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Figure 1. Illustration of the results obtained by Stochastic Neural Radiance Fields (S-NeRF). Our method is a probabilistic general-
ization of the original NeRF, which is able to not only address tasks such as novel-view generation (Rendered novel view) or depth-map
estimation (Depth), but also quantify the uncertainty (red color) associated with the model outputs. This is specially important in domains
such as robotics, where this information is necessary to evaluate the risk associated with decisions based on the model estimations.

Abstract

Neural Radiance Fields (NeRF) has become a popu-
lar framework for learning implicit 3D representations and
addressing different tasks such as novel-view synthesis or
depth-map estimation. However, in downstream applica-
tions where decisions need to be made based on automatic
predictions, it is critical to leverage the confidence associ-
ated with the model estimations. Whereas uncertainty quan-
tification is a long-standing problem in Machine Learning,
it has been largely overlooked in the recent NeRF litera-
ture. In this context, we propose Stochastic Neural Radi-
ance Fields (S-NeRF), a generalization of standard NeRF
that learns a probability distribution over all the possible
radiance fields modeling the scene. This distribution al-
lows to quantify the uncertainty associated with the scene
information provided by the model. S-NeRF optimization
is posed as a Bayesian learning problem that is efficiently
addressed using the Variational Inference framework. Ex-
haustive experiments over benchmark datasets demonstrate
that S-NeRF is able to provide more reliable predictions and
confidence values than generic approaches previously pro-
posed for uncertainty estimation in other domains.

1. Introduction

Recent learning based methods have shown impressive
results in 3D modeling. In particular, implicit neural vol-
ume rendering [27, 31, 22, 28] has become a popular frame-

work to learn compact 3D scene representations from a
sparse set of images. Among these methods, Neural Ra-
diance Fields (NeRF) [28] has received a lot of attention
given its ability to render photo-realistic novel views of the
scene. Additionally, several works have shown that the 3D
representations learned by NeRF can be used for different
downstream tasks, such as camera-pose recovery [38], 3D
semantic segmentation [16] or depth estimation [28]. Even
though all these tasks have relevant applications in fields
such as robotics or augmented reality, existing NeRF-based
approaches are limited in these scenarios, for being unable
to provide information about the confidence associated with
the model outputs. For instance, consider a robot using
Neural Radiance Fields to reason about its environment. In
order to plan the optimal actions and reduce potential risks,
the robot must take into account not only the outputs pro-
duced by NeRF, but also their associated uncertainty.

In this context, we propose Stochastic-NeRF, a gener-
alization of the original NeRF framework able to quantify
the uncertainty associated with the implicit 3D representa-
tion. Unlike standard NeRF which only estimates determin-
istic radiance-density values for all the spatial-locations in
the scene, S-NeRF models these pairs as stochastic vari-
ables following a distribution whose parameters are opti-
mized during learning. In this manner, our method im-
plicitly encodes a distribution over all the possible radiance
fields modeling the scene. The introduction of this stochas-
ticity enables S-NeRF to quantify the uncertainty associ-
ated with the the resulting outputs in different tasks such



as novel-view rendering or depth-map estimation (see Fig-
ure 1). During learning, we follow a Bayesian approach to
estimate the posterior distribution of all the possible radi-
ance fields given training data. To make this optimization
problem tractable, we devise a learning procedure for S-
NeRF based on Variational Inference [5]. Conducting ex-
haustive experiments over benchmark datasets, we show
that S-NeRF is able to provide more reliable uncertainty
estimates than generic approaches previously proposed for
uncertainty estimation in other domains. In particular, we
evaluate the ability of S-NERF to quantify the uncertainty
in novel-view synthesis and depth-map estimation.

2. Related Work

Neural Radiance Fields. Similar to other neural volumet-
ric approaches such as Scene Representation Networks [35]
or Neural Volumes [22], NeRF uses a collection of sparse
2D views to learn a neural network encoding an implicit
3D representation of the scene. NeRF employs a simple yet
effective approach where the network predicts the volume
density and emitted radiance for any given view-direction
and spatial coordinate. These outputs are then combined
with volume rendering techniques [26] to synthesize novel
views or estimate the implicit 3D geometry of the scene.

Since it was firstly introduced, many works have ex-
tended the original NeRF framework to address some of
its limitations. For instance, [21, 20, 29, 23] explored
several techniques to accelerate the time-consuming train-
ing and rendering process. Other works [17, 39] intro-
duced the notion of “scene priors”, allowing a single NeRF
model to encode the information of different scenes and
generalize to novel ones. Similarly, [25] proposed to ac-
count for illumination changes and transient occluders in
order to leverage in-the-wild training views. Other recent
works [33, 8, 34, 19, 37, 32] have extended NeRF to cases
with dynamic objects in the scene.

Different from the aforementioned methods, the pro-
posed S-NeRF explicitly addresses the problem of estimat-
ing the uncertainty associated with the learned implicit 3D
representation. Our framework is a probabilistic general-
ization of original NeRF and thus, our formulation can be
easily combined with most of previous works in order to
improve different aspects of the model.

NeRF Applications. Implicit representations learned by
NeRF can be used to infer useful scene information for do-
mains such as Robotics or Augmented Reality (AR). For
instance, the ability to render novel views, estimate 3D
meshes [28, 33] or recover camera-poses[38] can be used to
allow robots to reason about the environment and plan nav-
igation paths or object manipulations. Additionally, [30]
proposed to incorporate a compositional 3D scene represen-
tation into a generative model to achieve controllable novel

view synthesis. This capability is specially interesting in
AR scenarios. Despite these potential applications, previ-
ous NeRF approaches are still limited in the aforementioned
domains. The reason is that they are not able to quantify the
underlying uncertainty of the model and thus, it is not pos-
sible to evaluate the risk associated with downstream deci-
sions based on the output estimations.

Recently, NeRF-in-the-Wild (NeRF-W) [25] considered
to identify the uncertainty produced by transient objects in
the scene such as pedestrians or vehicles. In particular, the
authors proposed to estimate a value indicating the variance
for each rendered pixel in a novel synthetic view. This vari-
ance is computed by treating it as an additional value to be
rendered analogously to pixel RGB intensities. However,
this approach has two critical limitations. Firstly, pixel-
colors are produced by a specific physical process that is
not related to the model uncertainty. As a consequence,
estimating the latter with volume rendering techniques is
not theoretically-founded and can lead to sub-optimal re-
sults. On the other hand, while NeRF-W is able to predict
the variance associated with the rendered pixels, it does not
explicitly model the uncertainty of the radiance field rep-
resenting the scene. Hence, it can not quantify confidence
estimates about the underlying 3D geometry.

To the best of our knowledge, S-NeRF is the first ap-
proach to explicitly model the uncertainty of the implicit
representation learned by NeRF. In contrast to NeRF-W, our
method allows us to quantify the uncertainty associated not
only with rendered views, but also with estimations related
with the 3D geometry (see Fig. | again).

Uncertainty Estimation is a long-standing problem in
Deep Learning [1, 10, 13, 9, 18]. To address it, a popu-
lar approach imposes the Bayesian Learning framework [4]
to estimate the posterior distribution over the model given
observed data. This posterior distribution can be used dur-
ing inference to quantify the uncertainty of the model out-
puts. In the context of deep learning, Bayesian Neural Net-
works [36, 7, 13, 24] use different strategies to learn the
posterior distribution of the network parameters given the
training set. However, these approaches are typically com-
putationally expensive and require significant modifications
over network architectures and training procedures.

To address this limitation, other approaches have ex-
plored strategies to implicitly learn the parameter distribu-
tion. For instance, dropout-based methods [9, 3, 12, 6]
introduce stochasticity over the intermediate neurons of the
network in order to efficiently encode different possible so-
lutions in the parameter space. By evaluating the model
with different dropout configurations over the same input,
the uncertainty can be quantified by computing the variance
over the set of obtained outputs. A similar strategy con-
sists on using deep ensembles [18, 14], where a finite set
of independent networks are trained and evaluated in order



to measure the output variance. Whereas these solutions are
more simple and efficient than Bayesian Neural Networks,
they still require multiple model evaluations. This limits
their application in NeRF, where the rendering process is
already computationally expensive for a single model.

Different from the previous approaches learning a pos-
terior distribution over the model parameters, the proposed
S-NeRF learns a single network encoding the distribution
over all the possible radiance fields modelling the scene.
As we will discuss in the following sections, this allows to
efficiently obtain uncertainty estimates without the need of
evaluating multiple model instances.

3. Stochastic Neural Radiance Fields
3.1. From Standard to Stochastic-NeRF

Standard NeRF [28] models a 3D volumetric scene as a
radiance field F defining a set:

F =f(r(x;d); (xX):x2R%d2R?%g 1)

where (X) 2 R™ is the volume density in a specific 3D
spatial-location X and r(x;d) 2 R® is the emitted RGB
radiance which is also dependent on the view direction d.

To model the radiance field F, NeRF uses a paramet-
ric function ¥ (x;d) : R® R? ¥ R* which encodes the
radiance r and density  for every possible location-view
pair (X; d) in the scene. Concretely, this function is imple-
mented by a deep neural network with parameters

NeRF Optimization: For a given scene, NeRF opti-
mizes the network f by leveraging a training set T =

where c" is a RGB pixel-color captured by a camera lo-
cated in a 3D position XJ in the scene. Additionally, d" is
the normalized direction from the camera origin to the pixel
in world-coordinates. This training set can be obtained by
capturing a collection of views from the scene using differ-
ent cameras with known poses.

By assuming that training samples (c"; XJ;d") 2 T are
independent observations, the network parameters are op-
timized by minimizing the negative log-likelihood as:

min logp (T)= = logp (c"jx; ")

n=1

C(x;dMjiz ()

where the quadratic error follows from defining
p (cPjx%;dn)) = N(cBj ; ) as a Gaussian distri-
bution with unit variance and a mean defined by the
volumetric rendering function:

A
1 re t

C(Xo;d) = 3)

— R dt
te exp( N sds)
where X¢ = X° + td is a specific spatial-location along a
ray with direction d which crosses the scene from the pixel
position in world-coordinates X, to the point X, . Addi-
tionally, we express r(X¢; d) and (X¢) as ry and ¢, respec-
tively. More details about the volumetric rendering function
in Eq. (3) and how it is approximated can be found in [28].

Stochastic NeRF is a generalization of the previously de-
scribed framework. Specifically, instead of learning a single
radiance field F, S-NeRF models a distribution p(F) over
all the possible fields modelling the scene. For that purpose,
we consider that for each location-view pair (X; d), the vol-
ume density and emitted radiance are random variables fol-
lowing an unknown joint distribution. In this manner, any
radiance field F defined in Eq. (1) can be considered a re-
alization over the distribution p(F). As we will discuss in
Sec. 3.3, treating the radiance field as a set of stochastic
variables allows to reason about the underlying uncertainty
in the implicit 3D representation.

S-NeRF Optimization: Different from the optimization
strategy used in original NeRF, S-NeRF adopts a Bayesian
approach where the goal is to estimate the posterior distri-
bution of the possible radiance fields F given the observed
training set T :

p(T jF)p(F)
p(T)

where p(T jF) is the likelihood of T given a radiance
field and p(F) is a distribution modelling our prior knowl-
edge about the radiance and density pairs over the different
spatial-locations in the scene.

p(FjT) = “4)

3.2. Learning S-NeRF with Variational Inference

Given that the explicit computation of the posterior in
Eq. (4) is intractable, we employ variational inference [5]
in order to approximate it. In particular, we define a para-
metric distribution ¢ (F) approximating the true posterior
and optimize its parameters by minimizing the Kullback-
Leibler (KL) divergence between both as:

min KL(q (F) kp(FjT))

q (F)
p(F)

Intuitively, the first term in Eq. (5) measures the expected
training set likelihood over the radiance field distribution
q (F). On the other hand, the second term measures the
KL divergence between the approximate posterior and the
prior distribution p(F). In the following, we detail how S-
NeRF addresses this optimization problem.

7/ Eq )log(p(T jF)) + Eq () log (5)



Figure 2.lllustration of the pipeline used by S-NeRF to compute the log-likelihood of the pixel color in a given viewfrom left to

right: (i) For each coordinate along a camera ray with viewing directiain a neural network predicts the parameters of the radiance and
density distributions. (ii) For each spatial-location, we sample a set of radiance-density pairs from the previous distributions. (iii) This
generates a set of different radiance-density trajectories along the ray obtained from a distribution of radiance elds. (iiii) The volume
rendering equations are used to estimate the RGB values for each trajectory and compute the log-likelihood for a given pixel color. During
inference, the mean and variance of these samples are used as the model prediction and to quantify its associated uncertainty.

3.2.1 Modelling the approximate posterior from them by applying the Sigmoid or ReLU operation to a
In order to make the approximate postexiofF ) tractable variable obtained from a normal distribution with parame-

. . P T ' tersf .; rgandf ; g, respectively. See Appendix A.1
wedeneitasa full\);-fac\t(orlzed distribution: for more details.

q (F)= q (rix;d)q ( jx) (6) , o

x2R3 d2 R2 3.2.2 Computing the log-likelihood
where we assume that the density and radiance are indeperin the following, we introduce how S-NeRF computes
dent variables given any location-view péir;d). In par- the likelihood term in Eq. (5). Firstly, note that given
ticular, S-NeRF modelg (F) with a neural network de n-  the variational posteriog (F) and the training sefl,
ing afunctionf (x;d)=f ,; ; ; g, where,2R® Eq (r) log(p(T jF)) is equivalent to:
and , 2 R* are amean and standard deviation de ning the
distributionq (rjx;d). Similarly, 2 Rand 2 R* 1 X .
de ne the density distribution ( jx) N Ba st ity am 109CE 5 )
. N sitf sity ITtsity
Given that the radiance values need to be bounded be- "*! )

tween0 and1, we use a logistic normal distribution [2] for
each RGB channeF independently. In this mannet is a where: (i) x., = fo" + td" : t 2 [ts;t;]g is the set
random variable de ned by: of 3D coordinates along a ray with directishand origin

r= Sigmoidf®) : ¢ N (£ o ro) @ xg, (i) frii, o {4, gis asetof radiance-density pairs for
' A each ray position angii) p(c"jrl . ; . ) is the proba-
resulting from applying a sigmoid function to a Gaussian bility of the pixel colorc" given the radiance and density

variableN with mean . and standard deviation .. Sim- values accumulated along the ray. The latter probability is
ilarly, the support for the density distributicsp ( jx; d) de ned similarly to standard NeRF, where we assume that
needs to be positive. Therefore, we modeds a random  ¢c" follows a normal distribution with a mean de ned by
variable following a recti ed normal distribution [11]: applying the volumetric rendering function Eq. (3) to the
S MY AN ) ®) radiance-density trajectofy {! . ; {..;, galong the ray.
’ ' Given previous de nitions, Eqg. (9) can be computed us-

where ()= maxQ0; ) is as a recti ed linear unit that sets  ing & Monte-Carlo approximation:
all the negative values @ %

Both distributions are illustrated in Figure 3 and have a i |og(p(cnjrnk‘ . nk ) (10)
tractable analytical form. Additionally, it is easy to sample K o foitir tsily



which is equivalent to the sum of the KL divergence be-
tween the posterior and prior distributions for all the pos-
sible location-view pairs in the scene. During training,
Eq. (11) is minimized by sampling random location-view
pairs (x;d) in 3D and approximating the radiance and
density KL terms using automatic integration. See Ap-
pendix A.3 for more details.
In our preliminary experiments, we observed that it is
Figure 3.Probability Density Functions for (a) logistic normal also bene cial to consider a different prior distributions for
(b) and recti ed normal distributions with different mean and vari- |ocation-view pairs belonging to the rays traced to estimate
ance parameters. In S-NeRF the logistic-Normal is used to modelthe pixel-color likelihood in Eq. (9). The reason is that, in
the distribution over the radiance values given that its support is thege locations, we know that the provided observations are
bounded betwe_en 0 and 1. The volume density distribution is de- reducing the uncertainty about the radiance-density. There-
ned by the recti ed normal whose support{6; 1 ]. fore, setting a prior with a high variance for the distribu-
tions contradicts this prior knowledge. For these reasons,

where each[* is a sample from the radiance distribution we al mbute the KL term for th tial-locations sam
g (rjx{;d"). These samples can be generated using Eq. (7) € also compute the erm for the spatial-locations sam-
pled along these rays but, in this case, the variances de ning

with parameters. ,; rg obtained by evaluating the net- the prior distributiong(r) andp( ) are not x but also op-

kf (x":d"). Similarly, ™ isa le from the vol- e . - . T
workf (xp;d?). Similarly, ™ is a sample from the vo timized during training. A pseudo-algorithm summarizing

ume density distribution using Eq. (8) with mean and vari- . . . . .
ance parameters also de ned by the network output. An the learning process of S-NeRF is provided in Appendix B.

iIIustration of the whole process is'provid'eq in Figure 2. 3 3 |nference and Uncertainty Estimation

The introduced strategy is used during training to compute _ - _

the log-likelihood and apply stochastic gradient descent to By learning a distribution over radiance elds, S-NeRF
optimize the parameters. This is possible by using the is able to quantify the uncertainty associated with rendered
reparametrization-trick [15] to back-propagate the gradi- views for any given camera pose. For this purpose, we

ents through the generated samplfgs and *. See Ap- rstly sample a set oK color valuesck for each pixel in

pendix A.2 for a more detailed explanation. the rendered image. As illustrated in Figure 2, these values
are obtained by applying the volume rendering equation to

3.2.3 Estimating the posterior-prior KL divergence different radiance-density trajectoriesy ., ; ¢, g along

a ray traced from the pixel coordinates. Intuitively, each of

As previously discussed, the KL term in Eq. (5) measures the sampled colors® represents an estimate produced by a
the difference between the approximated posterior over thesingle radiance eld in the learned distribution. Finally, we
radiance eldsF learned by S-NeRF and a prior distribu- treat the mean and variance over thesamplesc® as the
tion. Similarly to the 66 nitiO@ ofgq (F) in Eq. (6), we predicted pixel color and its associated uncertainty.
model the priop(F) = ~,,r:  42re P(r)P( ) asafully- Similar to the case of image rendering, S-NeRF is also
factorized distribution, able to quantify the uncertainty associated with estimated

where the radiance and density priors are assumed to bglepth-maps. In this case, we ignore the radiance values and
the same for all the spatial-locations in the scene. Con-useK trajectoriesf f ., g obtained by sampling density
cretely,p(r) is again modelled with a logistic normal distri-  values along the ray. Then, for each sampled trajectory,
bution as in the case of (rjx;d). In this case, however,the we compute the expected termination depth of the ray as
mean parameter is optimized during training and its vari- in [28]. In this way, we can gek samples for each pixel
ance is xed to 10. This high value models our knowledge in the depth maps. The mean and variance of these samples

that, without considering any observation, the uncertainty correspond to the estimated depth and its uncertainty.
over the radiance values must be high. Analogouysly,)

is modelled with a recti ed-normal distribution also withan 4 Experiments
optimized mean and xed variance £10). _
Given previous de nitions, the KL term in Eq. (5) canbe 4.1. Experimental setup

expressed as: Datasets. We conduct our experiments over the LLFF

X X . . . .

q(F) = . benchmark dataset introduced in [28]. It contains multiple

Fa )18 ey w5 4o R? KL(q (rix:d) k p(r) views with calibrated camera poses for 8 different scenes
[53 including indoor Horns, Trex, Room, Fortress, Ferand

+ KL(g ( jx) kp( )) (11) outdoor environmentsF{ower, Leaves, Orchids Given
x2R3 d2R? that our goal is to evaluate the reliability of the quanti ed



Neg. Log. Likelihood (NLL) # MSE-Uncertainty Correlation "

MC-DO[9] D.Ens.[18] NeRF-W[25] S-NeRF ~ MC-DO[0] D.Ens.[18] NeRF-W[25] S-NeRF
Flower 163 1.63 171 1.27 038 059 0.49 0.63
Frotress 5.19 2.29 1.04 -0.03 0.24 0.37 0.44 0.55
Leaves 2.72 2.66 0.79 0.68 0.39 0.57 0.65 0.73
Horns 418 2.17 0.78 0.60 0.43 0.50 0.50 0.70
Trex 4.10 2.28 1.91 1.37 0.42 0.53 0.66 0.68
Fern 4.90 2.47 2.16 2.01 0.50 0.65 0.59 0.69
Orchids 5.74 2.23 2.24 1.95 0.50 0.60 0.60 0.65
Room 5.06 2.13 493 2.35 0.46 0.65 0.38 0.74
Avg. 457 2.23 1.95 1.27 0.40 0.56 0.54 0.67

Table 1.Results for the uncertainty estimation metrics obtained by all the evaluated methods on the NeRF LLFF dataset [28].

— Me-DOll D E“Séﬁ T NeRE-WI 033 SNeRt all the evaluated methods provide uncertainty estimations
crence (sec. T, — : : based on a predicted variance for each estimated pixel color.
Table 2.Rendering time (s) required by the evaluated methods for In this manner, we can compute the NLL for each pixel by
ingle vi ith lution 500400. . ! - .
& singie view with resoiution computing the probability of the ground-truth given a Gaus-

uncertainty, we use a more reduced number of scene viewsian distribution with mean equivalent to the estimated color
during training compared to the experimental setups usedand variance equal to the predicted uncertainty. More in-
in the original paper. The rationale is the following: in low- tuitively, this metric measures the average MSE error with
data regimes, uncertainty estimation is of particular impor- respect to the color gound-truth weighted by the model con-
tance given that the model should be able to identify the dence associated with each pixel color. In the second met-
parts of the scene that are not covered by the training. InfiC, we compute the correlation between the MSE error for
these cases, the model is expected to automatically assiggach pixel and the estimated uncertainty values. Note that
a high uncertainty to these regions. Motivated by this ob- this correlation will be better if the model assigns higher un-
servation, we randomly choose only a20% of the total certainty to estimations that are more likely to be inaccurate.
views for training and use the rest for testing. Therefore, this metric indicates whether the uncertainty es-
Baselines. As discussed in Sec. 2, only NeRF-W [25] timates can be used as a predictive value for the expected

has attempted to quantify uncertainty in Neural Radiance fror in real spenario; wherg no ground—truth is available.
Fields. For this reason, we also compare S-NeRF with state/Mplementation details. To implement the different com-
of-the-art approaches that have been proposed in other doPared baselines, we use the same network architecture,
mains for the same purpose. In particular, we consider MC-Nyper-parameters and optimization process employed in
dropout [9] and Deep-Ensembles [18]. In the rst case, we the original NeRF papet. F.or S—NeRF_ implementation,
add a dropout layer after each odd layer in the network to We also use the same architecture to implement the func-
sample multiple outputs using random dropout con gura- tOn f (x;d). The only introduced modi cation is in the
tions. Considering a trade-off between computation and !ast layer, where we double the number of outputs to ac-
performance, we use ve samples in our experiments andcount for the mean and variance parameters of the density
compute their variance as the uncertainty value. and radiance d|st.r|but|on.s. During training, we uniformly
On the other hand, in Deep-Ensembles we train and eVal_sample 128 spatial-locations across each ray. Then, for

uate ve different NeRF models in parallel. Again, the vari- ekach.IO(k:ation, we sampl¢ = 128 radiance-density pairs
ance of their outputs is used as the uncertainty associatedits:t:  t:t,_Tom the distributions de ned by the ouput pa-

with the prediction. Finally, we also compare S-NeRF with _rameters. Finally, to ‘?Omp”_te Fhe volume_ rendering for”?”'a
the proposed strategy used in NeRF-W [25] for uncertainty in Eqg. (3), we approximate its integral using the trapezoidal

estimation. Given that there are no variable illumination or "Ul€ (detailed in Appendix A.4). In our preliminary experi-
moving objects in the scene of the evaluated datasets, wdn€NtS, this integration method showed better stability than
remove the latent embedding component of their approachth€ original alpha-compositing used in standard NeRF.
and keep only the uncertainty estimation layers. 4.2. Uncertainty estimation in novel-view synthesis
Evaluation Metrics. Previous works typically evaluate the o
rendered novel-views using image-quality metrics such asQuantitative results of _S-NeRF and the other evaluated
PSNR. SSIM. and LPIPS. However. these validation cri- Methods can be found in Table 1. As we can observe, our
’ y ' method outperforms all the previous approaches across all
the scenes and metrics. In particular, S-NeRF improves
over the previous state-of-the-art with an average decrease
of 35% for NLL and with more than 10% increased MSE-
Uncertainty correlation. The better results obtained by our

teria are not informative in our context given that we aim
to measure the reliability of the uncertainty estimates. For
this reason, we use two alternative metrics: the negative
log-likelihood (NLL) and the correlation between the Mean
Squared Error (MSE) and the obtained uncertainty values.
The use of the NLL is motivated by the observation that  https:/github.com/bmild/nerf




Figure 4.Qualitative results obtained by the evaluated methodsRendered view, Mean-Squared-Error with the ground-truth image, and
estimated uncertainty are shown respectively from the rst to the third row. Compared to other approaches, S-NeRF produces uncertainty
estimates that are more correlated with the predictive error (R=0.63). Additionally, note that the right part of the image corresponds to a
region not covered by the training views. As a consequence, all the methods obtain a high estimation error in the pixels belonging to this
area. S-NeRF, however, is the only method that is able to correctly assign high uncertainty values to these pixels.

Neg. Log. Likelihood(NLL) # MSE-Uncertainty Correlation " ; R H ; ; P

oKL T KL SNeRF— WKL KL —SToRF ni cantly improved results in a_II metrics. As dl_scussed in
Flower 141 218 1.27 054 051 0.63 Sec. 2, NeRF-W treats the variance for each pixel as an ad-
Frotress 126 08 008 031 053 055 ditional value rendered in the same manner as pixel RGB in-
Leaves 0.98 0.96 0.68 0.60 0.65 0.73 L. . . .
Horns 308 075 0.60 053 064 0.70 tensities. This strategy is not theoretically founded and can
Trex 182 154 1.37 0.58  0.66 0.68 lead to sub-optimal results. In contrast, our S-NeRF obtains
Fern 2.46 1.63 2.01 0.51 0.66 0.69 h . . l ltipl | |
Orchids 145 237 195 031 059 0.65 the uncertainty estimates l_)y sampling multiple color values
Room 439 349 2.35 054 065 0.74 from the posterior distribution over the radiance elds mod-
Avg. 2.48 1.72 1.28 0.49 0.61 0.67

eling the scene. As we have shown empirically, this strat-
egy produces more accurate uncertainty estimates without
increasing the rendering time.

Table 3.The effect of the prior constraints. Conducting KL di-
vergence constraints by a prior with high xed variance (w/KL)
dramatically improves the model's performance on NLL and
MSE-Uncertainty correlation. An additional prior with optimiz-
able variance over the training set further enhances the mode
performance as well as stability.

I.SQuaIitative results. To give more insights on the previ-
ous experiments, Figure 4 shows an example of qualita-
tive results produced by the evaluated models on a test-

approach can be explained by the following reasons. Firstly,ing view. It is important to notice that the right part of

the quality of the uncertainty estimates provided by Deep- the rendered image corresponds to a region that is not cov-

Ensembles and MC-Dropout typically increases when moreered by the training views used to learn the model. There-

models in the ensemble or dropout samples are used, refore, we expect to obtain high error and uncertainty esti-

spectively. In our experiments, we have limited this number mates in the pixels belonging to this area. As can be ob-
to 5 which can partially explain the worse results of MC- served, the uncertainty values estimated by MC-dropout,

Dropout and Deep-Ensembles compared to S-NeRF. WhileDeep-Ensembles and NeRF-W are poorly correlated with

increasing the number of model evaluations in these ap-their predictive error. As expected, the MSE is high in the

proaches could improve their performance, this strategy isright image region that was not observed in the training set
not practical for NeRF given that the rendering time also views. However, the corresponding uncertainty values pro-
grows dramatically. This can be seen in Table 2, wherevided by these methods are low. In contrast, S-NeRF is
we report the rendering time for a single scene required byable to assign a high uncertainty to the pixels belonging to
the different methods. Note that MC-Dropout and Deep- the scene region that was not covered by the training views.

Ensembles increase the computational complexity of NeRFThe ability of our model to identify these regions can be ex-

by a factor of5. Whereas NeRF-W has a similar computa- plained by the the high-variance de ning our prior distribu-

tional complexity to S-NeRF, our method also obtains sig- tions. Concretely, note that the minimized KL divergence in



Eq. (11) forces the learned posterior distribution to resem-
ble this prior when no spatial-locations are observed. As
a consequence, the rendered parts of the scene which were
not covered by the training views will have an associated
high uncertainty. In the following, we conduct an ablation
study in order to analyse effect of the prior distributions.

4.3. Analysing the effect of the prior distribution

The prior distribution de ned by S-NeRF allows to iden-
tify regions in the scene that are not observed in the training
views. Additionally, we also impose a prior with learned
variance for the spatial-locations belonging to rays cross-
ing the scene from the observed pixels in the training set
(see Sec. 3.2.3). To validate the effectiveness of this ap-
proach, we have evaluated three different variants of S-

NeRF trained by using different strategies: (i) minimizing

only the negative log-likelihood term de ned in Sec. 3.2.2 Figure 5.Depth-maps and associated uncertainty estimated
and ignoring the KL term, (ii) considering also the KL di- with S-NeRF. The high uncertainty at the border of foreground
vergence in Eg. (11) between the prior and posterior dis-horns and leaves is produced by the discontinuous change of the
tribution, (iii) using the proposed optimization objective depth, revealing the low model's con dence on the underlying 3D
where we also minimize the additional prior over the "ob- 9eometry in those regions.

served” spatial locations.

According to the reported results in Table 3, compared
to the case where only the log-likelihood is optimized (w/o
KL), minimizing the KL divergence using a high-variance
prior signi cantly improves the performance on both NLL
and MSE-Uncertainty correlation (w/KL). As previously .
discussed, this allows S-NeRF to identify the scene regionss' Conclusions
which are not observed in the training views and assign  We have presented Stochastic-NeRF, a novel framework
a high-uncertainty to the corresponding pixels in renderedto address the problem of uncertainty estimation in neural
images. However, we can also observe a signi cant im- volume rendering. The proposed approach is a probabilis-
provement for our proposed S-NeRF optimization process,tic generalization of the original NeRF, which is able to
where we impose a learned prior for the observed spatial-produce uncertainty estimates by modelling a distribution
locations. The reason is that de ning a high-variance prior over all the possible radiance elds modelling the scene.
in these areas can lead to sub-optimal results, given that theCompared to state-of-the-art approaches that can be applied
KL term hinders the model to minimize the negative log- for this problem, we have shown that the proposed method
likelihood. In contrast, this is effectively addressed by ap- achieves signi cantly better results without increasing the
plying our proposed prior with learned parameters in ob- computational complexity. Additionally, we have also il-
served spatial-locations. lustrated the ability of S-NeRF to provide uncertainty esti-
mates for different tasks such as depth-map estimation. To
conclude, it is also worth mentioning that our formulation

One of the main advantages of S-NeRF compared toiS generic and can be combined with any existing or future
the evaluated methods is that it is also able to quantify themethod based on the NeRF framework in order to incorpo-
uncertainty associated with the 3D geometry of the scene.rate uncertainty estimation in neural 3D representations.

In order to iIIu_strate this, Figure 5 s_hows estimated dePth'Acknowledgements

maps and their associated uncertainty generated for differ-

ent scenes. By looking at the gure, we can see that our This work is supported partly by the Chinese Schol-
framework can also provide useful information about the arship Council (CSC) under grant (201906120031), by
model's con dence on the underlying 3D geometry of the the Spanish government under project MoHuCo PID2020-
scene. For instance, we can observe high uncertainty att20049RB-100, the ERA-Net Chistera project IPALM
the border of foreground objects. This is because this bor-PCI2019-103386 and Mar de Maeztu Seal of Excellence
ders correspond to discontinuous changes in the depth-mapDM-2016-0656. Adria Ruiz acknowledges nancial sup-
which produces highly-uncertain estimations. Additionally, port from MICINN through the program Juan de la Cierva.

we can also observe in the bottom example how S-NeRF is
able to assign low con dence values to the depth associated
with pixels corresponding to areas of the scene that were
not observed in the training set.

4.4. Uncertainty estimation in depth-map synthesis
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Supplemental Materials

A. Methods

In the following, we provide more technical details about our proposed Stochastic Neural Radiance Fields described in
Sec. 3.

A.1. Distributions

We present the explicit mathematical expression of the speci ¢ distributions used by S-NeRF to model the radiance and
density distributions|(r ¢jx; d) andg( jx), respectively. Given that the radiance values need to be bounded between 0 and 1,
we use dogistic normal distribution for each RGB channel® independently. Concretely, its probability density function
is de ned as:

1 1 (logit(r ) ,¢)?
f(r% re; re)= —P=—7"€ e 12
(% o )= P e (12)

where ;. and ;. are the mean and std. deviation of the logit form of varialSlevhich is output by the neural network
f (x;d). Similarly, we model the positive density valueas a random variable followingracti ed normal distribution .
Its cumulative density function () and probability density functiorf | are:

z

()= pm e ( * Vg (13)
2 1
8
<O ;o) if 60

f(; ; )= ( )2 (14)

P —d—e 27 if > 0
where and are again the mean and std. deviation of the random variablgput by the S-NeRF network.

A.2. Backpropagation through sampling with the reparametrization-trick

In the following, we provide a detailed explanation on how to properly sample from the learned distributions and
back-propagate their gradients. Sampling directly from the learned distribution for densityg( jx) and radiance
r¢ q(rx;d) is not differentiable, which prevents gradient computation of their parametets (c; ; g during
backpropagation. Inspired by [15], we introduce a normally distributed variabbereparameterize the variables den-
sity and radiance®€. Concretely, we sample density values ass ( + ) in Eq. (8) and radiance variables as
r¢ = Sigmoid « + c)inEg. (7), where N (0;1) is a unitary gaussian variable with me@and std. dew. In this
manner, the gradients of the distribution parameters can be computed given that this process is fully-differentiable w.r.t them.

A.3. The posterior-prior KL divergence

As we discuss in Sec. 3.2, S-NeRF optimization involves the minimization of the KL term in Eq. (5). This divergence
measures the difference between the approximated posterior learned by S-NeRF and a prior distribution over the radiance
elds modelling the scene. Given that computing the KL divergence for all the possible location-view pairs in the scene is
intractable, we approximate the sum in Eq. (11) by sampling random 3D spatial-locations in the scene as follows. Firstly,
we de ne the space bounds at each 3D axis from the captured images of the scene. For instance, esedxseto denote
the left and right bound of x axis respectively. Then we partifianx;] into N evenly-spaced bins and then randomly
draw a sample within each bin. After applying this strati ed sampling strategy on each axis, weldbtald N points
paired with random directions. Secondly, for each sampled location-view pair, we use the nietugrkd") to compute
the posterior distribution parametdrs,; .; ; g. Finally, we compute the KL divergence with the prior for the density
and radiance variables at each spatial-location. Given that the logistic normal and recti ed normal distributions ( Sec. A.1),
the KL divergence between the prior and the posterior in both cases has the following explicit expression:



Mathematical derivations for KL (g ( jx)jjp( )) in Eq. (11):
X X
KL(g ( jx) kp( )

x2R3 d2R2
= Eq (0 log(" ( JX))
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= g (gt X))
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Where (0; ¢, g)andqg ( jx)=f( ;; )arecomputedby Eq. (13) and Eq. (14) respectively. For the fth equality, note

that the density value is bounded to be positive after a recti ed linear njt= maxQ0; ) that sets all the negative values
to 0. We have shown the intuitive graphics in Figure 3. In practice, we use a Monte-Carlo estimator over density variable
during optimization to approximate the integration the previous equations.

Mathematical derivations for KL (g (rjx; d)jjp(r)) in Eq. (11):
. X réx;d
KL(q (rjx;d) k p(r)) = Eq oy loa(HT L)
x2R3 d2R2 c:fr;g;bgz P
X 1 Ciy-
- q (réjx; oy log( 3 L1 D)
c=frgbg 1 p(re)
Whereq (r¢jx;d) is equal tof (r¢; ; ) for each radiance channet, described in Eq. (12). Again, the integration is
approximated by a Monte-Carlo estimator over radiance variable.

)dr€

A.4. Trapezoidal rule

To estimate the continuous integral in Eq. (3), rstly we follow the original NeRF [28] to use a strati ed sampling strategy
to sampleN spatial-locations along each ray. Concretely, we partitiorts ] into N evenly-spaced bins and then randomly
draw a sample within each bin:

i 1

N
For these samples, we can utilize our framework to prodtcgensity-radiance pairsr{*; ; %, g for each spatial-

location along each ray. As mentioned in Sec. 4.1, we use a different strategy to estimate the continuous integral in Eq. (3)

compared to S-NeRF. The motivation is that, in our preliminary experiments, we observed that using an alternative trapezoidal

rule ? to approximate the volume rendering integral is much stable than the traditional alpha compositing used in the original

paper [28]. The reason is that the latter can produce extremely large density values when large variances are associated

with the sampled distributions. As a consequence, this produces numerical instabilities during optimization. The alternative

trapezoidal method used to approximated the aforementioned integral is able to address this limitation and can be expressed
as:

i
t; U ts+ (tr  tg);ts + ﬁ(tf ts) (16)

0 1
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(Xo;d) = 5 Toari o ¢ 2o+ Trf iy where T =exp E( Pt o) (17)
i=1 j=1
where ; = t; t; i is the distance between adjacent sampled spatial-locations along tifeltayt) is thekth sample of
theK density-radiance pairs at tht ray location.

2Rahman, Qazi |.; Schmeisser, Gerhard (December 1990), "Characterization of the speed of convergence of the trapezoidal rule”, Numerische Mathe-
matik, 57 (1): 123-138.



B. Pseudo-algorithm

In Algorithm 1, we provide the pseudocode for the learning process of S-NeRF.

Algorithm 1 Pseudo-algorithm for learning procedure

1: Given N training triplet{cN ; x} ; dN), trace a ray from each camera origif} along directiord and sample n points
as input pairgx{;d")

2: For each input pair, ude (x{'; d") to output approximated posterigr(rjx; d) in Eq. (7) andy ( jx) in EQ. (8)

: SampleK radiance-density pairr( . ; ., g from g (rjx;d) andq ( jx) for each input pair, and then gét
radiance-density trajectories for each ray

. Integrate each trajectory by volume rendering in Eq. (3) tdkgsamples of the pixel cola}!

: Compute the log-likelihood witeN andc} by Eq. (9) and Eg. (10)

: Sample from all the scene coordinates uniformly and compute the KL term by Eq. (11)

: Back-propagate and optimizeand distribution parametefs c; ;c; ; gby SGD

w

~N o g A

C. Evaluation on Image Quality Metrics

The goal of the evaluation conducted in the main paper is to measure the reliability of uncertainty estimations. However,
it is also interesting to analyse the results of the different compared models in terms of the rendered images quality. For this
reason, in Table 4 we provide results in terms of the SSIM and LPIPS metrics. We highlight the best and the second-best
method in the Table. It can be observed that S-NeRF achieves comparable or better average performance than the rest of the
baselines. Additionally, note all the individual modelsDrEns are trained using exactly the same loss as standard NeRF
and, therefore, it is expected to obtain the same or better results than the latter.

SSIM ™ LPIPS #

MC-DO D.Ens. NeRF-W S-NeRF ~MC-DO D.Ens. NeRF-W S-NeRF
Flower 0.74 072 082 [0.85 023 016 011  [0.10]
Frotress ~ 0.78 [0.92] 0.90  [0.92] 0.40 [0.05] 0.10  0.08
Leaves 067 075 [0.79] [0.79] 032 [0.17] 0.18 [0.17]

Homns 0.81 [0.89] 084  0.88 027 014 021 [0.12]
Trex 0.81 [0.89] 074  0.86 0.22 [0.09] 033  0.13
Fern 0.78 [0.83] 0.80 [0.83] 0.35 [0.19] 0.31  0.26
Orchids 057 065 [0.70]  0.68 031 0.19 [0.16] 0.8
Room 079 079 083 [0.85 032 027 028 [0.21]
AVg. 0.74 081 080 [0.83] 030 [0.16] 021 [0.16]

Table 4. Quality evaluation of rendered images.

It is also worth mentioning that theLL metric used in the main paper jointly evaluates the reliability of uncertainty
estimates and the image quality. The reason is that in Eqg. (18), the numerator of the second term is proportional to the
PSNR metric usually employed as an image quality metric. Howevé¥LIn, the PSNR for each pixel is weighted by the
predicted variance.g. uncertainty). Therefore, when the variance is small, the PSNR term becomes more important. On the
other hand, for large variances, the PSNR value is considered less signi cant since the model identi es that the uncertainty
associated with the prediction is high and we can expect a large error.

log ?(x) Y (x))?
2 2 2(x)

logp (yjx) = (18)

D. Additional Qualitative Results

In Figure 6, we show additional qualitative obtained by our S-NeRF results across different scenes in the evaluated dataset.
For each scene, we show not only the quanti ed uncertainty (third column) associated with the rendered novel view (second
column), but also the estimated uncertainty ( fth column) associated with the generated depth-map (fourth column).



Figure 6.Additional qualitative results obtained by our S-NeRF.



