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Abstract
This paper presents the development of a nonlinear state observer to estimate the different gas species concentration
profiles in a Proton Exchange Membrane Fuel Cell energy system. The selection of the estimated states follows functionality and fuel cell performance criteria. The implementation is based on the finite element discretisation of a fuel
cell distributed parameter model. Forward and backwards discretisation of the partial derivative equations is performed
to take advantage of the boundary conditions of the problem and also to apply lumped systems theory in the synthesis
procedure of the observer. A second-order sliding-mode super-twisting corrective input action is implemented to reduce
the estimation error to zero in a finite amount of time. The sliding-mode control approach grants a suitable corrective action without incrementing the model-dependency of the observer. Simulation results are presented to show the
performance of the proposed observer of the fuel cell internal states and to extract conclusions for future research work.
Keywords: PEMFC, distributed parameter model, nonlinear observer, super-twisting, observation

1. Introduction
Fuel cell technologies are an interesting alternative for
clean energy production. Particularly, PEMFC, with high
power density, are very promising for mass market applications such as automotive and stationary combined heat
and power (CHP) systems. Great research efforts are being
dedicated to improve efficiency, reduce degradation and
decrease production cost of this technology. In the automatic control field, new estimation, diagnosis and control
systems are being developed.
To operate properly, different physical variables have
to be measured from the PEMFC, which make it possible
to implement output-feedback control laws. While a certain number of these measurements are feasible with the
current existing sensor technology, due to the enclosed construction of the system, there are parts that are inaccessible and therefore, state estimation techniques are needed
to obtain the internal states values. The internal conditions are a key aspect for the durability, reliability and
safety of PEMFC and the overall energy system. Specifically, the different species gas profiles along the PEMFC
channels are critical variables for performance.
Nonlinear state observation and unknown input reconstruction is one of the most important problems in modern
control theory. Employing a dynamic model representation of the plant, it is possible to implement techniques
used in robust control, such as linear matrix inequalities
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(LMI) [1, 2] or sliding-mode control (SMC) [3] to estimate
the values of the states.
A limited number of works have been published regarding the nonlinear observation in PEMFC systems aimed
to design appropriate controllers and perform diagnosis.
Some main ideas can be taken from these works. The
membrane water content estimation [4] is a critical aspect
of the water management problem, which is crucial when
operating a PEMFC. The inlet oxygen flows [5] and fuel
cell hydrogen estimation [6] through the measurement of
the output manifold pressures are necessary to maintain a
proper reactant amount in the system and to decrease the
hydrogen consumption respectively.
Model-based nonlinear state observation has an extensive amount of advantages due to the consideration of the
nonlinear dynamics of the system. It makes it possible to
implement output-feedback nonlinear control techniques
that allow the system to operate far away from its nominal working point, which is a common situation in PEMFC
energy systems. The main contribution of this paper relies
on the implementation of a nonlinear observer topology [7]
based on a distributed parameters model [8] of a PEMFC,
for the estimation of the concentrations profiles along the
channels of all the gas species. The resulting nonlinear distributed parameter observer (NDPO) should contribute to
improve the efficiency and life expectancy of PEMFC systems if used to obtain advanced controllers that consider
the internal dynamics of the system.
The paper is organized as follows. In Section 2, the
general system description and statement of the observation problem are presented. In Section 3 the mathematical model of the PEMFC is presented. The analysis of
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Table 1: Nomenclature and units of physical properties and constants

the observed variables is presented in Section 4. Section 5
includes the design of the nonlinear observer. Simulation
results are shown in Section 6. Finally, in Section 7, the
conclusions of this research work are presented.
2. System description
The paper focuses on a single channel PEMFC. A schematic
representation of the system is shown in Fig. 1. The single
channel PEMFC model used to simulate the state estimation solutions has a z-axis or channel length (L) of 0.4 m
and a x-axis or channel width (Lx ) of 1 × 10−3 m. This
gives a total active area of 0.4 × 10−3 m2 .

Figure 1: Single-channel PEMFC representation

3. Mathematical modelling
The simulation model is a 1+1D or quasi two-dimensional
distributed parameters model [8]. It describes the different layers of the typical PEMFC: gas channels, gas diffusion layers (GDL), catalyst layers (CL) and the electrolyte
membrane. Fig. 2 shows the problem modelling domain
studied for the present work. Moreover, the model [8] includes the total current of the system and the potential
drop in the membrane. The dynamics of the gas flows are
described by partial derivatives in one direction, coupled to
the reactions and transports through the membrane electrode assembly (MEA), which are represented as lumped
parameters perpendicular to the gas flows, hence the 1+1D
denomination of the model. The study assumptions include an isothermal model for the PEMFC. All modelling
variables are collected and defined in Table 1.
Both anode and cathode gas channels follow mass balance equations to model the gas transport in the z-direction
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Parameter

Description

Unit

C

Volumetric capacitance

C V−1 m−3

ci

Concentration of i-th gas

mol m−3

D

Diffusion coefficient

m2 s−1

F

Faraday constant

C mol− 1

fV

Surface enlargement factor

-

I

Electrical current

A

i

Current density

A m−2

i0

Exchange current density

A m−2

K

Pressure drop coefficient

m2 s−1 Pa−1

L

Fuel cell length

m

Lx

Gas channel width

m

Lz

Gas channel depth

m

ṅi,in

Inlet molar flux of i-th gas

mol m−2 s−1

ṅi

y-direction flux of i-th gas

mol m−2 s−1

nV ol

Discretisation volumes

-

p

Pressure

Pa

R

Gas constant

J mol−1 K−1

r

Reaction rate

mol m−2 s−1

T

Temperature

K

v

Flow velocity

m s−1

∆Φ

Electrical potential

V

∆z

Discretisation length

m

δ

Thickness of the layer

m

λanode

Anode stoichiometry

-

λcathode

Cathode stoichiometry,

-

∂p(t)
,
∂z
X
p(t) = RT
ci (t),

v(t) = −K

(1a)
(1b)

i

∂ci (t)
∂
ṅi (t)
=−
(v(t)ci (t)) −
,
∂t
∂z
δ

(1c)

where subscript i stands for the reactant, being i = H2
the hydrogen index and i = H2 O the water in the anode
side index. At the cathode side of the PEMFC i = N2
denotes the nitrogen, i = O2 the oxygen and i = H2 O the
water index. Reaction and water molar flux densities ṅi
are perpendicular to the channels in the y-direction and
are modelled as lumped parameters.
The diffusion effect in the GDLs of the PEMFC is mod-

vanishes. This is expressed as the following molar flux:

z

H2, H2O

(7)

Reaction rate expressions are derived from Butler-Volmer
kinetics as introduced in [9]. The anodic reaction rate is
formulated by
"
#
A
pA
H2 (t)
A
V i0
exp (Ω(t))
−1 ,
(8)
r (t) = f
2F
pH2 ,ref

Gas channel

Cathode GDL

Cathode CL

Membrane

Anode CL

Anode GDL

Gas channel

ṅC
N2 = 0.

where

N2, O2, H2O

Ω(t) =

y


2F
∆ΦA (t) − ∆ΦA
ref .
S
RT

(9)

The cathodic reaction rate can be written as
rC (t) = f V

Figure 2: Problem modelling domain



∆G0
1
1
−
,
R
TS
Tref

α2F
Σ(t) = −
∆ΦC (t) − ∆ΦC
ref .
S
RT
Υ=−

(2)

with Di being the diffusion coefficient of the i-th gas species
through the GDL (except for N2 , which does not react).
The electrochemical reaction takes place in the CLs.
The reacted molar fluxes are function of the anodic and
cathodic reaction rates rk , with k = A for the anode side
and k = C for the cathode side. In the anode side, the
amount of H2 consumed at the catalyst layer is
ṅH2 (t) = rA (t).

(10)

with

elled adopting Fick’s second law of diffusion
∂ci (t)
∂ 2 ci (t)
= Di
,
∂t
∂y 2

pC (t)
iC
0
exp (Υ) O2
exp (Σ(t)) ,
2F
pO2 ,ref

(11a)
(11b)

A complete water transport model [10] is implemented
in the membrane layer of the PEMFC. Water plays a key
role in the dynamics of the proton transport. Water content in a PEMFC membrane can be defined as the relation
between the number of water moles and the moles of polymer in the membrane. This parameter is also included in
the membrane layer model.

(3)

Furthermore, considering that there is no mass storage
capacity at the GLDs, it is possible to express the water
transport from the anode gas channel to the membrane as
the water transport towards the membrane
AM
ṅA
H2 O (t) = ṅH2 O (t),

(4)

where the superscript AM specifies that it is a flux exiting from the anode side and entering into the electrolyte
membrane.
At the cathode side, the electrochemical relation that
governs the kinetics of the reaction is expressed as
ṅC
O2 (t) =

1 C
r (t).
2

(5)
Figure 3: Sign criteria for the y-axis flows and currents

The water transport from the cathode gas channel to
the membrane through the GDL is
CM
C
ṅC
H2 O (t) = ṅH2 O (t) − r (t).

The electrical charge is transported through the membrane along the y-axis. The sign criteria is such that flows
and currents are positive towards the membrane and negative in the opposite direction as shown in Fig. 3. The
center of the membrane determines the switching between
the reference frames. Hence, the signs for the charge balances are different at each side of the PEMFC, as expressed

(6)

Since the nitrogen is not a reactant in the PEMFC, if
the cathode is fed with air, the nitrogen through the GDL
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model

by
A
iM
j (t) − 2F rj (t)
,
=
C A δ AC
C
−iM
j (t) + 2F rj (t)
∆Φ̇C
,
j (t) =
C C δ CC

∆Φ̇A
j (t)

(12a)

(13)

The total current for the PEMFC model is computed
from the sum of all the currents through the membrane
(iM
j ), which is a function of the proton flow ṅH+ ,j :
I(t) = Lx Lz

Lz
X

iM
j (t) = Lx Lz

j

Lz
X

F ṅH+ ,j (t).

(15a)

y(t) = h(t, x(t), u(t)),

(15b)

where x ∈ Rn is the state vector, y ∈ Rp the output vector
and u ∈ Rm the input vector, for the observer model the
states are the gas species concentrations ċi , the measured
outputs are the concentrations at the end of the cathode
and anode gas channels and the inputs are the inlet flows,
reaction and water transport terms, which are considered
to be measured too. Therefore xi (t) , ci (t), where i refers
to the i-th gas concentrations as discussed in Section 3,
the output vector y can be defined as the five gas species
concentrations output measurements

  cA
 A
hH2 (x)
H2 ,out(t)

 cA
hA
H O,out(t) 
 HC2 O (x) 

 cC2


(16)
y(t) =  hN2 (x)  =  N2 ,out(t)  ,


C
C
 hO (x)   c

2
O2 ,out(t)
hC
cC
H2 O (x)
H2 O,out(t)

(12b)

where index j stands for the discretisation volume as it will
be explained in Section 5.
C
From Eq. (12), the potential differences ∆ΦA
j and ∆Φj
are obtained. Assuming that the fuel cell voltage U is established beforehand, the total potential drop in the membrane can be expressed as
C
A
∆ΦM
j (t) = ∆Φj (t) − ∆Φj (t) − U (t).

ẋ(t) = f (t, x(t), u(t)),

(14)

and the input vector u includes all the molar fluxes (inlet
flows, reaction and water transport terms), hence u(t) ,
[ṅi,in , ṅi (t)].

j

4. Observation problem
The observation of the gas species concentrations is
going to be the focus of the study. These internal variables
are a key aspect for the efficiency, durability, reliability and
safety of the system. Knowing the concentration values
along the z-axis is an essential feature in order to design
and synthesise advanced controllers to improve the power
quality and increase the performance of the PEMFC.
From the point of view of the mathematical complexity, the gas concentrations estimation is more accessible
than other state variables in the model, like the charge
balances. This is due to the additional complexity that
the water model adds to the estimation process. Following the mass balance model presented in Eq. (1) and recalling that the reaction molar fluxes and water transport
terms are measured disturbances in this paper, it can be
concluded that the degree of dependency on the membrane
water content of the gas concentrations model is lower than
with the charge balances as depicted in Eqs. (8), (10) and
(12). Thus, the estimation of the gas concentrations is less
demanding.
Since only the estimation of the concentrations is considered, the observer internal model (which is different
from the simulation model presented in Section 3) only
includes these states. The observer model is described
in Section 5.2. Moreover, the simplified observer internal model improves the convergence time and reduces the
model complexity in the proposed solution.
Taking into account the generic nonlinear state space

5. Nonlinear distributed parameter observer synthesis
As introduced in Section 4, the observation of the gas
species concentrations ci along the gas channels is the main
focus of this paper.
5.1. Finite-difference discretisation
It is possible to implement a finite-difference discretisation in order to solve numerically the spatial derivatives
of the model presented in Section 3 with the aid of a computer and a mathematical solver. Finite-difference discretisation plays a special role when known boundary conditions are present in the problem. For the case study,
the model presents several boundary conditions, such as
the input molar fluxes or the external ambient pressure at
the end of the gas channels. Henceforth, forward or backward differences will be applied to take advantage from
the aforesaid boundary conditions.
The forward difference of a spatial derivative for a
generic x-dependant function f (x) is expressed as
∂f (x)
∆x [f ](x)
f (x + ∆x) − f (x)
=
=
,
∂x
∆x
∆x

(17)

while the backward difference follows the expression
∂f (x)
∇x [f ](x)
f (x) − f (x − ∆x)
=
=
.
∂x
∆x
∆x

(18)

The model equations presented in Section 3 are discretised applying Eqs. (17) and (18) to implement the NDPO
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being ζ k1 = KRT /∆z 2 and ζ k2 = Kpamb /∆z 2 . These
spatially-discretised equations will be used for the development of the NDPO.
When developing the observer, the implementation complexity will limit the total discretisation volumes (nV ol ) depending on the conditions of the overall problem. In Fig. 4
the main structure of the discretised PEMFC is presented
for the n-discretised finite elements generalisation.

and to apply lumped parameter theory to synthesise the
observer.
5.2. Observer model
Rewriting Eq. (1) in state space representation (see
Eq. (15a)), and taking into account that the states of the
system are the concentration values (xi (t) , ci (t)), it is
possible to write
∂pk (t)
,
∂z
X
pk (t) = RT k
xki (t),

v k (t) = −K k

(19a)
(19b)

i

ẋki,j (t) = −

 ṅk (t)
∂
v k (t)xki (t) − i k ,
∂z
δ

(19c)

where superscript k is included, with k = A for the anode
and k = C for the cathode side of the PEMFC.
To take advantage of the boundary conditions of the
problem, a backward difference discretisation, as shown in
Eq. (18), is applied to the gas flow velocity Eq. (19a), while
the forward difference discretisation presented in Eq. (17)
is applied to the pressure term in Eq. (19b).
Subsequently, applying the aforementioned discretisation procedure to Eq. (19), the following discretised dynamic model for both gas channels is obtained:

Kk k
pj (t) − pkj+1 (t) ,
∆z X
pkj (t) = RT k
xki,j (t),

vjk (t) =

Figure 4: Generalised model of the discretised PEMFC

(20a)
(20b)

5.3. Measurements

i
k
vj−1
(t)xki,j−1 (t) vjk (t)xki,j (t) ṅki,j (t)
ẋki,j (t) =
−
−
, (20c)
∆z
∆z
δk

As depicted in Fig. 4, the final concentration values at
the end of the anode and cathode gas channels are considered the measured outputs. In a real implementation,
where subscript j specifies the spatially-discretised finite
the direct measurement of these variables would imply the
volume.
use of sensors that are expensive and slow. However, the
The boundary conditions are given by vj−1 (t)xi,j−1 (t) = output concentration values can be inferred from other acṅi,in (t), ui (t) for the first volume of discretisation (j = 1)
cessible measurements.
and pj+1 = pamb for the last discretisation boundary (j =
Employing a humidity sensor, the water partial presnV ol ). Applying these boundary conditions to Eq. (20) resure at the anode output (pA
H2 O,out ) is obtained. From
sults in the state space equations for the first, middle and
this measurement, it is possible to infer the water concenlast discretisation volumes that can be expressed as
tration as shows Eq. (20b). Moreover, knowing the total
 k
output pressure (pA
k
out ) at the anode output gas channel,
ṅ
(t)
ṅ
(t)
i,j
i,in
k k


−
ζ
Ψ
(j)
−
,
if
j
=
1,
k
which
is
common
in the majority of the PEMFC-based
1
 ∆z
δ
 ṅki,j (t)
k
k
k
ẋki,j (t) =
systems,
the
H
partial
pressure is obtained as
2
ζ1 Ψ (j − 1) − Ψ (j) − δk ,
if 2 ≤ j ≤ nV ol − 1,

k

ṅ
(t)
 k k
A
A
ζ1 Ψ (j − 1) + Γk (j + 1) − i,j
, if j = nV ol ,
δk
pA
(23)
H2 ,out (t) = pout (t) − pH2 O,out (t),
(21)
from which the H2 concentration at the end of the anode
where
gas channel is derived.
!
Since at the cathode side there is an additional gas
X
X
k
k
k
k
in
comparison
with the anode side, an extra equation is
Ψ (j) = xi,j (t)
xi,j (t) −
xi,j+1 (t) , (22a)
needed
to
obtain
the output concentrations. With a hui
i
!
midity
sensor
the
output water concentration can be obX
X
Ψk (j − 1) = xki,j−1 (t)
xki,j−1 (t) −
xki,j (t) ,
tained.
i
i
From the measurement of the total current demanded
(22b)
by the load I(t), the total reacted O2 flow rate is obtained
5

[11]

The NDPO observer inputs are the molar flows of the
PEMFC-based system and the output measurements of
the PEMFC shown in Eq. (16). The observer gives as an
output the full state profile of the concentration values at
each discretisation volume (see Fig. 5).

I(t)
.
(24)
4F
In this paper, the input molar flows are considered as
measured variables (see Fig. 4). From the reacted O2 in
Eq. (24) and using the O2 input molar flow (ṅC
O2 ,in ) measurement, the total output O2 molar flow is computed
ṅC
O2 ,r (t) = Lx Lz

C
C
ṅC
O2 ,out (t) = ṅO2 ,in (t) − ṅO2 ,r (t),

(25)

which represents the flux of oxygen per second at the output of the cathode gas channel. To obtain the value of
the output O2 concentration, Eq. (25) is divided by the
gas flow velocity v C , which can be obtained through the
flowrate and total pressure at the channel input:
cC
O2 ,out (t) =

ṅC
O2 ,out (t)
.
v C (t)

(26)

Obtaining cC
O2 ,out through these steps would include a certain error because the internal dynamics of the channel
Figure 5: NDPO topology for the case study
are neglected. However, this fact would only affect the
observation procedure during a short transitory.
Once the output concentrations of H2 O and O2 are
5.5. Nonlinear observability and design conditions
computed, the partial pressures can be obtained from Eq. (20b). For the nonlinear case, the observability condition arises
C
C
Moreover, knowing pC
H2 ,out , pO2 ,out and pout , the partial
from the computation of the observability matrix O that
pressure of N2 is obtained. Finally, the nitrogen concenmaps the outputs of the system to the initial state values
tration is derived using the previously computed values.
by computing all the repeated Lie derivatives [12] of the
output vector field y. It can be expressed as


h(x)
 Lf (x) h(x) 



..
∂ 

,
.
O(x) =

∂x 
L(n−2) h(x)
 f (x)

(n−1)
Lf (x) h(x)

5.4. Structure of the observer
The main structure of the NDPO follows a model-based
approach extracted from the literature [7]. For an n-order
nonlinear system the observer structure is such that
˙
x̂(t)
= f (t,x̂(t), u(t)) + g(x̂(t))u0 (t),

(27a)

ŷ(t) = h(t,x̂(t)),

(27b)

(28)

where the Lie derivative can be written as the tensor field
defined by
∂h(x)
Lf (x) h(x) =
f (x).
(29)
∂x
The full state vector is observable if Eq. (28) is nonsingular, meaning that it has full rank. The observability
matrix (28) strongly depends on the state vector x. As
a result of this dependency, the analytical computation of
the rank of Eq. (28) is a demanding task. In this paper
the observability condition study has been performed numerically: The observability matrix was developed for the
case study of nV ol = 5 and the computation of the rank
was done through the singular value decomposition of the
observability matrix. If during the simulation rank(O(x))
is lower than the expected full rank, the observer is disconnected until the observability is recovered.
The output observation error is defined as the difference between the estimated output ŷ of the observer (27)

where the generalised observed state vector x̂˙ ∈ Rn and
the observed output variable ŷ ∈ Rp . The function f (x̂, u)
contains the nonlinear dynamics of the model presented in
Eq. (21). The decoupling vector g(x̂) provides the observer
with full relative degree n with respect to the input vector
u from Eq. (15). The correction input u0 is designed to
achieve null estimation error in a finite amount of time. In
the present work, a super-twisting algorithm (STA) based
in SMC control techniques [3] is implemented. Since the
STA does not depend on the model as much as other solutions (i.e. Model Predictive Control), the complexity of
the observer, which already uses a nonlinear model, is not
increased due to the implementation of the corrective action. Moreover, the STA approach provides robustness to
the overall solution. Henceforth, it is appropriate to implement this technique as the corrective action term for
the NDPO.
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and the measured vector y as expressed by
ey (t) = ŷ(t) − y(t).
While the state observation error is written as


e1 (t)
 e2 (t) 


e(t) = x̂(t) − x(t) =  .  .
 .. 
en (t)
And given the output error vector

ey (t)
 ėy (t)

ε(t) =  .
 ..

late the overall observation problem (27) into two subproblems, each one defined by the corresponding gas channel model (21) and decoupled from each other (see Fig. 4)


f (t, x̂A (t), uA (t)) + g(x̂A (t))u0 A (t)
˙
x̂(t)
=
,
(35)
f (t, x̂C (t), uC (t)) + g(x̂C (t))u0 C (t)

(30)

C T
with x = [xA ; xC ]T = [xA
i,j ; xi,j ] . The decoupling vector
A
C T
g = [g ; g ] is defined in Eq. (37) for each side of the
PEMFC.
This simplification of the observation problem allows
to improve the performance of the observer and to obtain
faster convergence times to the states.
The output vectors for the anode and cathode gas channels were defined in Eq. (16). From this, the anode and
cathode observability matrices (OA (xk ) and OC (xk )) can
be developed following Eq. (28). Considering the output
vectors at each side of the PEMFC, the conditions to guarantee the observability of each observation problem are:

(31)





,

n−1
ey (t)

(32)

it is demonstrated in [7] that the observer (27) is able to
estimate the full state vector of system (21) (and drive the
state observation error (31) to zero) in finite time given
that a suitable correction action u0 is selected to drive
the output error vector (32) to zero in finite time. In
this paper a STA approach is proposed for this task. The
general equation for the STA [3, 13] can be expressed as
u(t) = u1 (t) + u̇2 (t),

−K1 |s0 |ρ sign(s),
u1 (t) =
−K1 |s|ρ sign(s),
1
u̇2 (t) = −K2 sign(s),
2

rank(OA (xk )) = 2nV ol ,
C

rank(O (x )) = 3nV ol .

(33b)

T

gk (x̂k (t)) = (Ok (xk ))−1 (x̂k (t)) [0, 0, . . . , 1] .

(33c)

(37)

To remove the observation error, a corrective input u0
is included in the main observer structure. As mentioned
before, it is based in a STA control law from [3], and is
expressed as

where K1 , K2 and ρ are tuning constants of the correction
algorithm. The sufficient conditions for the finite time
convergence of Eq. (33) to the observation error sliding
surface are defined as [13, 14]
4Λ ΓM (K2 + Λ)
K12 ≥ 2
,
Γm Γm (K2 − Λ)
Λ
K2 >
,
Γm
0 < ρ ≤ 0.5,

(36b)

Function f (t,x̂k (t), uk (t)) includes the nonlinear dynamic
description presented in Eq. (1). The vector gk (x̂k ) is obtained from the observability matrices Ok (xk ) introduced
in Eq. (36) by computing [7]

(33a)
if |s| > |s0 |,
if |s| ≤ |s0 |,

(36a)

k

uk0,i (t) = −K1 |ey |ρ sign(ey (t)) + v(t),
1
v̇(t) = −K2 sign(ey (t)),
2

(34a)

(38a)
(38b)

with the output observation error (30) as the sliding variable and K1 , K2 and ρ tuning constants of the corrective
action law as defined in Eq. (34). The fine tuning of these
parameters is out of the scope of the present paper.

(34b)
(34c)

being ΓM , Γm and Λ the upper and lower bounds for the
sliding surface and the constant for the sliding region respectively as developed in [14].

6. Simulation results
The initial state for all simulations is defined by the
vector x0 ∈ R5×nV ol (with nV ol = 5 for the case study
of this paper), which denotes the five gas species present
in both gas channels. The observer is initialised with an
initial observed state vector x̂0 = 0 ∈ R5×nV ol . Simulations have been carried out using Simulink for MATLABr
R2011a (32 bits), running in a PC Intelr CoreTM i7-3770
at 3.40 GHz with 8GB of RAM.

5.6. Implementation of the observer for the PEMFC model
The design of the gas species concentrations observer
is developed from the main observer structure shown in
Eq. (27), having confirmed numerically the observability
condition presented in Eq. (28) beforehand.
As depicted in Eq. (21), if the input molar flows ṅki,in
are considered as measured inputs of the system and the
value of the reaction and water transport terms are measured disturbances, mathematically it is possible to iso-

6.1. Simulation scenario
The simulation starts at a steady operating point under
the conditions presented in Table 2. From these operation
7

condition, the input molar fluxes for the gas species are
computed. The resulting values are shown in Table 3.
Table 2: Initial operating conditions for the simulation

Condition

Unit

Value

Anode stoichiometry

-

2.2

Cathode stoichiometry

-

3

Fuel cell temperature

K

353

Cell voltage

V

0.5

Table 3: Input molar fluxes

Input molar flow

Value [mol m−2 s−1 ]

H2

16

H2 O (anode)

4

N2

224

O2

60

H2 O (cathode)

3

Figure 6: State estimation in the anode gas channel

Step changes are applied to the molar fluxes at simulation times t = 125s, t = 250s and t = 375s as presented
in Table 4. The aim of these step changes is to test the
dynamical behaviour of the observer when the concentration values fluctuate in the gas channels as the system gets
driven far away from its initial operating point.
Table 4: Step values for the dynamical analysis

Time [s]

Initial ⇒ Final [mol m−2 s−1 ]

O2

125

60 ⇒ 30

H2

250

16 ⇒ 14

H2 O (anode)

375

4⇒3

Input molar flow

Figure 7: State estimation in the anode gas channel

on several conditions such as the K1 and K2 gains of the
STA corrective action, the initial observed state vector x̂0
or the initial values of the real states of the system. Moreover, the reaction dynamics are different for each side of
the PEMFC as evidenced in Eqs. (8) and (10). After the
observed states converge to the real values, the estimation error is negligible even after the step changes for the
dynamic analysis are injected to the PEMFC.

6.2. Results and discussion
Even though the estimation of the gas concentration
species is done for all discretisation volumes in order to
obtain a detailed profile, the figures only show the estimation at the middle point of the gas channel. It is virtually
impossible to install sensors in this section of the PEMFC,
therefore, the results obtained in this section have substantial relevance.
As it can be extracted from Figs. 6 and 7, the observation of the gas species concentration (dashed lines in the
figures) is performed properly in a simulation environment.
For the reconstruction of the anode gas channel gases, the
convergence occurs in less than 0.5 seconds, while in the
cathode side the observed states converge even faster. The
difference between the state reconstruction times depend

6.3. Robustness analysis
The results presented in Section 6.2 do not consider uncertainty. To test the robustness of the observer proposed
in this paper, three new simulations in the presence of unknown inputs and model uncertainties are carried out.
To begin with, a simulation in the presence of input
uncertainty is carried out. In particular, a uniform random signal between ±0.6 is multiplied to the water transport terms at the anode side of the PEMFC (ṅA
H2 O,j ). At
8

the presence of this unknown input the observer behaves
similarly as in Figs. 6 and 7 but with a slower initial convergence to the states.
The second simulation to test the robustness of the
NDPO considers that the PEMFC-based system is under
the effect of a model uncertainty d (see Fig. 5). Specifically,
the temperature of the system is considered to be under
the effect of band-limited white noise with a ±15% band
limit from the original temperature value. As it is shown
in Fig. 8, the observer is able to track perfectly the states
under the presence of this uncertainty in the plant.

Figure 9: State estimation in the anode gas channel in the presence
of time delays

7. Conclusions
This paper describes the design of a nonlinear observer
for a PEMFC energy system. The proposed observer, synthesised for a system that is described by a distributed
parameter model, allows the recovering of unknown information about the internal and unmeasurable state variables. The performance of the observer has been evaluated, obtaining satisfactory observation results of the anode and cathode gas concentrations for specific simulation
scenarios even in the presence of uncertainty.
During the development of the observer, the observability matrix of the system was introduced. Through the
inversion of the aforesaid matrix, the observer decoupling
term is computed to reconstruct the full state vector from
the output concentration measurements.
In this paper, the reaction and water transport terms
have been considered as measured disturbances. The continuation of the research includes the consideration of the
model and input uncertainties in the design of the observer. Furthermore, the design and implementation of a
disturbance observer is currently under consideration to
remove the aforementioned assumption.
A total of five discretisation volumes have been taken
into consideration to perform the simulations. It is possible to generalise the results to a higher number of volumes to obtain more detailed concentration profiles. Nevertheless, the increase of discretisation volumes introduces
complexity when synthesising the observer. A trade-off
situation arises between the required level of detail of the
recovered state information and the mathematical complexity of obtaining the observer.

Figure 8: State estimation in the anode gas channel in the presence
of model uncertainties

Finally, a simulation model that considers the delays
associated with the measurement of the input molar flows
and output concentrations has been used to test the observer behaviour in front of these changes. A pure delay of
15 seconds has been considered for the measured outputs
of the system (a common value for commercial humidity
sensors). For the input measurements, a delay of 1 second
has been considered since mass flow meters operate with
delays around 1 second. In Fig. 9, the effect of these measurement delays on the estimation is shown when the input
molar fluxes change their value abruptly according to Table 4. It can be seen that the convergence to the real value,
which depends on the input measurements, is practically
achieved within few seconds, obtaining appropriate state
estimation even in the presence of the output measurement
delay of 15 seconds. An oscillation before stabilisation
appears (shown in the detail), which is produced by the
output measurements delay, however, it has a small overshoot. Therefore, the observer performs correctly with the
measurement delays and it does not introduce important
estimation delays that could hinder closed-loop stability.
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