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Abstract.  We present a graph matching method that encompasses both
a model of structural consistency and a model of geometrical deforma-
tions. Our method poses the graph matching problem as one of mixture
modelling which is solved using the EM algorithm. The soluti on is then
approximated as a succession of assignment problems which g solved,
in a smooth way, using Softassign. Our method allows us to detect out-
liers in both graphs involved in the matching. Unlike the out lier rejectors
such as RANSAC and Graph Transformation Matching, our metho d is
able to re ne an initial the tentative correspondence-seti n a more exible
way than simply removing spurious correspondences. In the experiments,
our method shows a good ratio between e ectiveness and compuational

time compared with other methods inside and outside the grap hs' eld.

Keywords: correspondence problem, expectation-maximization, softas-
sign, a ne registration

1 Introduction

The correspondence problem arises in many computer visionpplications.
Tentative correspondences can be computed on the basis oféhlocal image
contents around some interest points [8][14]. However, a reement process is
often needed in order to remove erroneous correspondencesthe tentative-set.
This is the case of RANSAC [6] and Graph Transformation Matchng [2],
which remove outlying correspondences by enforcing somend of global con-
sistency. The main drawback of these methods is that their sacess strongly
depends on the reliability of the tentative-set. Since theyare unable either to
generate new correspondences or to modify the existing onea tentative-set
with few successes may lead to sparse estimates. This is #ltrated in gure 1.
Attributed Graph Matching techniques are another approach to re ne the
tentative correspondences which do not su er from the aforenentioned problem
of the outlier rejectors.
Hancock et al. [13][4][11] present graph matching approaches that joing}
solve the correspondence and alignment problems. The advéages of posing the
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(a) Tentative correspondences computed (b) Only a few inliers are found by
by a matching by correlation method. The RANSAC. This may not be suitable in the
red dots are unmatched points. There are cases when more dense correspondence-
several misplaced correspondences. sets are needed.

Fig. 1. Matching results for two sample images from the class Resid (from ref. [1]) with
superposed Harris corners [8]. Green lines represent the coespondences found by (a)
a correlation method and (b) RANSAC applied to the correlati on results.

graph matching as a joint correspondence and alignment prolem, are twofold.
On one hand, structural information may contribute to disambiguate the recov-
ery of the alignment. On the other hand, geometrical informaion may aid to
clarify the recovery of the correspondences in the case ofrsictural corruption.

In [4][18][17], Hancocket al. propose a principled way of detecting outliers
that consists in measuring the net e ects of a node deletionn a recon gured
graph. This is a one-direction model, i.e., data-graph congaints are evaluated
on the model-graph side. This implies that outliers can onlybe detected in the
data-graph side, a practical limitation in computer vision where outliers can be
found indistinguishably in both sides.

Gold and Rangarajan presentGraduated Assignment[7], an optimization
technique aimed at graph matching. They use Softassign [1H]5][10] to handle
continuous correspondences and to provide two-way constiats satisfaction.

We propose a method to solve the graph matching problem as onef mixture
modelling [4][12]. Our mixture model evaluates the geomeical arrangement of
the nodes as well as their structural relations. We use the EMalgorithm to
approximate the solution, in a principled way, as a successh of assignment
problems which are solved using Softassign. This allows usotgradually move
from continuous to discrete correspondences while being &bto detect outliers
in both graphs in a smooth way. We provide computational time results sug-
gesting that our method can be used at specic moments duringa real-time
operation (e.g., when the tentative-sets are insu cient). Figure 2 shows that our
approach arrives at a correct dense correspondence-statesile still leaving a
few unmatched outliers in both images.

2 A Mixture Model

Consider two graph representationsG = (V;D; X )and H = (W; E;Y), extracted
from two images (e.g., gure 2).
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Fig.2. The green lines are the result of applying our method using, as starting point,
the tentative-set of gure 1(a). Nodes are placed in the loca tions of the Harris corners.
Blue lines represent the edges generated by means of Delaunatriangulations on the
Harris corners. Our method still detects a few outliers in bo th graphs.

The node-setsV = fv,; 8a21 gand W = fw ; 8 23 g contain the symbolic
representations of the nodes, where=1::jvj and J =1::jwj are their index-sets.

The vector-setsX = fx, = (X¥;X%); 8az gandY = fy =(y®;y”);8 21 g,
contain the column vectors of the two-dimensional coordinges (abscissa and or-
dinate) of each node.

The adjacency matricesD and E contain the edge-sets, representing some
kind of structural relation between pairs of nodes (e.g., canectivity or spatial
1if v4 and vy, are linked by an edge

proximity). Hence, Dy = 0 otherwise

(the same ap-

plies forE ).

We use continuous correspondence indicator§ so, we denote ass, 2 S,
the probability of node v, 2 V being in correspondence with nodev 2 W.

It is satis ed that X

Sa 1;8a2l (1)
P 23
where, 1 s, is the probability of node v, being an outlier.

Our aim is to recover the correspondence indicatorsS and the registration
parameters that maximize the incomplete likelihood of the observed grah,
P (GjS; ). The standard procedure to build likelihood functions for mixture
distributions consists in factorizing over the observed déa (i.e., observed graph
nodes) and summing over the hidden variables (i.e., their coesponding reference
nodes). Hence, Y X
P(GJS; )= P (Va;w jS; ) (2)

azl 23
where P (va;w |S; ) is the conditional likelihood of correspondence between
nodesv, 2 V andw 2 W.

Following a similar development than Luo and Hancock [12] wefactorize,
using the Bayes rules, the conditional likelihood in the right hand side of equation
(2) into terms of individual correspondence indicators, inthe following way.

. Y Y -
P (va;w jS; )= Ka P (Va;W jSp ; ) (©)]
b2l 2J
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where Ky = [1=P (vajw : )" ', If we assume that the observed nodev, is
conditionally dependant on the reference nodev and the registration parame-
ters only in the presence of the correspondence match&; then P (vajw ; ) =
P (va). Further assuming equiprobable priorsP (v,), we can safely discard these
quantities in the maximization of equation (2), since they do not depend neither
onS or

We propose a measure for the conditional likelihood of equatn (3) that uses
the same model for the structural errors as in [12], augment with a geometric
compatibility measure.

On one hand, given two corresponding pairs of points\{z;vp) ! (W ;w ),
we consider that there will be lack of edge-support (i,e.Dap =0 _E  =0)
with a constant probability Pe. On the other hand, we consider that it is an
a ne-invariant density measurement on the point position errors P (Xp;y | )
(for brevity Py ), that it is appropriate for weighting the conditional like lihood
in the case of correspondence between nodegs and w . In the case of no corre-
spondence we assign a constant probability that controls the outlier process.

Accordingly, our expression for the conditional likelihoaod is

h ipye ss N Ta bwe ) N s
P (Va;W jsp ; )= (1 Pe)Py PePb Pe
@)

Substituting equation (4) into equation (3), the nal expre ssion for the cor-

respondence likelihood betweerv, and w , expressed in the exponential form,

IS 2 3

X X
P(va;w jS; )=exp 4 Sp DapE N 1F= + 5 In o 4n 5 (5)
b2l 2J

3 Expectation Maximization

The EM algorithm has been previously used by other authors tosolve the Graph
Matching problem [4] [12]. We seek the a ne registration parameters and the
correspondence indicatorsS, that maximize the expected log-likelihood of our
mixture distribution. Dempster et al. [5] showed that this could be posed as an
iterative estimation of a weighted sum of log-likelihoods.

Accordingly, we seek the parametersS; " that maximize the following objec-

tive function
X X

§;%jsm; ™ = P(W jva;S™; ™) InP va;w j8;"  (6)
a2l 23
where P (w jva;S™; (™M) are the posterior probabilities of the missing data
given the most recent available parameterss®™’; ),

The basic idea is to alternate between Expectation and Maxinization steps
until convergence is reached. The expectation step invoh& computing the a
posteriori probabilities of the missing data using the mostrecent available pa-
rameters. In the maximization phase, the parameters are updted in order to
maximize the expected log-likelihood of the incomplete daa.
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3.1 Expectation

In the expectation step, the posteriori probabilities of the missing data (i.e., the
reference graph measurementsy ) are computed using the current parameter
estimatesS™); ™),
The posterior probabilities can be expressed in terms of cdfitional likeli-
hoods, using the Bayes rule, in the following way
p P (va;w jSV; ()

p iV SM: (M) = I : RM 7
(W JVa ) oP(Va;W OJS(n); (n)) a ( )

We substitute the conditional likelihoods of the above equdion by the ex-
pression of equation (5).

3.2 Maximum Likelihood A ne Registration Parameters

ML a ne registration parameters and correspondence indicaors are recovered
in separate steps.

We are interested in the registration parameters "*V that lead to the max-
imum likelihood of equation (6). We use the expressions in agations (7) and (5)
for the posterior probability and conditional likelihood t erms, respectively. Dis-
carding the terms that are constant w.r.t. the registration parameters we obtain

the following expression

8 9
<X X X X P =
") = grgmax | R(M sin 2 (8)

a2l 2] b2l 23 !

Rearranging and further removing other terms constant w.rt. the registration
parameters, we get
) ( )

P P P
Rg”) = arg max S;; 'In Iﬂb
b2l 23 a2l 23 " b2l 23

P
("D = arg max s{)”)ln b

9)
We assume that the geometrical compatibilities P, follow a multivariate
gaussian distribution of the point errors.
Substituting B, by its appropriate expression and, removing constant terms
we arrive to the minimization of the following objective function
X X " N T N N
F = Sy Xp ¥ Xb ¥ (20)
b2l 23

yhere XD argi y are the augmented vectors of homogeneous coordinates, =
11 12 13

4, , 9 isthe matrix of a ne registration parameters and, is diagonal
0 0 1

matrix of variances.
A ne registration parameters are computed by solving the set of linear equa-

tions F= j =0.
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3.3 Maximum Likelihood Correspondence Indicators

One of the key points in our work, is to approximate the solution of the graph
matching problem by a succession of easier assignment praphs. As it is done
in Graduated Assignment [7], we use theSoftassign [16][15][10] to solve the
assignment problems in a continuous way.

According to the EM development, we compute the correspondece indica-
tors SV that maximize equation (6). Substituting equations (7) and (5) into
(6) and, discarding the constant term In of equation (5), we obtain

8 9
<X X X X p(m =
S =argmax R{ &% DawE In 1P:’e +In -
$ T az b2l 23 :
(11)
Rearranging we obtain the following assignment problem [7]
8 9
<X X ( )=
S"*Y = argmax S Qp. (12)
S a2 :
where X X h i
= Ry) DapE In 1Pe +in P (13)
azl 23

is the bene t coe cient for the assignment v, ! w .

Softassign computes the correspondence indicators in twateps. First, the
correspondence indicators are updated with the exponentia of the benet co-
e cients

s =exp( Qb)) (14)

where is a control parameter. Second, two-way constraints are impsed by
alternatively normalizing across rows and columns the matix of exponentiated
bene ts. This is known as the Sinkhorn normalization and, it is applied either
until convergence of the normalized matrix or, a prede ned rumber of times.

Note that, as the control parameter of equation (14) approaches tol , the
correspondence indicatorss, tend to discrete values 6, = f0;1g) after the
Sinkhorn normalization.

3.4 Outlier Rejection

Outliers can dramatically a ect the performance of a matching and therefore, it
is important to develop techniques aimed at minimizing their in uence [3].

According to our purposes, a hodev, 2 v (or w 2 w) will be considered an
outlier to the extent that there is no node w ; 8 23 (or vp; 8b2i ) which presents
a matching bene t Q. above a given threshold.

Note that, establishes the threshold at which the geometrical terms (.,
In(p, =)) contribute positively (i.e., < P ) or negatively (i.,e., >P ) to
the bene t measure.
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Our strategy for controlling the outlier process is the following. We set the
outlying threshold to zero and, create an augmented benet natrix Q™ by
adding to Q™ an extra row and column of zeros (theslack variables of the
Softassign [7]). Then, we apply the Softassign (exponentiéon and Sinkhorn
normalization) to the augmented bene t matrix. Last, the sl ack variables are
removed leading to the resulting matrix of correspondence arametersS®* .

Note that, as the control parameter of the Softassing increases, the rows
and columns of S"™ associated to the outlier nodes, tend to zero. This fact
reduces the in uence of these nodes in the maximization phas of the next
iteration that, in turn, lead to even lower bene ts, and so on.

It is now turn to de ne the value of the outlying threshold . Since is to
be compared with Py, , it is convenient to de ne it in terms of a multivariate
gaussian of a distance threshold. This is,

1 1

- e L
=27 exp 2d d (15)

where, =diag ( ab)2 i )2 is a diagonal variance matrix and,d = (d®;d” )
is a column vector with the abscissa and ordinate thresholdig distances.
Cancelling the gaussian constant terms in the numerator anddenominator
of the geometrical term and, expressing the thresholding ditance proportionally
to the standard deviations of the data (i.e.,d = (N ®;N °)), the expression
of to be compared with P, becomes
( e 2 )
+

ab or

1

=exp —exp N2 (16)
So, we de ne as a function of the numberN of standard deviations permit-
ted in the registration errors, in order to consider a plausble correspondence.

4 Experiments and Results

In the rst set of experiments, we have evaluated the e ectiveness of our method
in front of non-rigid deformations in the positions of the features (i.e., nodes). In
each experiment, a pattern of 15 randomly generated pointss matched against
a deformed version of itself. Deformations are introduced ¥ applying gaussian
noise, independently, to each point. Graphs' edges are geraed by Delaunay
triangulations on the point-sets. Figure 3 shows the compaison of our method
(denoted as Smooth) to the graph matching + alignment methods in refs. [4]
(Dual-Step) and [13] (Unied ). We have used the valuesP, = 0:3 and =
exp 1:9> for our method. The parameters of the other methods have been
accurately set to have a good performance. All the methods ha been initialized
by the correspondences obtained by simple nearest neighboassociation.

The mean execution times of the MATLAB implementations of each method
are: Smooth 0:66 sec.,Dual-Step 14:08 sec. andUnied 0:91 sec. TheDual-step
method is run without the outlier detection scheme (otherwise it slows down).
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—o— Dual-Step
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Correct correspondence rate
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Fig. 3. Correct correspondence rate vs. noise level (represented s a proportion of the
data variance). Each point is the mean of 25 experiments (5 random patterns by 5
random deformations of each pattern).

The last set of experiments evaluates the matching performace on real im-
ages under zoom and rotation from the database in [1]. Featwes are extracted
with the Harris operator [8] and edges with Delaunay trianguations. Figure 4
show the results of applying our method to some images. We havused the val-
uesPe =0:3and =exp 1:3% for our method. The value of has been set
so as to enable an actual detection of outliers.

We have compared some methods with explicit outlier detecton mechanisms.
These are the outlier rejectorsRANSAC [6] and Graph Transformation Match-
ing (GTM ) [2] and, the graph matching method Dual-Step [4] (with the out-
lier detection scheme enabled). All the methods have been itialized with the
matching by correlation (Corr) results.

From the resulting correspondences of each method, we havetenated the
corresponding homographies with the DLT algorithm [9]. Sirce it is available the
ground truth homography between each pair of images, we haveneasured the
mean projection error (MPE) of the feature-points in the origin images. Table 1
shows the results.

Resid Boat NewYork Laptop Eastpark
Methods [[MPE Jtime [[MPE [time |[MPE ltime |IMPE [time [[MPE [time

Corr 835.4| 1.5 ||24.48| 15 || 31.1 |0.98]| 0:28 | 1.34|| 463.4| 1.62
Smooth 15 |13.8|| 0:72 | 18.2|| 0:69 | 3.6 || 0.29 | 8.18| 1:08 | 19.7
Dual-Step|| 1:33 | 3615|| 1.68 |3794|| 0:69 |1429|| 0.3 |2693|/153.46 3027
RANSAC |/ 20.23| 0.2 || 1.6 | 0.1 ||17.11|0.12| 0:28 | 0.11(/350.13 0.42

GTM 24.15/0.02|| 0.8 | 0.1 || 3.2 |0.02|| 0.34 | 0.02|| 359.9| 0.04
Table 1. Mean Projection Error (MPE, in pixels) and execution times ( in seconds)
obtained by each method using a MATLAB implementation. In th e case of accurate
correlation results (e.g., Laptop), slight errors may be in troduced due to the approx-
imations done by each method in the model assumptions such asthe a ne one (in
Smooth and Dual-Step) or a purely structural one (in GTM ).
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(b) New York

I
e —————

CREE =

L ——— A

(c) Laptop

(d) Eastpark

Fig. 4. Right column shows the results of our method using the correlation results (left
column) as starting point.

5 Conclusions

We have presented a method that uses the EM algorithm to apprgimate the
graph matching problem as a succession of assignment prolots which are then
solved in a smooth way using Softassign. Our method re nes amitial tentative
correspondence-set in a more exible way than the outlier rgectors such as
RANSAC and Graph Transformation Matching that are only able to remove
the spurious correspondences. Furthermore, it is capablefaetecting outliers in
both graphs. Results show that our method performs faster ad better than other
graph matching methods in the literature in the matching of synthetic graphs.
Results in the matching of real images show that our method pdorms generally
better than the others, within an admissible time. Methods with comparable
e ciency than ours show computational times of two orders of magnitude higher.
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