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Notation

P; point ¢ in some Euclidean space

P; position vector of point P; in the global reference frame
Pij = P;j—Di vector pointing from P; to P;

dij = |lp;j—pil  distance between P; and P;

i = ||pj—pi||2 squared distance between P; and P;
i line segment connecting P; and P;
Nijik the dyad defined by the segments |; ; and |,
Dk triangle defined by P;, P;, and Py
Ak oriented area of A; ;; in E?
O kot quadrilateral with diagonals ‘i,k and ‘j,l
i ke lm three dyads, A; jm, Aikm, and A1 m, sharing their end-points

1. Introduction

The Dixon linkage, named after Alfred Dixon who first studied it in 1900 [1], is a
planar nine-bar linkage with three triple joints. Its topology is that of a hexagon with
three diagonals, the ones whose end points belong to non-consecutive edges [Fig. [[(left)].
By applying Laman’s theorem [2], it can be verified that this linkage is, in general, rigid.
Conditions under which it becomes movable were studied by Dixon [1], Wunderlich [3],
and more recently by Stachel [4]. In 2007, Walter and Husty obtained the univariate
closure polynomial of this linkage in its completely general form (that is, without ex-
plicitly specifying the eight bar lengths) [5]. Using a substitution based on a complex
parametrization of the unit circle to eliminate the trigonometric functions, and a se-
quence of elaborated eliminations, they were able to obtain a polynomial of degree 16
with 2.770.936 monomials. Then, this polynomial was reduced to order 8 by collapsing
mirror configurations into single configurations. This proved that the Dixon linkage has
at most 8 assembly modes for a given set of link lengths thus proving a conjecture by
Wunderlich.

In this paper, we show how, using Distance Geometry, a closure polynomial for the
Dixon linkage, of degree 8 with 1.018.150 monomials, can be directly derived without
any trigonometric substitution, variable elimination, polynomial factorization, or artifice
for collapsing mirror configurations.

A general technique to obtain closure polynomials for arbitrary planar linkages using
Distance Geometry was presented in [6]. This technique relies on the use of the so-
called bilateration matrices. The use of this kind of matrices is useful when the linkage
to be analyzed contains ternary links (that is, triangles whose orientation is imposed).
Nevertheless, when analyzing linkages with only binary links, a more direct and simpler
approach can in general be adopted. This is the case of the Dixon linkage for which a
simple ad-hoc derivation is presented herein.

The general Dixon linkage is minimally rigid, that is, when one of its links is removed,
the mechanism gains one degree of mobility. Actually, if we eliminate any link in the
Dixon linkage we obtain the generalized Peaucellier linkage, that is, a linkage with the
topology of the standard Peaucellier linkage [Fig. [(right)] |4, Chapter 8|, but without
constraints relating its link lengths. For example, if we eliminate the link connecting P;
and Pg and we fix the location of P; and Fg in the Dixon linkage shown in Fig. [[[(left), we
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Figure 1: If the link connecting P; and Ps is eliminated from the Dixon linkage (left), and the location
of P; and P» is fixed on the plane, the generalized Peaucellier linkage is obtained (right).

obtain the generalized Peaucellier linkage in Fig. [[{right). As in the standard Peaucellier
linkage, all non-fixed centers except Py trace circles. We will show how the coupler
curve traced by Ps can be derived from the closure polynomial of the Dixon linkage
thus obtaining its general expression. To our knowledge, this general expression was
previously unknown.

The rest of this paper is organized as follows. To make the presentation self-contained,
Section Pl contains some basic mathematical background on Distance Geometry used in
subsequent sections. Then, Section [3] presents a simple method to obtain the univariate
closure polynomial for the Dixon linkage. Some particular cases, in which the degree
of this polynomial drops, are studied in in Section [] based on the analysis of the cases
in which some factors of the leading and independent coefficients of the polynomial
vanish. Then, the obtained closure polynomial is used, in Section [l for the derivation
of the coupler curve equation of the generalized Peaucellier linkage. Finally, the main
contributions and prospects for future research are summarized in Section

2. Preliminaries

Given the point sequences P, ,...,FP; , and P;, ..., P; , we define:
0O 1 ... 1
1 Silvjl tet 8i17j1z

D(ity .o oyin; 1y sdn)=1. . . ) ,
LSiy 1 -+ Sinjn

and
1 ... 1

. . . . Siv,gn - Singn
E(lla'-wznfl;]lw"?]n) -

Sin_1,J1 ++ Sin_1,n

where s, , stands for the squared distance between P, and F,. When the two point se-

quences are the same, it is convenient to abbreviate D(iy, ..., in;1,...,in) by D(i1, ..., i,).
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For any four points in E2, say P;, P;, P, and Py, the following properties hold [§, pp.
737-738):
Property 1: D(i,j,k,1) = 0.
Property 2: D(i,j; k,1) = 0 if, and only if, ‘m» and ‘fml are orthogonal.
Property 3: D(i,j,k;i,5,1) = 16 A; j 1 A; j1, where A, , , denotes the oriented

area of A, ,, , defined as positive when the sequence of points P,,, P,, and P, is

traversed clockwise and negative otherwise. As a consequence, D(i,j, k) = 16 A?’ ik

By expanding the determinants in D(i, j, k;,7,1) = 16 A; ; A, ;1 and D(i,j,k) =

16 Af) j.k» 1t 1s possible to conclude that
Skl = 258, [Sj,k(Si,j + 800 —851) — Sik(—=8ij +si1— S851)
1,7
— i (8ij — siq — 850) + 16 Ai j xAi il (1)
and 1
Ak = iz\/(&‘,j +sik +8ik)? =287+ 87+ 574, (2)

respectively. Both expressions will be useful later.
For any five points in E2, say P;, P;, Py, P, and P, the following property also
holds [9]:

Property 4: E(j,1;i,k,m) = 0 if, and only if, the center of the circle defined by
P;, Py, and P, is on the line defined by P; and F;.

A dyad, A j, consists of two segments, |; ; and |; 5, connected through P;. Two
dyads can be connected by their end-points to form a quadrilateral. For example, the
quadrilateral [; ; . ; with diagonals \Z-,k and ‘j,l can either be seen as formed by the set of
dyads {Ai &, Nii e} or {Aj ki, Ajii}. Finally, three dyads connected by their end-points,
say Ajrts Ajit, and Aj ., will be denoted by < ki .-

Now, let us constrain the lengths of the edges of [J; ; x,; as follows:

St =S5+ A 3
Stk = Sjk + A } ®)

which is always possible provided that the above system has a solution for A. That is, if,
and only if,

Sji— s 1

0 1 1
Sjk — SLk 1‘

=11 Sii  Sik =0. (4)
1 s15 sk

D(j,l;i,k) =

In other words, if OJ; ; 1; satisfies (@), its diagonals are orthogonal according to Property
2. In this case [; j . is called orthodiagonal.
Finally, let us constrain the lengths of the edges of < 1 ; m.; as follows:

Sjm = psji+ (L — p)sjk (5)
Sim = ps1; + (1 — sk
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which is always possible provided that the above system has a solution for p. That is, if,
and only if,

1 1 1

L Sji— Sik Sjk—8j
E(j,lyi,k,m) = |70~ 20k PRk T0Iml g s sim| = 0. (6)
9 Uy Uy Iuy Jy J» J»
81 —SLk  SlLk — Slm
Sii  SLk  Slm

In other words, if @ng,i,m,l satisfies (B)), then Py, P;, and P, define a circle whose
center is on the line defined by P; and F; according to Property 4. In this case, <>j,k,i,m,l
will be called a diamond.

3. Position analysis of the Dixon linkage

The six joint centers P, ..., Ps of the Dixon linkage in Fig. [[ldefine the nine quadri-
laterals Uz 1,6,5, U1,2,4,3, U1,2,5,3, U2,1,6,4, D1,3,4.65 U1,3,5,6, U2,4,6,5, U2,4,3,5, and Uz 46,5
Any of the six unknown distances (s1.4, Sa,5, 5,1, 52,3, 3,6, and g 2) in this linkage cor-
responds to the length of one diagonal of three of these nine quadrilaterals. For example,
\2,6 is a diagonal of U3 1,64, U21,6,5, and Uz 4 65. Then, using Property 3 and equation

@,

D(2,6,1;2,6,4) =16 Az 614264 = s1,4 = f1(S2,6)

—
~
J

D(2,6,1;2,6,5) = 16 Ay g1 Ao 65 = 515 = fa(S0.) (8)
D(2,6,4;2,6,5) = 16 As 644265 = Sa5 = f3(S2,6) (9)
Moreover, using Property 1,
D(1,3,4,5) =0 = fa(s1,4,51,5,845) =0. (10)
Now, by replacing (), [8), and [@) in (I0) and rearranging terms, we obtain:
O + PyAg61 Az + P3Azg 1 Asps + PaAsrga Asgs =0, (11)

where @1, &5, @3, and P, are polynomials in sy . Therefore, (Il is a scalar equation in
a single unknown, s3 g, whose roots determine the assembly modes of the Dixon linkage.
Indeed, for each of these roots, given the position vectors p; and p2, we can determine
the position of the remaining four joints of the linkage by computing, for instance, the
following sequence of bilaterations (see [6] for details): computing ps from p; and po,
then p4 from po and pg, then ps from ps and pg, and finally p3 from p4 and ps. This
leads to up to 32 locations for P;. Those locations that satisfy the distance imposed by
the binary link connecting P3 and P; correspond to the valid assembly modes.

In order to transform (II) into a polynomial, it is possible to clear all square roots
associated with As g1, Aa 6.4, and As 5 (see equation ([2))) by iteratively isolating some
terms and squaring both sides of the resulting equation. This process yields the distance-
based univariate closure equation of the Dixon linkage in polynomial form

—207DFAT ATy — 20TPFAT 61 AT 5 — 20T RTAT 5 4 AT 5

+38 ‘I’l¢2A§,6,1A§,6,4®3A§,6,5‘D4 + @3A3,6,1A§,6,4 + ¢3A§,6,4A§,6,5

+ @5 A5 61 As g5 — 200 A5 61 AS 6 4 PIAS 5 — 2034561 A564D343 55

— 20343 1 A3 65P1 A5 64 + 1 =0, (12)
5)



which, when fully expanded, leads to the octic polynomial equation

8
> Cusyg=0. (13)
n=0
The coefficients C, i = 1,...,8, are polynomials in the nine link lengths s1 2, 51,3, 51,6,

$2,4, 82,5, 83,4, 3.5, 54,6, and s5 6. They can be expressed as:

2 3 2 2 2 3 3 3
Cg =768 $3,5 81,3 8516 52,4 §3,4 82’5 + 1536 $3,5 8113 8576 52,4 83,4 82,5 — 512 53,5 81’3 35,6 + ... 5

4 3 2 2 5 2 2 2 3 2 3 3
C7 = —1536 51,3 54,6 52,5 53,5 + 2816 51,3 54,6 52,5 53,5 — 1024 51,3 S4,6 2,5 51,6 —+ ... s
6 2 4 6 4 2 6 3 3
CG = —512 81,3582,455,6 — 256 83,5 51,6 51,2 + 512 83,5 51,2 51,6 +... 5
8 3 2 5 3 5 7 3 3
05 = _51253,554,651,2 — 102483’481’28&6 =+ 15365375517284’6 +... ,

4 5 5 3 5 4 3 3 2 2 4
C4 = 256 83,5 52,4 51,6 — 3584 54,6 S5.6 51,2 53,5 $3,4 — 24064 S4.6 S5,6 52,5 53,5 51,2 + ... )
5 4 6 7 3 5 7 5 3
C3 = —768 53’5 51,6 8214 + 512 33’4 8112 85,6 —+ 512 8314 8172 85,6 + ... s
Ca

4 2 7 2 5 6 3
C1 = —51257 3812 52,5 S1,6 55,6 52,4 — 256 87 3 54,6 52,5 55,6 83,5 51,6 + - - -,

3 2 6 2 3 2 4 5 3 2
—256 53,5 51,6 52,4 53,4 52,5 — 3072 51,2 54,6 52,5 52,4 S5,6 T+« -5
2 5 4 2 3 3 4 4 3 3 3 4
C() =512 S1,6 33’5 81,2 82’4 83,4 82’5 81,3 — 3840 81,6 81’3 84,6 ‘95,6 82‘4 S$3,5 + 5120 81,6 31,3 + ...

The full expressions for these coefficients cannot be included here due to space lim-
itations. Actually, Cy,...,Cg consist of 127.924, 178.530, 198.984, 183.532, 141.597,
93.264, 55.483, 27.666, and 11.070 monomials, respectively. However, they can be easily
reproduced using a computer algebra system following the steps given above.

As an example, let us set s12 = 13689/100, s1,3 = 89, s16 = 80, So4 = (\/%-i- 1)2,
So5 = 85, s34 = 241, s35 = 137, s46 = 122, and s56 = 1521/25. Then, by replacing
these link lengths in the closure polynomial derived above, we obtain:

3.937710%" 55 5 — 2.8046 107 57 5 + 6.7900 10%° 55 4 — 6.765210% 55 ¢ + 3.373210°" 53 ¢
—9.092710%" 55 ¢ + 1.329010°% 53 5 — 9.7683 10%% 556 + 2.7761 10%*. (14)

This polynomial has 8 real roots. The resulting assembly modes, one each for the 8
real roots, for the case in which p; = (0,0)7 and py = (%, 0)7 are shown in Fig. 2
Mirror configurations with respect to the xz-axis are not considered as different assembly
modes. This example was already used by Walter and Husty in |5]. It can be verified

that the results obtained here are in agreement with those reported by these authors.

4. Special cases of the Dixon linkage

The Dixon linkage in Fig. [ contains:

1. Nine quadrilaterals, namely, |:|27176,5, [317274737 |:|17275,3, D2717674, D1,374,67 D1,37576,
D2,4,6,57 D2747375, and D3747675. If, for example, D2,1,6,5 is orthodiagonal, then
D(2,6;1,5) = 0. Likewise for all other quadrilaterals.

2. Six sets of three dyads sharing their end-points, namely, @1737672,5, 63757471,6, 657672,3,4,
66,4,1,5,27 64,2,3,6,17 and 62’1»574,3‘ If, for example, 61,3,6,2,5 is a diamond, then
E(1,5;2,3,6) = 0. Likewise for all other sets of three dyads.
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104

§2,6 = 7.6871

104

s2,6 = 13.8010

10

-10-

52,6 = 27.5426

52,6 = 17.1081

82,6 = 38.5725 52,6 = 46.4855

—104

S2,6 = 274.1758

-10

52,6 = 286.8680

Figure 2: A Dixon linkage with eight assembly modes. According to Fig. [l the blue lines correspond
to the links defining the hexagon, and the gray lines to the three diagonals. P is located at the origin,
and P» is on the x—axis.



A remarkable result arises when observing that the leading and independent coeffi-
cients in ([I3]) can be factored as follows:

Cs = 256 D(1,4:2,3)D(1,5;2,3)D(1,4:3,6)D(1,5;3,6)D(2, 3; 4, 5)
D(3,6:4,5)E(3,6;1,4,5)E(2,3;1,4,5), (15)

Co = 256 C, D(2,6;1,5)D(2,6:1,4)D(2,6;4,5)
E(4,5;2,3,6)E(1,5;2,3,6)E(1,4:2,3,6), (16)

where C, is a factor, apparently related to E(2,6;1,4,5), whose geometric interpretation
remains elusive.

Clearly, when any of above factors vanish, the number of assembly modes drops.
Thanks to Property 2 and 4, the geometric conditions for this to happen are expressible
in terms of the presence of orthodiagonal quadrilaterals and diamonds. Several cases are
exemplified below.

4.1. Orthodiagonal quadrilaterals and no diamonds

If we impose the constraints
894 = 835, $34 = 2835 — S2.5, (17)

then [y 4 3 5 is orthodiagonal. In this case, the closure polynomial reduces to a polyno-
mial of 7th-degree with leading coefficient

2
256 (s2,5 — $3,5)" (2,5 — S5.6 + S4.6 — S3,5) (S5,6 + S1,3 — S1.6 — S3,5)
(84,6 + 813+ 825 — 51,6 — 2 83,5) (81,384,6 — 51,355,6 — 53,551,6 + 51,652,5 — 52,5556

— 835546 +2535556) (—S1,3+ a6+ 51,2 —556) (S1,2—S1,3— S25+ 53,5)3 .

Since the polynomial degree of this special case is odd, it is not possible to have an
instance with all the assembly modes real [10]. If we also impose the constraints

$1,3 = S4,6 = S35, S1,6 = 52,5, (18)

then [y 346 is also orthodiagonal, and the closure polynomial reduces to a sextic with
leading coefficient

256 (s2,5 — 85,6)3 (52,5 — 33,5)4 (s12 — 85,6)2 (s1,2 — 82,5)3 .

If we also impose the constraint si2 = s56, 24,35 and [J; 3 4.6 remain as the only
orthodiagonal quadrilaterals, and still no diamonds arise. Now, the closure polynomial
reduces to a quartic. If, in addition, we set

2 2

—55 . — 4585 +4535525 +21/595(2835 — S25)(S2.5 — S3.5)2

51,2255,6:a—:t 2,5 3,5 3,5 2,08 \/228,5( 3,5 2,0)( 2,5 3,0) 7 (19)
2,5 — 2835

such quartic simplifies to the biquadratic

D4s%,6 + D28376 + DO, (20)
8
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52,6=\/%—%—4\/'—35—2\/55—22\/5 sz,ﬁz\/%—%—‘*\/%+?’5—2\/55—22\/3

Figure 3: The two assembly modes of a Dixon linkage satisfying the constraints (I7)), (I8), and (I3). This
linkage contains two orthodiagonal quadrilaterals, (2 4,3 5 and [y 3,4,6, whose diagonals are represented
in red and green, respectively.




where

Dy =(sa5 — s35)°,
Dy =(2s25—4535) a® + (18 5375 — 16535 52,5 + 45375) a®
+ (44 33’5 So5 + 2 53,5 - 32 33’5 —20s35 8%’5) a
— 2453585 5 — 3255 5525+ 3483 5555 + 8555+ 1655 5,
Dy =(s2,5 — 83,5)°(a — s2,5)".
As an example, let us set s;9 = 5 — (4/5) V5, 513 =23,5816=1,5824=3,5825=1,
$34 =05, 835 =3, S46 = 3, and s56 = 5 — (4/5) V5. Tt can be verified that these link

lengths satisfy the constraints (), (I8), and ([[3). Then, by replacing these values in
&0)), we obtain

1792 512 24576 57344
ast o4 (172 012 2 276 orddd 91
82’6+( 5 5)82’6 5 VT 5 (21)

whose two positive roots are sg ¢ = —i-\/%4 — %4 V5 £ 35—2 V55 — 22/5. The resulting two

real assembly modes, for the case in which p; = (0,0)” and ps = (1/5 /125 — 20+/5,0)7,
appear in Fig. Bl The diagonals of the orthodiagonal quadrilaterals s 435 and [y 346
are represented in red and green, respectively. Remember that mirror configurations
with respect to the x-axis are not considered as different assembly modes.

4.2. Diamonds and no orthodiagonal quadrilaterals

If we would impose the constraint

54,6 = 55,6 = 51,6, (22)

then @375)4,176 and @275)1,476 would be diamonds, and the closure polynomial would reduce
to a Tth-degree polynomial. Likewise, if we would impose the constraints

81,2 = AS13, S24 = AS34, S25 = AS35, (23)

with A #£ 0,1, 62717475,3 would be a diamond (observe that if A =1, Oz 1 3.4, 021 35, and
Oz.4,3,5 would be, in addition, orthodiagonal).

If the constraints in ([22)) and (23)) are simultaneously satisfied, the closure polynomial
reduces to

256 /\48%,6 (83’4 - 83,5)4 (81’3 - 83’5)4 (81’3 - 83’4)4 ()\ - 1)4 ()\ 51,6 — 82’6)4 5 (24)

which has a single root, sa 6 = Asie, of multiplicity 4. As an example, let us set
81’2 = 3, 8173 = ].7 81’6 = 3/2, 82’4 = 6, 8275 = 15/2, 8374 = 27 83’5 = 5/27 84’6 = 3/2, and
$5,6 = 3/2. By replacing these values in (24)), we obtain the polynomial

59049
I (22,6 — 9)*, (25)
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Figure 4: The four assembly modes of a Dixon linkage satisfying the constraints (22) and (23). In this
case, the general closure polynomial reduces to a quartic with a single root of multiplicity 4.
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Figure 5: The two rigid assembly modes of a Dixon linkage satisfying the constraints ([28) and 21). In
this case, the linkage also has a movable assembly mode.

whose root at sg ¢ = 9/2 with multiplicity 4 leads to the four assembly modes shown in
Fig. @ for the case in which p; = (0,0)” and p, = (v/3,0)7".

Let us analyze the obtained result geometrically. Since 62,17475,3 is a diamond, the
center of the circle defined by P, P, and Ps is on the line defined by P, and Ps.
Moreover, since P is at the same distance of Py, Py, and Ps, it is necessarily the center
of this circle (shown in red in Fig. M. As a consequence, P, Ps, and Pg are on a line
(shown in light blue in Fig. ). Now, take any of the four assembly modes in Fig. @
and observe how the sets of three links connected to Py, P;, and Ps can flip over the
line defined by P,, P3, and Ps without violating any distance constraint. This permits
generating 7 other valid assembly modes corresponding, up to mirror reflections, to the
other three assembly modes shown in Fig. @l Now, one interesting question arises: what
would happen if, in any of these assembly modes, Py, Py or P5 would coincide? This
situation is analyzed in the next subsection.

4.83. Orthodiagonal quadrilaterals and diamonds
If we impose the constraints

$2.4 = S25, S3.4 = S35, (26)

then Oy 4 3 5 is orthodiagonal and @2,1,4,5,3 is a diamond. In this case, the general closure
polynomial reduces to a polynomial of 6th-degree. If we also impose the constraint

54,6 = 55,65 (27)

then, in addition, D374,675 and D2,4,6,5 are orthodiagonal, and 6375,471’6 and 65,6,2,3,4,
diamonds. In this case, the general closure polynomial reduces to

(71 52,6 + 70)27 (28)
where
v =(85,6—53,5—51,6+51,3)(83,5—51,3—52,5+51,2),

o =(85,6—52,5+51,2—51,6)(53,551,2—51,255,6+51,355,6+51,652,5—51,352,5—53,551,6)-
12



In this case, it is interesting to realize that the link lengths of the three links connected to
Py can be independently selected without violating the constraints given in (28) and (21).
Thus, this linkage could be used as the basis for a planar positioning robot with three
degrees of freedom and simple forward kinematics. As an example, let us set s12 = 3,
51,3 = ]., 51,6 = 3/2, S2,4 = 15/2, S2,5 = 15/2, 83,4 = 5/2, 83,5 = 5/2, S4.6 = 3/2, and
$5,6 = 3/2. By replacing these link lengths in (28]), we obtain the polynomial

9 81\?
(2 52,6 — 4> s (29)

whose double root at so ¢ = 9/2 leads to the two rigid configurations shown in Fig. [ for
the case in which p; = (0,0)7 and py = (v/3,0)7.

Following a similar reasoning to the one used in the previous subsection, we conclude
that the sets of three links connected to Py, Py, and P5 can flip over the line defined by
P,, P, and Pz without violating any distance constraint. In this case, Py and Ps can
coincide leading to an assembly mode with mobility 1. Actually, Ivory’s theorem predicts
this behavior [4].

Finally, it is worth mentioning that there are two very special cases of the Dixon
linkage, known as the two Dixon’s mechanisms |1, 3], that are continuously movable with
mobility 1 with no rigid assembly modes and no coincident joint centers. These two
mechanisms satisfy the following two sets of constraints:

S4,6 T 835 = S5,6 + S3,4, S1,6 T S35 = 51,3+ S56,

S2.4 + 835 =825+ 834, S1,2+ 835 =513+ S25, (30)
and

85,6 = 52,4, 51,3 = 524, 51,2 = 534,

846 = S2,5, 83,5 — S1,6, S1,2 T S5,6 = S2,5 + S1,6, (31)

respectively [5]. In the Dixon’s mechanism satisfying (B0), all the nine quadrilaterals in
the linkage are orthogonal and all the six sets of three dyads sharing their end-points
are diamonds. In the Dixon’s mechanism satisfying (B1), only O3 46,5 and [z 16,5 are
orthogonal, and @27175,473 and @4,27376)1 are diamonds.

5. Position analysis of the generalized Peaucellier linkage

In this Section, we show how the closure polynomial for the Dixon linkage in Fig[T{left)
can be used to obtain the curve traced by Py in Fig[[(right).

To slightly simplify the formulation, all link lengths can be normalized with respect
to the length of the base link. Thus, without loss of generality, we can set s; o = 1.
Therefore, if we set p; = (1,0)7, p2 = (0,0)T, and pg = (7, )T, we have that

S1,6 = (.T — 1)2 + y2, (32)
52,6 = 1'2 + y2. (33)
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Thus, to determine the curve traced by P, we just need to replace (32)) and (33) in the
closure equation of the Dixon linkage given in ([3]). The result can beautifully expressed

as:

po (22 +2) " (22 +92) e (22 + 02 s (22 +12)° +pa (22 +02)
05 (22 + 92 406 (22 +92)° +p7 (2% + )" +ps (12 +97)° +po (2% +97)°
+p10 (B + 92+t g0t tastartaetastatatatataqap=0, (34)

where

Po
Y41
P2
b3
yz
b5
Pe
b7
yz
Po
P1o
ai11
q10
q9
qs
q7
d6
qs
q4
q3
q2
q1
q0

where «;, 1

= qq
=1 X

= Q2 z? + a3 y2

=y z3 +asx y2

= a6x4 +a7x2y2 +agy4

= 049335 +a10x3y2 + a1 my4
=ap2’ +azzty’ + o’y + asy°

=aez’ + a2’ y? +as2® yt + arg gy’

= a0 2% + o1 20y + a2t y! + g 2? y° + s P

= a2 + ass 2 y? + aor 2® Yt + ans 27 y® + ang 2 y®

= a3 2" + az1 2%y + oz 2%y + agz 2t y® + aza 2y + ags y'?
=agsz' +azr 2’ ¥ + ags 2"yt + e 2® Y0 + auo 2® y® + g 2 y'?
=asp ' + aus2® y? + s 2%yt + aus 2t y® + aue 2?4 + aur y'?
=ous 2’ + as 2" y* + aso 2’y + am ¥ Y0 + sy

= a532° + a5a 20 y? + ass 'yt + aze 22 y® + asr y®

= ass 2" + asg 2° y® + ago 2yt + a1 2 y°

= ag 2° + agz 2' y® + s 2° Y + ags y°

= Qg6 z® + Qg7 z3 y2 + (68 a:y4

= ago 2" + azo 2? y* + arn v

= an2® + arz vy’

= an 2’ + ars y?

= Qg T

= Q77

= 0...77, are polynomials in 813, S2.4, S25, 534, 53,5, S4,6, and s5 6. The

expressions of all these coefficients cannot be included here due to space limitations, but

they can be

reproduced using a computer algebra system without much effort. Equation

B4) corresponds to a 11-circular curve of degree 22 |11, pp. 87].
As an example, let us set s13 = 9/2, so4 = 45/4, so5 = 109/4, s34 = 13/4,
s35 = 25/4, sa6 = 13/2, and s5 6 = 5. Remember that all link lengths are assumed

14



-6+ -6~ -6+

Figure 6: Example of a generalized Peaucellier linkage represented in three different configurations. The
curve in blue represents the 11l-circular coupler curve traced by FPs. [36,4,5 is represented in green,
As,2,4 in black, and Az 1,3 in gray.

to be normalized with respect to s1,2. Hence, s1.2 = 1. By replacing these values in (34]),
we obtain the equation

4769856 (22 + y*)' + 154321440 (2% + y*)'° + 4 (77025433 2% — 147788975 %) (2*
+y%)? — 24 (1303744447 2 + 1110046215 2 y?) (z* + y*)® — 4 (37412647751 2
+ 28949616460 x2 y* — 5476551067 y*) (22 + y*)7 + 2 (1532684101319 2°

1
+ 2576822045150 2° y* + 1075751046807  y*) (2% + y*) + 5 (4483722504627 20

4 46893194350141 z* y* 4 22378081433601 22 y* + 66265488247 ¢/°) (2% 4 y?)°

— 2(92557658056081 27 + 236941009972511 2% y? + 199886755232779 23 /*
. (_ 21369647416854306832493 ,

8192
16960444285050329617435 -

8192

8192
48083411621190921235225

+ 55475448116349 2 %) (22 + 3°)* +
65536 0

19150328181751022802847 yz)

(35)

Figure [0l shows this generalized Peaucellier linkage in three different configurations
overlaping the curve traced by Fg.
Now, we can analyze an important particular case. Let us impose the constraints

82,4 = 8275 and 8476 = 55,6- (36)
15



p |
1 2 3 4 5

-3

51,3=2, 53,5=0, 53 5=556 = 4

51,3=8, 82 5=10, s3 5=556 = 4

24

0.5

~0.54

<

O /\ ' '
\/4 | | |

-1.5- -2-

=

_1 _5 _5 _ _ _ e
51,3=3, 82,5=3, $3,5=¢, 55,6 = 3 s1,3=1, s2,5=3, 535=55,6 = 2

Figure 7: Examples of coupler curves generated by a scalene cell, a Peaucellier linkage with s2 4 = s2 5,
53,4 = 53,5, and s4,6 = s5,6. Lhe last example corresponds to a straight-line Peaucellier linkage.
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If we replace them in equation ([34)), it simplifies to a expression of the form

(s34 —s35)" fz,y) =0. (37)

Clearly, if s34 = s3.5, the algebraic description of the curve traced by Ps vanishes, thus
indicating that the resulting mechanism has at least one branch of movement with more
than one degree of freedom. However, in this case, f(x,y) neither vanishes nor factorizes,
thus indicating that there still is a single branch of movement in which Py traces a well-
defined curve. The description of this curve actually reduces to the following bicircular
quartic [12, Chapter 9]:

Bs (z° + y2)2 + Baz (2° + y?) + Bsz® + Boy” + Brz + By = 0, (38)

where

Bs = (1 - 51,3)7

Ba=p1=—-2(1+s25— 35— 513),

Bz =PB2+4s25

Bo=1—2s13(1+s13)+2835(1 —525) —2556(1 —s1,3) + 5?73 + 5375 + 3375,

Bo = (s2,5 — 85,6)2 (1—s13). (39)

Fig. [l presents some examples of this curve for different values of s1 3, s2.5, S35 and
s5.6. This linkage was called by Cayley the scalene cell. It can be verified that the
expression deduced by Cayley for this curve in [13] is equivalent to the one derived here.

The scalene cell is still a more general linkage than the celebrated straight-line Peau-
cellier linkage. This latter linkage can be seen as a scalene cell with the extra constraints

5$3,4 = 54,6, and 51,2 = S1,3- (40)

By replacing ({Q) in ([B8]), we obtain the equation
(y* + 2% —22)(s5.6 — 525 +22) = 0. (41)

This equation corresponds to a unit circle centered at P; and a line with equation z =
(s2,5 — S5.6)/2 (see the last example appearing in Fig. [7]).

6. Conclusions

A distance-based formulation to derive the closure polynomial of the Dixon linkage,
relying only on elementary algebra, has been presented. One of the advantages of using
distance-based formulations for obtaining closure polynomials is that, in general, it is
easier to interpret the resulting expressions geometrically than by means of other formu-
lations. For instance, we have shown how the conditions that made the leading coefficient
factors vanish, either corresponding to the case in which the quadrilateral defined by four
joints is orthodiagonal, or to the case in which the center of the circle defined by three
joints is on the line defined by two other joints. We have also shown that each of the

17



factors of the independent coefficient, except one, falls within one of these two categories.
The remaining factor, whose geometric interpretation remains elusive, deserves further
study. The use of permutation groups to describe how all these factors are related to
each other seems a promising line of investigation.

It has also been shown that the coupler curve of the generalized Peaucellier linkage

is 11-circular of 22nd-degree, and how the bicircular quartic coupler curve expression of
the scalene cell can be derived from it. The presented approach to obtain the coupler
curve of the generalized Peaucellier linkage from the closure polynomial of the Dixon
linkage can be applied to the analysis of coupler curves of other single-degree-of-freedom
linkages. This is another point that deserves further attention.
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