwS. iBince the & system
comprises a single-pitch screw,& cannot include: more than orepitch screw;
more than a pair of adjacent parallel finite-pitch screwsam pf adjacent paral-
lel finite-pitch screws plus am-pitch screw. Otherwise, configurations in which
co-pitch screws along more than one direction would appear.

& may be synthesized by expanding the 3-PSS generatorsshisdlio[3]. Since
the only 3-systems contained in &4ystem are the@, 3, 3lI1, 3VII and /111
systems, the only 3-PSSs that may appear withiGaystem are thel3 and the
3V III-PSS (cf. [3]). For this reason, these two will be the ‘builyiblocks’ of the
generators described hereafter.

2.1 Theternary generator

Let B = (Sp(f2,h2),S3(¢3,h3),Sa(4a,ha)) and letB form a 3-PSSB. For the

properties of the Bsystems, all screws @ have finite pitch and, i5;(¢5;,h5,),
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Fig. 2 Principal screws of a 4-system of the general typg:# o # hpp, andhp; # hpo.
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Fig. 3 3l systems within a@ system.
i =1...3, is theith principal screw o8B, thenhg1 = hgz [7]. SinceB is persistent,

the following conditions also apply [3]:

hg=hB3 =0, “S3(fs,0) = Sp3(¢53,0), hpy=hBy#0, Psg=Pau3=0°, (1)

whereO® is the point wheres;,, S5, andS3; intersect. Furthermore, fgr= 2,4,
a3j 75 0, hj = h%lsinzag,j 75 O, p3j = hglsinagj COSG3J'. (2)

It may be proven that anyl 33ystem lying within a & system must meet the
following requirements (wherbg =0 is enforced, Fig. 3):

(i) Sh1 = Sp1, i.e. (5 = £p1 andh; = hS, = hpy, with Spy being the principal
screw normal tdpz with the highest pitch in absolute value, ilp1| > [hp2
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Fig. 4 Ternary generator of a 4-PSS with a constant class of the deypeea

(i) the centerO® of B must lie on¢p;, namelyO? — O = rBsy;, with rB € R;

(iii) cos? a® = (hpa—hb;) /(hp1 —h3) = hpa/hpa, with a® being the angle thaf;
forms with {3, evaluated according to the right-hand rule atsutand such
that—m/2 < aB < 11/2;

(iv) r® = (hp1—hB3)sina®cosa® = hp sina® cosa®;

(v) hp1 andhp must have the same sign (when they are different from zem), i
hpl > hpz > hES =0 orhpl < hpz < h%3 =0.

For the sake of brevity, the proof of the above statementstisaported. It emerges
from statements (i)—(v) that &&4system may comprise only twd 3ystems, i.eB
andB’, such thah‘f;3 =0 (Fig. 3).B andB’ are symmetric under reflection s,

and they coalesce whém, = 0 (in which caseg® = 11/2 andr® = 0).

If S(©) has to be a @PSS,hp; andhp must remain constant @ varies.
Hence,a® must remain constant too. Two cases need to be distingyidbpending
on whetherS; has infinite or finite pitch. Ihy = o, §; must be parallel tdps, as
the onlyco-pitch screw ofSlies in € (¢3). Sinceé‘g3 = (3, aB must thus coincide
with the angleas; betweens; and sz Since cosr3; = S - S3 = COS032C0S021 —
sinarszSinap1 cosy and simss # 0, ag may be constant only ifip; = 0, in which
casea® = a3, = a3p. Hence S; andS; are parallel, and they spafi(¢y3) (Fig. 4).
This condition must be enforced alsohif is finite. In fact,S; must be reciprocal,
for arbitrary values o8, to a screws,; of pitch —hp; passing throug®® and lying
on a plane perpendicular @. It is not difficult to verify, by direct computation,
that this may happen only 8; andS; are collinear, i.e. if they spa#(¢p3)!. The
4-system illustrated in Fig. 4 is, thus, persistédtcoincides withPs2, Sy lies
along the common normal betwe8pandSg, Sy, is orthogonal t/; andfy3, and
the following conditions (deriving from Egs. (1)—(2) andt&ments (i)—(iii)) apply:

1 Indeed,S; may be reciprocal, for arbitrary values @, to a screw of pitch-hy intersecting/s
at right-angle, even ips2> = 0, az2 = 11/2 andh, = hpy, with S1 being, in this case, aligned with
S,. However, requirings; to be also reciprocal t8;2, i.e. a screw both perpendicular $, and
intersecting it, straightforwardly leads to the conditiontt§; andS, must be collinear. Explicit
calculations are not reported for the sake of brevity.



6 Marco Carricato

ﬁBi | Q3 /¢
| 1 /‘ !
\ S,(£,,0)= -
Eay i o) | D,(k7)S (£, 1)

S :1 (//;1 ) hfl)

A(ph 1A
S pl(gpbh/pl)7, -7 P32

Fig. 5 Ternary generator of a@tPSS obtained from av311-PSS.

hg=0, hy=hpsinfass, pas=hy Sinazscosass, (3a)
P32 = hp1 COSA328iNA3y,  hpp = hp1COS azs, (3b)

with hpy > hgo > 0 or hyy < hpy < 0. In particular, wherhp, =0 andhp # 0,
Eq. (3b) impliesaz, = /2 and p32 = 0. Whenhp, = 0, Egs. (3a)-(3b) require
hp2 = hg = p32 = p3a = 0, and a ternary generator-of &RSS'is indeed obtained
(cf. Fig. 2(c) in [1]).

The 4G-PSS in Fig. 4 may also be derived from thél8 -PSS generator shown
in Fig. 7(a) of [3]. Let = (Sy(s1,0),S2(¢2,h2), Sa(43,h3)), whereS;(sg,) and
Sy(¢2,hp) form a cylindrical ISS% (¢2), andSg(¢3, hs) is a finite-pitch screw non-
parallel tof,. According to [3],2 generates a\8l11 -PSSA such that

ha = hg+ pa2cotasy, 4)
whereSg,(£5,, hg,) is the principal screw of perpendicular td; andng,. SinceA
contains oneo-pitch screw andS = (2, S4(¢4,hs)) has to generate &34PSS,S,
must have finite pitch, and it cannot be parallef4o

If 63 is the angle betweens, andnss, wheneverfs = kT, k € N, ¢, /3 and/y
are perpendicular to the same direction, & = +ns4 (Fig. 5). In such configura-
tions%’(¢2), Sz andD3(k7)Ss cannot be linearly independent, otherwise they would
form a 4-system reciprocal to anpitch screw parallel tos, (and this could not be
a 4G system). Thus, these configurations must be singular aackithD3(KT)Ss
must belong, for any, to A. This impliesPs; 3 = P34 3 andhz = 0. Moreover, since
D3(0)S; andDs3(1) S, are symmetric under reflection 3, they must form a cylin-
droidC having one of its principal screws, ssﬁz, on/s [7, ch. 3]. SinceC belongs
to A and no line inA other thar?, may contain more than one scresgg must nec-
essarily coincide witi$s, so thathS, = hs = 0. By letting S5, (¢5;,hS; ) be the other
principal screw ofC, it must be [7, ch. 3]
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Fig. 6 Quaternary generator of a 4-PSS with a constant class of tlexajdynpe.

ha = h, + (hGy — h,) SiNf ass = hi; sin? aag, (5a)

paa = (h5; — hS,) sinasacosass = hS; sinasacosass. (5b)
By requiringscpl to belong toA, one also obtains that

Moo = h + Ps2cot(asz + 11/2) = hf; = psptanas; (6)
and, thus, recalling Eq. (4) and rearranging terms,
Psz2 = hS; sinaz2cosasz, gy = hicos’ass. (7)

By varying 85, S; andD3(63)S, generate a pencil of cylindroids all congruent to
C, i.e. a 3-PSS with principal pitches equal to 0 ahig} . By letting hS; = hy; and
hﬁz = hpo, Egs. (5) and (7) coincide with Egs. (3a)-(3b). The generiatéig. 4 is
evidently re-obtained.

2.2 The quaternary generator

The arguments developed in Section 2.1 provide a clue f@imibg a quaternary
generator of &-PSS. It has been seen, in fact, that@ glystem such that,; >

hp2 > 0.0r hp; < hpp < 0 comprises only two Bsystems with a 0-pitch central
principal screw, i.eB andB’ (Fig. 3). According to statements (ii)—(iv), the poses of
the central axe%3 andé%s/ of B andB’ are unambiguously determined by the value
of the principal pitches 08, i.e. hp1 andhp,. In Fig. 4, the screwSz andD3(63)Ss
span (a$9; varies) one of thesel 3ystems, sa, with the entire 4-system being
generated by composigwith the cylindrical ISSE (¢p3). If €' (¢13) is replaced by
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two screws, i.eSy(¢2,0) andD, (8,)Sy(¢1, 1), which span (a$; varies) the other
3l system, i.eB’, the same vector subspace is obviously obtained (Fig. &) jdiht
screws of the described generator satisfy the conditions

ho=h3=0, ap32=0ap33, (8a)

hp2 = hp1COS Op32,  Pp32 = Pp3;3 = Np1 COSAp3 2SiNAp3 2, (8b)
hy = hpSir a1, P21 = hpa Sinazs cosazs, (8c)

hg = hp1SiM? 034,  Pas = hp1SiNa34C0SA34, (8d)

whereppzi andaps; are, respectively, the shortest distance and the relatigiea
betweerr; and/y3, i = 2,3. The quaternary generator in Fig. 6 does not aligy—

0 andhpy # 0, since in this casepz » = apz 3 = 1/2 andppz 2 = Ppa 3 = 0, andS;
and Sz would coincide. Also, this generator may not degenerate andl -PSS, as
for hpy = 0 all screws would have zero pitch and pass throdgh

3 Conclusions

Two generators of 4-dimensional screw systems with a cohslass of the general
type (i.e. 45-PSSs) were disclosed. It may be proven that no otlkeP&S genera-
tors exist. Due to space limitations, the proof is omittad,ibwill be reported in a

future extended version of the contribution.
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