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a b s t r a c t
In this paper, an approach to evaluate the actuator fault tolerance of a nonlinear model predictive control
(NMPC) system using viability theory is proposed. Viability theory provides several concepts formulated
in a set form (viability kernel and capture basin) that are very useful to assess if after the fault the NMPC
controller will be able to achieve their goal either using a reconﬁguration or an accommodation strategy.
By representing the nonlinear model of the system in a linear parameter varying (LPV) form and using
zonotopes to evaluate viability sets, an algorithm is developed and implemented that is able to assess the
tolerance of the NMPC controller. To illustrate the proposed approach two application examples based
on well-known control problems (a pasteurization plant and a mobile robot) are used.

1. Introduction
Modern control systems are developed taking into account the
demand for reliability, safety and fault tolerance. Consequently, it
is necessary to design control systems that are capable of tolerating
faults. A closed-loop control system which can tolerate component
malfunctions, while maintaining desirable performance and stability properties is said to be a fault tolerant control system (FTCS) [1].
The goal of a fault tolerant system is to increase safety and reliability. Safety is the ability of a system to prevent any danger to human
life, equipment or environment, while reliability is the ability of a
system to perform required functions correctly over a given period
of time under a given set of conditions. Control reconﬁgurability
assesses the ability of system to allow performance restoration in
the presence of faults [2]. Some works provide quantitative measures for reliability and reconﬁgurability of FTCS [1]. Automated
and real-time analysis for the reliability and reconﬁgurability of
FTCS are also important topics that have been researched [3].
After a fault has occurred, the control loop should be reconﬁgured to cope with the fault effects. Before starting to apply the
fault tolerant control strategy, it should be evaluated whether the
controller will be able to continue operating after the fault appearance. In this paper, this is done by means of an analysis based on
the viability theory [4]. Considering whether is worth to attempt to
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recover the original system performance after occurrence of a fault
or to accept some degree of performance degradation is very important issue before any fault-tolerant strategy is applied to the control
loop. In practice, if a sensor fault occurs, the original system performance could be recovered as long as the correct information can be
obtained either from a redundant sensor or from a virtual sensor
based on the use of observers. However, in case of actuator faults, to
maintain the original performance, the remaining actuators could
be forced to work beyond their normal range of operation. This is
undesirable in practice because this may lead to actuator saturation
or increase deterioration. Therefore, a trade-off between achievable
performance and available actuator capabilities must be considered. This situation is often referred to as graceful degradation in
performance [1].
Viability theory develops mathematical and algorithmic methods for investigating the adaptation to viability constraints of
evolutions governed by complex systems under uncertainty [4].
Viability is a theory that until now has mostly used in safety veriﬁcation in control systems [5]. Viability theory has also been found
useful in areas different from automatic control as e.g. economics
[6] or biology [7]. This theory provides some concepts that are actually more general than what is used in set-invariance theory [8].
However, both theories share a common concept: the invariant
set or invariant kernel that can be used for proving the stability
of control systems. Viability kernel is an accepted tool for safety
veriﬁcation. However, the problem with this theory is how to compute the different sets involved. Nowadays, several algorithms have

been proposed that can approximate these sets effectively. Some
of these algorithms are surveyed [5].
The use of viability theory to fault diagnosis has already been
explored by the authors [9] following similar ideas [10] but using
set-invariance theory. Finding the viability theory concepts that can
be used in fault tolerance evaluation is a major contribution of this
paper. This paper will also try to relate these concepts with setbased concepts introduced to address the admissibility evaluation
deﬁned in [11] in the context of Model Predictive Control (MPC).
Faults will cause changes in the set of feasible solutions. This
causes that the set of admissible solutions for the control objective
could be empty. Therefore, the admissibility of the control law facing faults can be determined knowing the feasible solution set. One
of the aims of this paper is to provide methods to compute this set
and to evaluate the admissibility of the control law.
This paper will focus on the fault tolerant evaluation approach
of a given actuator fault conﬁguration, considering a nonlinear
model predictive control (NMPC) law with constraints. However,
the proposed approach could be easily applied to any other type of
controller. The method proposed in this paper is not of analytical
but of computational nature. It follows the idea proposed by [11] for
linear model predictive control (MPC): Faults can cause changes in
the constraints related to the control signals (inputs), which modiﬁes the set of feasible solutions of the MPC controller. This can
cause the set of feasible solutions for a given control objective to
be empty.
In this paper, an approach to evaluate the actuator fault tolerance of NMPC system using viability theory is proposed. Viability
theory provides several concepts formulated in a set form (viability
kernel and capture basin) that are very useful to assess if after the
fault the NMPC controller will be able to achieve their goal either
using a reconﬁguration or an accommodation strategy. By representing the nonlinear model of the system in a linear parameter
varying (LPV) form and using zonotopes to evaluate viability sets,
an algorithm is developed and implemented that is able to assess
the tolerance of the NMPC controller. To illustrate the proposed
approach two application examples based on well-known control
problems (a pasteurization plant and a mobile robot) are used.
This paper is organized as follows: In Section 2, some deﬁnitions
and preliminary concepts are provided in context of viability theory
as well as algorithms for computing relevant sets in viability theory used in the paper are proposed using zonotope representation
and arithmetic. Problem formulation is presented in Section 3. How
viability theory can be used in fault tolerance evaluation is a task
that will be addressed in Section 4. An algorithm for admissibility
evaluation of a given fault conﬁguration will be the main outcome
of this section. Water heater section of pasteurization process and a
wheeled mobile robot are considered as case studies in Section 5 in
order to illustrate the proposed approach. Finally, in Section 6 concluding remarks are drawn. In the Appendix, necessary background
on zonotopes is provided.
2. Review of viability theory concepts
2.1. Viability theory concepts
In this paper, we assume that the system to be controlled can
be represented with a nonlinear model in a LPV (or quasi-LPV)
representation
x (t + 1) = A ( (t)) x (t) + B ( (t)) u (t) + Bd ( (t)) d(t)

(1)

where x (t) ∈ X is the state, u (t) ∈ U is the control input and d (t).
The bounding sets X and U are deﬁned as
X=
U=







x (t) ∈ Rn : x (t) − xtc   x̄t , xtc ∈ Rn , x̄t ∈ Rn









u (t) ∈ Rm : u (t) − uct   ūt , uct ∈ Rm , ūt ∈ Rm



where xtc ,uct ,x̄t and ūt are constant vectors. The sets X and U can be
rewritten as zonotopes
X = xtc ⊕ H x̄t ˇn
U = uct ⊕ H ūt ˇm
where H x̄t ∈ Rn×n and H ūt ∈ Rm×m are diagonal matrices with their
diagonal entries composed of x̄t and ūt , respectively. The parameter  is a time-varying parameter whose measurement is available
and used to embed nonlinear terms of the system model. For more
details about how to obtain LPV models for nonlinear systems, see
[12,13].
Remark. The disturbance d(t) can be bounded and managed
similarly to the controlled input u(t) (see [4] for more details). For
this reason and for simplicity in the explanations, in the following
the viability theory deﬁnitions and algorithms will be presented
only considering the controlled input u(t). Moreover, the consideration of uncertainty in the disturbance in the MPC controller would
lead to use robust MPC schemes that is out of the scope of the paper
[14].
It is assumed that the system (1) is deﬁned in a proper open set
 ⊆ Rn and that there exist a globally deﬁned solution for every
initial condition x (0) ∈ . We assume for each u (t) ∈ U and x (t) ∈
X, Eq. (1) has a unique solution
S (t, x, u) ,

t ∈ T

where S (0, x, u) = x (0).
Viability theory is concerned with ensuring that a system state
remains within a viability constraint set K. Any trajectory of system
(1) that leaves the set K at some point in time is considered to be
no longer viable.
Deﬁnition 2.1 (Viability kernel). The viability kernel of K ⊆  under
the evolutionary system S (t, x, u) is the set ViabS (K) of initial states
x (0) ∈ K from which starts at least one evolution x (t) ∈ S (t, x, u)
viable in K for all times t  0
ViabS (K) =



x (0) ∈ K|∃u ∈ U, ∀t  0; x (t) ∈ K



(2)

This means that from a point x (0) in the viability kernel of the
environment K starts at least one evolution viable in K forever.
This is equivalent to say that all evolutions starting from a state
belonging to the complement of the viability kernel K leave the
environment in ﬁnite time.
Viability kernel and weak positive invariance are equivalent definitions in viability and set invariance theories, respectively [8].
Capture basin is another concept that has a wide range of applications, for example, in process control [15] and economics [16].
Deﬁnition 2.2 (Capture basin). The capture basin of T (viable in
K) under the evolutionary system S (t, x, u) is the set CaptS (K, T )
of initial states x (0) ∈ K from which starts at least one evolution
x (t) ∈ S (t, x, u) viable in K on [0, N) until the ﬁnite time N when
the evolution reaches the target at x (N) ∈ T
CaptS (K, T ) =



x (0) ∈ K|∃u ∈ U, ∀t ∈ [0, N); x (t) ∈ K, x (N) ∈ T



From a state x (0) in the capture basin of the target T viable in
the environment K starts at least one evolution viable in K until it
reaches T in ﬁnite time. This is equivalent to say that, starting from a
state belonging to the complement of K, all evolutions remain outside the target T until they leave the environment K. Development
of the methods for obtaining these two sets is still an important
area and not an easy task [5].

2.2. Viability kernel computations
Reachability analysis identiﬁes the set of states backward (forward) reachable by a constrained dynamical system from a given
target (initial) set of states. The notions of maximal and minimal
reachability analysis were introduced in [17]. Their corresponding
constructs differ in how the time variable and the bounded input are
quantiﬁed. In the formation of the maximal reachability construct,
the inputs tries to steer as many states as possible to the target
set. On the other hand, in the formation of the minimal reachability construct, the trajectories reach the target set regardless of the
input applied. Based on these differences, the maximal and minimal reachable sets and tubes (the set of states traversed by the
trajectories over the time horizon [17]) are formed.
In [4,17], it is shown that the minimal reachable tube and the viability kernel are the only constructs that can be used to prove safety
of the system and to synthesize inputs (controllers) that preserves
this safety. Since the viability kernel and the minimal reachable
tube are dual concepts, they do not need to be treated separately.
Deﬁnition 2.3 (Backward maximal reachable set). The backward
maximal reachable set at time instant t is the set of initial states for
which there exists an input such that the trajectories emanating
from those states reach T exactly at time instant t:
ReachBt (T ) 



x (0) ∈ Rn |∃u (.) ∈ U[0,t] , x (t) ∈ T



(3)

There exists several families of sets which can be used to
compute the viability sets with varying degrees of accuracy. An
important limiting factor is the numerical reliability of their representation. That is, a particular family may be able to represent
a great number of shapes but due to computationally expensive
manipulations will be useless in practice. Usually there exists an
inverse relation between ﬂexibility of a family and the numerical
cost of the representation.
Here we will use zonotopes. See Appendix for more details.
Using zonotopic representation and operations in the Appendix,
the backward reachable set for system (1) over a single time step
is computed as



ReachB1 (X) = A( (t))−1 X ⊕ (−B ( (t))) U



(4)

Here A−1 (.) denotes the preimage of a set under the map A :
Rn → Rn . Note that we consider that A is invertible. This is a fair
assumption because we are mainly concerned with discrete-time
systems that arise from the discretization of continuous-time systems. Such systems have a dynamics matrix of the exponential form
which is always invertible [5]. Following computation algorithm in
[18], we can ﬁnd this reachable set using zonotopes by







J3

J4

−1

J1 = seg ♦A( (t))



J2 =

−1

J3 = seg −♦A( (t))



J4 =

Capture basin estimation.

K0 ←− C
t ←− 1
while t  T do
if Kt =∅ then
KT ←− ∅
break
end if
B
Kt+1 ←− Reach1 (Kt ) (see Eq. (5))
t ←− t + 1
end while
KN = KT ∩ X (see Eq. (27))
return (KN ) KN = Capt S (X, C)

3. Problem formulation
3.1. MPC control problem



of the dynamic system (1) expressed here for simplicity as follows

xtc
B ( (t)) H ūt





diam −A( (t))−1 B ( (t))
2

Algorithm 2.

ũ = (u (t))N−1
= (u (0) , u (1) , . . ., u (N − 1)).
0



2



It is important to notice that the set of estimated states is
approximated by a zonotope that has an increasing number of segments ReachB1 (Kt ) using this method. In order to control the domain
complexity, a reduction step is thus implemented. Here, we use the
method proposed in [19] to reduce the zonotope complexity.
Finally, for computation of capture basin, we can ﬁnd backward
reachable tube using (5) for desired time steps. Final reachable set
is the capture basin.

x̃ = (x (t))N
0 = (x (0) , x (1) , . . ., x (N)),



H x̄t

diam A( (t))−1

K0 ←− X
t ←− 1
while t  N do
if Kt =∅ then
KN ←− ∅
break
end if
if Kt = Kt−1 then
KN ←− Kt
break
end if
B
L ←− Reach1 (Kt ) (see Eq. (5))
Kt+1 ←− K0 ∩ L (see Eq. (27))
t ←− t + 1
end while
return (KN ) KN = ViabS (X)





J2

Viability kernel estimation.



(5)

c
xt+1
= mid A( (t))−1 xtc + mid −A( (t))−1 B ( (t)) uct

H x̄t+1 = J1

Algorithm 1.

The solution of a control problem consists in ﬁnding a control
law in a given set of control laws U such that the controlled system achieves the control objectives O while its behavior satisﬁes
a set of constraints C. Thus, the solution of the problem is completely deﬁned by the triple O, C, U [20]. In the following, let
particularize this general deﬁnition to the case that we use a MPC
controller.
Let us denote the sequence variables over the time horizon N

c
ReachB1 (X) = xt+1
⊕ H xt+1 ˇn

where

‘mid’ denotes the center, ‘diam’ the diameter of the interval,
seg (Q ) = H considering that Q is a zonotope and ♦ is zonotope
inclusion. For computation of viability kernel, this backward reachable set is calculated step by step. The reachable tube will ﬁnally
converge toward the viability kernel.

uct

x (t + 1) = F (x (t) , u (t))

(6)

where F is the function that describes the dynamics of the system.
Thus, in the case of a model predictive control law, the triple
O, C, U is deﬁned by
O : min J(x̃, ũ)
ũ

(7)

If an active FTCS is considered, two main strategies to adapt the
MPC law in order to introduce fault tolerance can be applied [20]:

subject to

⎧
⎨ x (t + 1) = F (x (t) , u (t))

C:

⎩

u (t) ∈ U

t ∈ [0, N − 1] ⊂ N

x (t) ∈ X

t ∈ [0, N] ⊂ N

where




U = u (t) ∈ Rm | umin ≤ u (t) ≤ umax


(8)



(9)



X = x (t) ∈ Rn | xmin ≤ x (t) ≤ xmax ,

(10)

The control law belongs to the set U and it is obtained using the
receding horizon philosophy [14]. This technique consists on taking
only the ﬁrst value from the sequence ũ computed at each time
instant by solving the previous optimization problem. The initial
states x (0) are updated from measurements or state estimation.
The objective function J is deﬁned, in general form, as
J(x̃, ũ) = (x (N)) +

N−1


(x (i) , u (i))

(11)

i=0

where  is a function that constrains the ﬁnal state value over N
and  is a function of states and inputs. Depending on the applications, the objective function forces the system to follow a reference
(uref (t) , xref (t)) or to optimize some economic performance index.
3.2. Fault tolerant control problem

1. System reconﬁguration: Consists in ﬁnding a new set of constraints Cf ( f ), where  f is the set parameters changed by the
faults, such that the control problem O, Cf ( f ), Uf  can be solved.
This strategy could be applied in case the fault detection and
isolation (FDI) module does not provide the fault estimation.
Therefore, the faulty components are unplugged by the supervisory system and the control objectives should be reached using
the non-faulty components.
In case of actuators, this implies that the model (1) used by the
MPC controller is modiﬁed as follows:
x(t + 1) = A ( (t)) x(t) +

(12)

ũ

⎧
⎨ x (t + 1) = A ( (t)) x (t) + B ( (t)) u (t)
Cf :



⎩

u (t) ∈ Uf

t ∈ [0, N − 1] ⊂ N

x (t) ∈ Xf

t ∈ [0, N] ⊂ N



Uf = u (t) ∈ Rm | uf,min ≤ u (t) ≤ uf,max


(13)

x(t + 1) = A ( (t)) x(t) +



+

(14)

Xf = x (t) ∈ Rn | xf,min ≤ x (t) ≤ xf,max ,
Suppose that both Cf f



Bi ( (t)) ui (t)

i ∈ IN

ˇi (ui (k), i ) + Bd ( (t)) d(t),

(17)

i ∈ IF

where the function ˇi as well as the parameters  i should be
estimated by the FDI module in case of actuators belonging to
the faulty actuator subset IF .
4. Fault tolerance evaluation using viability theory
4.1. Introduction





 

(16)

where IN is the subset of still-healthy actuators.
2. Fault accommodation: Consists in solving the control problem O,Ĉf (ˆ f ), Ûf , being Ĉf (ˆ f ) an estimation of current system
constraints and parameters provided by the FDI module. This
strategy can be applied when a change either in the system structure or parameters occurs. In this strategy, the control law is
modiﬁed while the rest of the elements within the control loop
are kept unchanged.
In case of actuators, this implies that the system model (1) used
by the MPC controller should be modiﬁed as follows:

 

O : min J(x̃, ũ)

Bi ( (t)) ui (t) + Bd ( (t)) d(t),

i ∈ IN

Fault tolerant control is concerned with the control of the faulty
system. This can be done by changing the control law without
changing the plant (adaptation, accommodation), or by changing
both the control and the system (reconﬁguration). As the result
  of
the fault, the control problem is transformed from O, C  , U
into O, Cf f , Uf .



(15)

and Uf are perfectly known, then the

 

fault tolerant control law is obtained by solving O, Cf f , Uf . If
such a solution exists, the system is fault tolerant
with respect to
 
the objective O and the faulty situation Cf f , Uf . If the problem

 

O, Cf f , Uf has no solution, then the system is not fault tolerant and the relaxation of the control objective has to be considered.
Fault tolerant approaches. Active fault
control
 tolerant

approaches requires that the knowledge of Cf f and Uf is avail-

 

able to solve the fault tolerant control problem O, Cf f , Uf .
Provide such fault information is the role of fault detection and isolation (FDI) algorithm. In case that such algorithm is not available,
a passive fault tolerant control approach based on robust control
should be used where set of faulty parameters should be considered
ˆ f instead of estimation of the faulty parameters ˆ f .

Remark. In this paper, it will be assumed that FDI algorithm
exists and has been implemented using standard model-based
approaches as the ones presented in as e.g. [21]. As discussed in
the introduction, the FDI could also be implemented using viability
theory as presented in [9].
Fault tolerant strategies.

In this section, an algorithm is provided to evaluate admissibility
of a FTCS using viability theory concepts presented in Section 2
when fault-tolerant strategy (accommodation/reconﬁguration) has
been applied as described in previous section.
Based on the viability concepts, it can be readily deduced that
there are some conditions that allow us to use viability theory in
fault tolerance evaluation.
Deﬁnition 4.1 (Feasible solution set). The feasible solution set of
the MPC controller (7) and (8) is given by
=





(x̃, ũ) ∈ (X, U) |∀t ∈ [0, N], x (t) ∈ ViabS (X)

Deﬁnition 4.2 (Feasible objective set). The feasible objective set of
the MPC controller (7) is given by


=



J (x̃, ũ) | (x̃, ũ) ∈ 



4.2. Fault tolerance evaluation
Consider the system with a fault as in (13). Feasible solution
and objective sets of the faulty system, named f and f , can be
computed using (13) and previous deﬁnitions.

Assume that the desired control objective set is given as to
achieve A ⊆  , therefore the target set can be deﬁned as
T=



 

x̃ ∈ ViabS Xf |∃ũ ∈ Uf , J (x̃, ũ) ∈



5.1. Pasteurization plant
(18)

A

The target T is the set of desired states for the system with acceptable performance. Then, the admissible solution set is the set of
solutions that is achievable in the faulty case. This concept can be
redeﬁned in the viability theory terms.
Remark. In the case of a MPC controller, the target T can be
deﬁned by establishing the degradation of the control objective in
a faulty situation. This can be quantiﬁed by means of a maximal
loss of efﬁciency ˛ with respect to the objective function in nonfaulty situation J0 . This allows to establish if the control objective
degradation after an actuator fault Jf is acceptable. Thus, an actuator fault conﬁguration is admissible regarding performance if the
following condition is satisﬁed Jf ≤ (1 + ˛) J0 . This will allow a performance analysis considering the faulty actuator either with an
accommodation or a reconﬁguration strategy.
Deﬁnition 4.3 (Admissible solution set). Given the subset f as the
feasible solution set of faulty system (13), the admissible solution
set is deﬁned as
=





 

(x̃, ũ) ∈ f |x (t) ∈ CaptS ViabS Xf , T

5. Application examples



The proposed method for fault tolerance evaluation has been
tested in simulation using the water heater part of a pasteurization plant. Fig. 1 presents the conceptual diagram. The reservoir is
an electrically heated, which is covered in order to minimize heat
losses [22]. The water is heated by means of the power P supplied to
the resistance. A peristaltic pump with an upper limit of 700 ml/min
moves the heated water. This ﬂow, described as hot ﬂow Fh , transfers heat to the pasteurization product in a heat exchanger, before
returning to the heat water. If the ﬂow is maintained at a constant
value, the water heater behaves as a linear process. However, in
the pasteurization process, Fh changes frequently to provide the
adequate amount of energy to maintain the heat exchanger input
temperature.
The water heater can be modeled as a LPV model (1) that considers the ﬂow Fh as the scheduling variable. The state space model
of the heater Gp has the following parameters [22]: Ap = −1/zp ,
Bp = kp /zp , Cp = 1, Dp = 0 while the state space model of the holding
tube Gd is Ad = −1/zd , Bd = kd /zd , Cd = 1, Dd = 0 where
−1.3035 × 10−11 × Fh 4 + 2.1189 × 10−8 × Fh 3

kd =

−1.3487 × 10−5 × Fh 2 + 0.0044 × Fh + 0.2127
1.3426 × 10−12 × Fh 4 − 2.3729 × 10−9 × Fh 3

kp =

+1.6624 × 10−6 × Fh 2 − 0.0006 × Fh + 0.1189

4.3. Algorithm
Now, a fault tolerance evaluation algorithm can be proposed
using previous deﬁnitions and viability theory sets. The algorithm
starts obtaining the viability kernel ViabS (K) given a set of initial
states and the system dynamics in faulty condition (13). After ﬁnding viability kernel based on constraints of states and inputs, the
capture basin can be obtained.
Considering that there exists a fault in the system, the admissible
solution set can be obtained using the model for the faulty system
dynamics (13) and constraints. In this manner, the new viability
kernel can deﬁne the set of admissible states of the system after
fault occurs allowing to check if the reference is achievable or not
with acceptable performance.
On the other hand, ﬁnding capture basin with faulty dynamics
(13) allows to verify in at least how many steps the system can
reach the target. The target can be considered as small set near
steady state inside viability kernel or a small set around a predeﬁned trajectory. Algorithm 3 summarizes the procedure for fault
tolerance evaluation using viability theory concepts.
Algorithm 3.

Fault tolerance evaluation using viability theory.

for t = 1, 2, . . . do
apply the fault tolerant strategy to the MPC controller
(accommodation/reconﬁguration)
ﬁnd ViabS (K) using Algorithm 1
ﬁnd CaptS (ViabS (K), T ) using Algorithm 2
ﬁnd f using Deﬁnition 4.1
ﬁnd using Deﬁnition 4.3
if the reference xref ∈ f then
the reference is achievable
if =∅ then
the system is not fault tolerant
else
the system is fault tolerant
end if
else
the reference is not achievable, therefore the system is not fault tolerant
end if
end for

3.8483 × 10−8 × Fh 4 − 6.7677 × 10−5 × Fh 3

zd =

+0.0471 × Fh 2 − 16.8007 × Fh + 3303.7905
3.8483 × 10−8 × Fh 4 − 6.7677 × 10−5 × Fh 3

zp =

+0.0471 × Fh 2 − 16.8007 × Fh + 3303.7905
The ﬂow Fh is considered to vary in [100, 600]. The model of the
heater and holding tube are integrated in a single state space model
as follows



ẋ =


y=

Ap
0



0
Ad

1

0

0

1



x+

Bp

0

0

Bd





P



Tiw

(19)

x



T

where x = xp xd
is the state vector. The system (19) is discretized by Euler method considering a sampling time T = 60(s).
In healthy state, the controlled input P(w) is considered to be in
[0, 2000] and disturbance Tiw = 20 (◦ C). It is clear that the desired
state to be controlled is xp . For viability kernel estimation, the initial
set is considered to be

  

X0 =

0
0

⊕

100

0

0

0

0

100

0

0



ˇ2

This zonotope covers all the possible values of the states. The viability kernel for the system in healthy mode is presented in Fig. 2.
Some approximations in Algorithm 1 lead to deviation from initial zonotope. With good accuracy, it can be seen that the system in
healthy mode could track nearly all possible references considering
normal system condition and input.
Now, two actuator fault scenarios are considered affecting the
range of the operation of the controlled input P:
– Fault scenario 1: P ∈ [0, 500]
– Fault scenario 2: P ∈ [0, 1000]

Fig. 1. Conceptual diagram of the pasteurization plant.

Fig. 3. Capture basin for the ﬁrst and second fault scenarios in 10 sample times.
Fig. 2. Viability kernel for the system (19) in state space plane.

Now consider that after fault occurrence, a fault accommodation strategy is applied in the controller by updating the control



bounds, the system output (19) is in y = 10



to move the system output to y = 20
is considered to be:



T=

20
14

 
⊕

0.1

0

0

0.1

14

T

14

T

and the goal is

. Therefore, the target



ˇ2

Consider that the system has only 10 sample times to go to target. To
check in which of the considered fault scenarios the goal is achievable, the capture basin considering 10 time steps is computed and
presented in Fig. 3. The state xd is not important in our analysis and
therefore it has not been shown in the ﬁgure. It is clear that if the
considered speciﬁcation for the system is to achieve the target in
10 steps, only in second faulty case it is tolerant. This means that
the NMPC controller will be able to ﬁnd an admissible trajectory
to reach the target in the desired time (600 s) in spite of the fault.
Capture basin for second fault scenario is much bigger than capture

Fig. 4. Closed-loop simulation with ﬁrst fault scenario.

basin in ﬁrst fault scenario. This result can be expected as ﬁrst fault
is more severe than second one. However, if the goal is to achieve
the target in 5 sample times, none of the above fault scenarios could
be tolerated.
A closed loop system simulation using the NMPC controller has
been conducted in Figs. 4 and 5 to show that the results obtained are

Fig. 5. Closed-loop simulation with second fault scenario.

in accordance with the ones obtained with the proposed viability
based methodology. In Fig. 4, it takes more than twenty sample
times to get the system to steady state, while in Fig. 5 less than ten
sample times are required.

Fig. 6. Wheeled mobile robot (WMR).

5.2. Wheeled mobile robot
A second example based on wheeled mobile robot (WRM) is
used for further illustrating the proposed approach (see [23] for
additional details). A kinematic model of WMR is used for control
purposes considering the non-holonomic constraint of pure rolling
and non-slipping. Based on the kinematic model, an error model
and a controller for the tracking control problem is presented. An
LPV representation of the error model is used to derive the viability
sets required for the application of the proposed fault tolerance
evaluation approach.
One of the major differences in the kinematic model with
respect to the dynamic model is the null skidding assumption.
There exist another important assumption which is the consideration of small lateral forces. Both assumptions share the idea of low
speed, therefore it can be said a kinematic model presents acceptable results when the vehicle goes at low speed [24]. In [25], a
complete development of such a kinematic model can be found.
The set of kinematic
equations of the Cartesian position (x, y) and
 
orientation  of the real vehicle are presented as follows:

⎡

⎤

⎤ 
vl
⎢ ẏ ⎥ ⎣
⎣ c ⎦ = sin  0 ⎦
ẋc

⎡

cos 
0

˙

(20)

ω

ỹ = yc − ycr ,

ẋcr

⎤

⎡

cos r

0

⎤



⎢ ẏ ⎥ ⎢
⎥ vlr
⎣ cr ⎦ = ⎣ sin r 0 ⎦
˙ r

0

⎤

⎡

cos 

sin 

0

0

0

1

⎤⎡ ⎤

e

1

(21)

ωr

An error model between the virtual and real vehicle is typically
used in robotics for solving the trajectory tracking problem [25].
The error vector has been deﬁned as the difference between real

(22)

˜

To develop the open-loop tracking error system, the timederivative of Eq. (22) is taken to obtain the following expression

⎡

ėx

⎤

⎡

ωey + vlr cos e − vl

⎤

⎢ ⎥ ⎢
⎥
⎣ ėy ⎦ = ⎣ −ωex + vlr sin e ⎦

(23)

ω − ωr

ė

The trajectory tracking problem is solved with a NMPC strategy.
To this aim, the kinematic error model (23) is discretized using
forward Euler method by considering sample time Ts = 0.1 (s)
ex (t + 1)

⎤

⎡

⎢
⎥ ⎢
⎣ ey (t + 1) ⎦ = ⎣



⎤

ex (t) + Ts ω (t) ey (t) + vlr (t) cos (e (t)) − vl (t)



ey (t) + Ts −ω (t) ex (t) + vlr (t) sin (e (k))







⎥
⎦

e (t) + Ts ω (t) − ωr (t)

The above equation can be written in LPV form (1) as follows

⎡e

x
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0

0

1
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0

0

1
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+ ⎣ Ts sin (e (t))



where vlr (t)



ωr (t)

T
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−Ts ex (t) ⎦



vl (t)



0
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⎤
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0

vlr (t)
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(24)

ωr (t)

is considered as a disturbance vector.

Deﬁning u(t) = vl (t)

T

Ts ey (t)

ω (t)

e (t)
0
s cos (e (t))

0



x̃

⎢ ⎥ ⎣
⎣ ey ⎦ = − sin  cos  0 ⎦ ⎣ ỹ ⎦

˜ = c − r

where xcr , ycr ,  r denotes the reference position and orientation.
The kinematic equations for the reference system can be deﬁned as

⎡

ex

e (t + 1)

where xc and yc denotes the position of the center of mass of the
WMR along the x and y coordinate frames and  represents the orientation of the WMR (see Fig. 6). Linear and angular velocities are
denoted by vl and ω, respectively. The control objective is to force
the actual Cartesian position and orientation to a constant reference (regulation) or to track a time-varying reference trajectory
(tracking). To quantify the tracking control objective, x̃, ỹ, ˜ ∈ R1
are deﬁned as follows
x̃ = xc − xcr ,

⎡

⎡

0

1

measurements and desired values multiplied by the rotation matrix
as follows

ω(t)

T

as the control vector and e(t) =

as the error vector, the following objective
ex (t) ey (t) e (t)
function for the NMPC controller can be formulated

J=

N

t=1

eT (t) Qe (t) + uT (t) Ru (t)

(25)

To illustrate the fault tolerance evaluation approach proposed
in this paper, two fault scenarios are also considered affecting the
angular speed bounds:
Fault scenario 1: −0.2  ω(t)  0.2
2<t<4
Fault scenario 2: −0.01  ω(t)  0.01
8 < t < 12

Fig. 7. Viability kernel for error model (24).

where N is the prediction horizon and Q  0, R > 0 are weighting
matrices for the error in the state and control variables, respectively.

⎡

50
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0
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5

Bounds on the amplitude of the control variables are assumed as
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 u (t) 
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0
0

+

20

0

0

20
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ˇ2

Initial zonotope and viability kernel for the system (24) using the
algorithm described in Section 2.1 is depicted in Fig. 7. It is clear that
viability kernel is almost all the initial set (some approximations
like zonotope order reduction has been done in the algorithm). It
means that from where the system starts (inside initial zonotope),
it ﬁnally can go to steady state (origin) by considered inputs.

0.52

⎤ ⎡

0.01

E0 = ⎣ −0.19 ⎦ + ⎣ 0
−0.59

(26)

Hence, the NMPC problem (24) can be formulated considering the
objective function (25), the model (Fig. 6) and the bounds (26).
In this case the viability kernel and capture basin are determined
using the error model (23) instead of the plant model (20) since
the control objective is to bring the error to zero. Therefore, the
analysis can be done around origin instead of desired values. To
derive kernels, initial zonotope for inputs and disturbances are

  

Simulation results of the robot with the considered NMPC controller in these fault scenarios are shown in Figs. 8–10. It is assumed
that after the fault the NMPC model constraints are adapted as proposed in Section 3.2, assuming the existence of a FDI module that
provides such information.
It can be seen in Fig. 8 that after the ﬁrst fault disappears (in
t = 4 s), the controller is able to force the robot to follow the desired
trajectory in about 0.4 s (4 sample times) and after the second fault
(in t = 12 s), about 2 s (20 sample times). It is clear from these simulations that the second fault scenario is more severe than the ﬁrst
one as it needs more control effort (Fig. 9) and it goes far away from
desired trajectory (Fig. 10). These results could be anticipated with
the approach proposed in this paper. To show that, capture basin
in each fault scenario is computed. For capture basin derivation,
in ﬁrst fault scenario, it is considered that the system starts in the
zonotope:

0

0

0

0.01

0

0

0.01

⎤

⎦ ˇ3

The initial zonotope E0 is chosen according to where the system
states are when the fault disappears. To analyze fault tolerance
property of the system in a given faulty case, this initial set can be
chosen arbitrarily according to the system situation. Capture basin
after three iterations is shown in Fig. 11. The iterations are recurred
until the computed capture basin includes the target (origin). This
means that the system (23) could converge to zero after three sampling times and there is no tracking error. It does not mean that
the implemented controller forces the system to go to the origin in
three sampling times, it means that the system can not reach the
origin in less than three sampling times.
In the second fault scenario, according to the system states when
the fault disappears, we consider initial zonotope as:

⎡

3.45

E0 = ⎣ 0.03

⎤ ⎡

0.01

⎦+⎣ 0

−1.86

Fig. 8. A system simulation – system states.

0

0

0

0.01

0

0

0.01

⎤

⎦ ˇ3

Fig. 9. A system simulation – control signals.

Fig. 10. A system simulation – in x–y plane.

Fig. 11. Capture basin for the ﬁrst fault scenario.

Fig. 12. Capture basin for the second fault scenario.

Computed capture basin using Algorithm 2 is shown in Fig. 12.
Here, similar to the ﬁrst fault scenario, the algorithm is iterated
until ﬁnal set includes the target (origin) requiring ten iterations.
It means that the system (20) can not reach the desired trajectory
with zero error after fault appears in less than ten sampling times

(1 s). Comparing with Fig. 11, it is clear that because of severity
of the second fault scenario, it needs more time to go to desired
trajectory (zero tracking error).
In the simulation results shown in Fig. 8, the robot needs near
twenty sampling times to go back to the desired trajectory. From

the capture basin analysis, it was already proved that the robot can
not reach the reference with zero error in less that ten sampling
times. Let us consider that the control speciﬁcations require that
the robot must reach the desired trajectory in less than 5 sampling
times (0.5 s). Then, from the capture basin analysis, it is clear that
in the ﬁrst fault scenario, the system is fault tolerant but this is not
the second fault scenario. These results show that the proposed
approach is able to anticipate the performance of the controller
after the fault allowing to decide if the performance is acceptable
or not, that is if it is not fault tolerant with respect to the considered
faults and control objectives.

is called a zonotope of order m and corresponds to the Minkowski
sum of the segments deﬁned by the columns of matrix H. In this
expression, ˇm is a unitary box composed by m unitary intervals.
Deﬁnition 6.3 (Interval hull). The interval hull 䊐X of a closed set X
is the smallest interval box that contains X.
⊕ Hˇmz , its interval hull can be easily

Given a zonotope X =
computed by
䊐X =





∀i = 1, . . ., n : xi −

x

i

   
  Hi 
1

where xi and i are the ith components of x and , respectively and
Hi is the ith row of H.

6. Conclusions
In this paper, a fault tolerance evaluation approach for nonlinear MPC using viability theory has been proposed and developed.
First, the concepts of viability kernel and capture basin have been
revisited, proposing algorithms based on zonotopic representation
and arithmetic to compute them. The detailed analysis of the viability concepts applied to the fault tolerance evaluation of a NMPC
strategy proved that assess the admissibility of any speciﬁcation
that can be expressed as a capture basin. Then, the fault strategies
that can be applied to NMPC are presented. Using the viability sets
and the considered fault tolerance strategies, a fault tolerance evaluation approach is proposed and developed formalising it in terms
of computational algorithm. Finally, fault scenarios simulated in a
part of a pasteurization process and a mobile robot have been used
in order to show the effectiveness of the proposed approach. As
future work, the research presented in this paper will be extended
to consider stability issues by means of the invariant kernel concept as well as to consider uncertainty in the MPC using robust
approaches.

Property 6.1. Zonotope linear image transformation [29]: Consider a zonotope represented by X = ⊕ Hˇmz , where
∈ Rnz is a
n
×m
z
z
vector and H ∈ R
is a matrix. The image of the zonotope X
through a linear transformation T ∈ Rnz ×nz is a zonotope Y deﬁned
by
Y = qz ⊕ Nz ˇmz
where qz = T

and Nz = TH.

Property 6.2. Zonotope inclusion [26]: Consider a family of zonotopes represented by X = ⊕ Mˇmz , where ∈ Rnz is a real vector and
M ∈ Rnz ×mz is an interval matrix. A zonotope inclusion ♦ (X) is deﬁned
by



♦ (X) =

⊕ mid (M)

G



 ˇmz
ˇnz

=

⊕ Jˇnz +mz

where G ∈ Rnz ×mz is a diagonal matrix that satisﬁes:
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Appendix. Background on zonotopes
Zonotopes represent a particular class of polytopes which
exhibit symmetry with respect to their center. In realistic situations, often the constraints that are given in polytopic form have
enough symmetry to be described as zonotopic sets. Even when this
is not the case, zonotopic approximations may be constructed. For
polytopic sets, [26] gives the tightest approximations in ﬁxed directions and [27] discusses an iterative algorithm. In [28], it is proven
that any Euclidean ball can be approximated arbitrarily close, in the
sense of the Hausdorff distance, by a zonotope.
Deﬁnition 6.1 (Minkowski sum). The Minkowski sum of two sets
X and Y is deﬁned by
X ⊕Y =



x + y : x ∈ X, y ∈ Y



Deﬁnition 6.2 (Zonotope). Given a vector c ∈ Rn (center) and a
matrix H ∈ Rn×m (segment matrix), the set represented as:
Z = c ⊕ Hˇm = {c + Hz : z ∈ ˇm }

Gii =

mz





i = 1, 2, . . ., n

diam(Mij )/2 ,

j=1

where ‘mid’ denotes the center and ‘diam’ the diameter of the interval
according to [30]. Under this deﬁnition X ⊆ ♦ (X).
Property 6.3 (Intersection). Given two zonotopes Z1 = p1 ⊕ H1 ˇr1
and Z2 = p2 ⊕ H2 ˇr2 and matrix E, let us deﬁne
p̂ (E) = Ep1 + (I − E) p2



Ĥ (E) = EH1

(I − E) H2



then,
Z1 ∩ Z2 ⊆ Ẑ (E)
Ẑ (E) = p̂ (E) ⊕ Ĥ (E) ˇr1 +r2

(27)

Testing whether the intersection of two convex sets is empty
or not can be done by collision detection algorithms. In particular, testing the emptiness of the intersection between two sets is
equivalent to test the membership of the origin in the Minkowski
difference of the two sets [31]. Some collision detection algorithms
can thus be used to test whether a point belongs to a given set.
The GJK (Gilbert–Johnson–Keerthi) algorithm is the robust and fast
collision detection algorithm that is introduced in [32].
As previously mentioned, detecting the collision between Z1
and Z2 can be reformulated as testing the inclusion of origin in the
Minkowski difference between Z1 and Z2 :
0 ∈ Zd = Z1 ⊕ (−Z2 ) = cd ⊕ Hd ˇmd

The proposed solution is to ﬁnd a separation vector w whose direction aims at proving the non-membership of 0 in the zonotope.
Indeed,
0∈
/ Zd

⇔ ∃w, 0 ∈
/ wT Zd









⇔ ∃w, wT cd  > wT Hd 

1

Therefore, the collision detection can be reformulated as the maximization of the criterion J:
w∗ = maxJ (w)
w



wT cd 

J (w) = 
wT Hd 
1

 

∗T



If w cd > w∗T Hd 

(28)

then 0 ∈
/ Zd . The problem is directly
1
addressed by solving (28) by means of an iterative algorithm. In
[31], a sub-optimal solution based on the optimization of a criterion
involving the Euclidean norm instead of the 1-norm is proposed:



wT cd 2
Jsubopt (w) = 
2
wT Hd 2
2
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