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Abstract—Leakage in water systems causes significant daily
losses, degraded service, increased costs, and environmental
problems. Efficient leak localization is crucial to minimizing
these impacts. Most leak management methods rely solely on
pressure sensors due to their reduced cost and ease of installation,
potentially missing other sources of valuable data. This article
proposes a data-driven hydraulic state estimation methodology
based on a dual unscented Kalman filter (UKF) approach, which
enables the fusion of pressure, flow, and demand measurements.
In this way, the presented method enhances the estimation
of both nodal hydraulic heads, critical in localization tasks,
and pipe flows, useful for operational purposes. The strategy
is evaluated in well-known open source case studies, namely
Modena and L-TOWN. In terms of interpolation accuracy, the
average performance in both scenarios shows a ∼52% error
reduction in pressure estimation if comparing with methods only
using pressure sensors, and a ∼24% error reduction in flow
estimation if comparing with a nondual UKF implementation.
Moreover, leak localization results in L-TOWN show an average
distance error reduction of ∼14%, with impressive results in a
multileak scenario where a ∼68% reduction is reached.

Index Terms—Interpolation, leak localization, state estimation,
water distribution network (WDN).

I. INTRODUCTION

WATER resources are becoming increasingly scarce
while global demand continues to rise, with projec-

tions estimating a 55% increase between 2000 and 2050 [1].
Nevertheless, water utilities face major problems in water
distribution due to the appearance of leaks, which are esti-
mated to produce global losses of around 126 billion cubic
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CSIC-UPC, Llorens i Artigas 4-6, 08028 Barcelona, Spain, and also with
the Supervision, Safety and Automatic Control Research Center (CS2AC),
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meters of water per year [2]. Thus, water utilities have a great
interest in developing and improving strategies to minimize the
appearance, duration, and impact of leaks. Their main goals
are the minimization of detection and localization times to
reduce water losses and the maximization of the efficiency
and effectiveness of water delivery through optimal control.

First, by developing effective leak detection/localization
algorithms, water utilities can reduce repair times, service
disruptions, and water losses. Traditionally, leaks have been
detected through night flow analysis and localized using
portable acoustic sensors. This localization approach can be
inefficient, as human operators have the capacity to moni-
tor only reduced sections of the water distribution network
(WDN) at a time. This limitation has driven the demand for
software-based solutions, which automatically analyze sensor
data using models and algorithms, enabling simultaneous real-
time, system-wide monitoring. In this field, methodologies
can be categorized as model-based, if they rely on hydraulic
models to simulate the behavior of the WDN [3], [4]; mixed
model-based/data-driven methods, which only use the model
to generate training samples for the potential leaks at different
network conditions, to then learn from these data [5], [6]; and
data-driven methods, which avoid the use of a hydraulic model
at the cost of a high dependence on sensor readings [7]. Model-
based methods can achieve high accuracy if the hydraulic
model is well-calibrated, but this is a challenging task given
the complexity of networks, mathematical models, and poten-
tial modeling errors. Although the advancements in data
analysis and machine learning helped to reduce the reliance on
well-calibrated hydraulic models while achieving comparable
node-level accuracy1 to model-based methods, mixed model-
based/data-driven methods still required the existence of the
model up to some extent. Therefore, the existence of water
utilities without access to a hydraulic model has motivated the
research in data-driven schemes, which commonly operate by
interpolating pressure measurements to unmetered nodes of the
network [8], [9]. An analysis of these methods shows how they
rely solely on pressure sensors due to their lower cost, easier
installation, and the high leak sensitivity of the pressure [10].
However, other sensor types might be present in the WDN,
such as flow sensors (typically installed in water inlets) or
demand sensors, normally denoted as automated meter reading
(AMR) [11].

1In the context of leak localization, accuracy can be classified as “node-
level,” which implies identifying the exact network element with the leak, or
“area-level,” where a broader search area is indicated.
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Thus, these methods recover only the pressure state of
the network, failing to estimate the flow state, which is
essential for operational control tasks in the network. Most
existing methods rely on pressure and flow measurements and
hydraulic models to perform optimization-based procedures
[12], [13]. In data-driven methods, pressure and flow data need
to be interpolated to the rest of the network to estimate the
complete WDN hydraulic state. Such methods would enable a
reduction in the appearance of leaks through effective control
of the WDN, while maintaining a data-driven framework.

This article presents an evolution of the method proposed
in [14], which was referred to as UKF-(AW)GSI. This method
was able to integrate pressure and demand information through
an unscented Kalman filter (UKF) [15]. However, UKF-
(AW)GSI was not designed to explicitly estimate network
flows, reducing the gained information of the network state
to only its pressure.

A. Contributions

To address this issue, we propose an extension of
UKF-(AW)GSI, denoted as Dual UKF-(AW)GSI or D-UKF-
(AW)GSI, that presents several contributions.

1) D-UKF-(AW)GSI integrates flow and head reconstruc-
tion together, allowing for to reconstruction of both head
and flow states in the network.

2) The concept of “virtual” measurements is exploited,
linking the reconstructed state of the head and flow
estimators: the state of one estimator is used to feed
the measurement vector of the other. This allows both
processes to yield a consistent dual solution for heads
and flows. This is a crucial factor, because although
flows and demands can be computed from hydraulic
heads using the Hazen–Williams and mass conservation
equations, the higher number of pipes relative to nodes
means that a certain head vector can be obtained from
multiple flow solutions. As a result, flow and demand
estimations obtained from the head states may not accu-
rately represent the actual conditions within the network.

3) D-UKF-(AW)GSI shows its capability of improving
flow estimation while maintaining a better or equal
performance in head estimation than UKF-(AW)GSI,
which is vital because these methods have shown their
potential for reducing node-level leak localization error
in comparison with state-of-the-art approaches.

B. Notation

We denote scalars using plain lowercase letters, whereas
vectors and matrices are represented in bold, using lowercase
and uppercase letters, respectively. Considering an arbitrary
matrix A, its ith column is denoted as ai, whereas ai j indicates
the i- j element. Nevertheless, subindices h and q indicate that
the corresponding variable belongs either to the head or flow
estimation process, respectively. Within estimation processes,
the use of a hat indicates approximation, such as Â being the
approximation of A. Other important notations include (x)y,
which means that each component of vector x is raised to the
power of y, and | · |, which denotes cardinality if applied to
sets, and absolute value otherwise.

C. Outline

The rest of the article is organized as follows. Section II
introduces preliminary key concepts regarding the proposed
estimation method. Section III delves into the contributions
of this article, starting with a step-by-step analysis of the
applicability of Kalman-based filters to the problem at hand,
to then explaining the details of the proposed sensor fusion
methodology, which improves both head and flow estimation.
Section IV presents the utilized case study, which is an open-
source benchmark known as L-TOWN. The obtained results
are detailed in Section V, exploring the performance of the
proposed methodology in terms of both state estimation and
leak localization capabilities. Finally, Section VI presents the
conclusions and outlines several future worklines.

II. PRELIMINARIES

A. Hydraulic State Estimation

Within the context of leak localization, the estimation of the
hydraulic state of a WDN consists of using hydraulic informa-
tion available from existing network-wide sensors to retrieve
the state of unknown elements. To characterize a WDN, let
us consider its modeling through a simple, connected, and
directed graph G = (V , E), where V denotes the set of nodes,
i.e., reservoirs and junctions, and E stands for the set of edges,
i.e., pipes. The sizes of these sets are denoted as n = |V | and
m = |E |. The ith node of the WDN is expressed as vi ∈ V ,
whereas the kth edge is denoted as ek = (vi, v j) ∈ E , with vi

as its source and v j as its sink.
1) Graph-Based State Interpolation: A well-known solu-

tion for addressing data-driven state estimation is graph-based
state interpolation (GSI) [16]. This method uses the hydraulic
head (pressure + elevation) at the network nodes as a proxy
for the network hydraulic state, which is recovered from dis-
tributed pressure sensor readings from certain network nodes
and the network structure, represented by nodal connectivity
and pipe lengths. In WDNs, the relation between hydraulic
heads of adjacent nodes and the flow between them is defined
by a nonlinear expression such as the Hazen–Williams for-
mula: bki(hi − h j) = τkq1.852

k , where hi and h j are, respectively,
the ith and jth entries of the hydraulic state vector h ∈ Rn and
bki is the element of the incidence matrix B ∈ Rm×n denoting
that node vi is the source (bki = 1) or the sink (bki = −1) in
pipe ek = (vi, v j). Consequently, we have that bk j = −bki, with
the rest of the elements of the kth row of B being zero. The
resistance coefficient τk = (10.67ρk)/(µ1.852

k δ4.87
k ) corresponds

to ek such that ρk, δk and µk are the pipe length, diameter, and
roughness, respectively. The variable qk is the flow traversing
ek, defined here as always nonnegative, where 1.852 is the
Hazen–Williams flow exponent.

The core idea of GSI is the relaxation of the
Hazen–Williams equation by substituting it with the weighted
linear expression ĥi = w>i ĥ/di, where ĥ ∈ Rn is the approx-
imated state vector of hydraulic heads. The row vector w>i
is the ith row of the weighted adjacency matrix W ∈ Rn×n,
encoding the relation between adjacent nodes, defined here as
wi j = (1/ρk). Additionally, di is the ith diagonal entry of the
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degree matrix D ∈ Rn×n, where di =
Pn

j=1 wi j. GSI aims to
obtain ĥ by solving the following optimization problem [16]:

min
ĥ,γ

1
2

h
ĥT LD−2Lĥ + ζγ2

i
(1)

s.t. Bĥ ≤ γ · 1n, γ > 0, Sĥ = ĥs
(2)

where L = D −W is the Laplacian of G, S ∈ Rns×n is the
sensorization matrix (ns is the number of pressure sensors)
that extracts the state values at the sensors, ĥs

is the vector
of head measurements, and ζ is a constant weighting the
relative importance between the two subobjectives. The first
subobjective pursues the minimization of

Pn
i=1[ĥi −w>i ĥ/di]2,

whereas the second is connected to the constraints through
the positive slack variable γ, to ensure a well-represented
directionality of water flowing through the network.

2) Analytical Weighting GSI (AW-GSI): Starting from the
GSI formulation where the head measurements are based on
the resulting least-squares weights from (1), AW-GSI [17]
obtains a set of analytical weights that better approximate
the heads in the network through a local linearization of the
Hazen–Williams equations.

Indeed, given a network node hi there exists a local
neighborhood J , where the neighbor heads are grouped in
hJ = [· · · h j · · · ]> ∈ R|J |, such that there is a direct
dependence between it and its neighbors’ head values hi =

g(hJ ). The central results in [17] show that we can write
this as hi = gi(hJ ) ≈ h̄i +

P
j::bi j,0 ηi j · (h j − h̄ j), where

the weights ηi j are given by the gradient ∇g as follows:
ηi j = (τ−0.54

k |h̄i − h̄ j|
−0.46)/

�P
u::i∼u τ

−0.54
k |h̄i − h̄u|

−0.46
�
, where

we denoted with h̄ a state vector following Hazen–Williams,
and i ∼ u indicates that vi and vu are adjacent. The results [17]
showed significant improvements when using these analytical
weights compared to the standard GSI weight. We propose
to improve these further through sensor fusion techniques
coupled with the proposed dual UKF architecture.

B. Sensor Fusion

The effectiveness of the methods described in Section II-A
depends not only on the number of sensors installed but also
on their ability to integrate different types of measurements.
Kalman Filter (KF) based methods are among the most widely
used strategies for sensor fusion, due to their proven efficacy in
solving a broad range of problems across several disciplines.

1) Kalman Filter: The KF [18] is a well-known algorithm
in control theory for state estimation in linear dynamical sys-
tems given in state-space form, which operates by recursively
incorporating noisy measurements over time. The optimality
of these estimates holds under specific assumptions, primarily
the linearity of the system and the Gaussian distribution
of the noise. Consider a linear system as follows: x[k] =

Fx[k−1] + Buu[k−1] + w[k−1], y[k] = Gx[k] + v[k], where x[k−1] is
the state vector (at the kth iteration), F is the state transition
matrix, Bu is the control-input matrix, u[k−1] is the control-
input vector, and w[k−1] ∼ N (0,Q) is the process noise vector,
following a zero-mean Gaussian distribution with covariance
matrix Q. Moreover, y[k] is the measurement vector, G is the
measurement matrix, and v[k] ∼ N (0, R) is the measurement

noise vector following a Gaussian distribution with zero mean
and covariance matrix R. Henceforth, we adopt the standard
assumption that the system is observable.

The KF algorithm includes the prediction step, modeling
the dynamical evolution of the system state, and the measure-
ment update step, which corrects the state via measurements.
The prediction step is defined through the equations: x̂[k]

− =

Fx̂[k−1] + Buu[k−1], P̂[k]
− = FP̂[k−1]F> + Q, where x̂[k−1] =

E[x[k−1]] is the estimated state and P̂[k−1]
= E[(x[k−1] −

x̂[k−1])(x[k−1] − x̂[k−1])>] is the state error covariance matrix,
which quantifies the estimation uncertainty. The measurement
update step is defined by: K[k] = P̂[k]

− G>(GP̂[k]
− G> + R)−1,

x̂[k] = x̂[k]
− + K[k](y[k] − Gx̂[k]

− ), P̂[k]
= (In − K[k]G)P̂[k]

− , where
K[k] is the Kalman gain, and y[k] is the actual measurement
vector, containing the sensor readings.

2) Nonlinear KF: Many processes cannot be represented
through linear models. This is the case for WDNs, where, as
shown in Section II-A.1, the relationship between flow and
head is nonlinear. Thus, exploring extensions of the KF to
nonlinear systems is of particular interest.

a) Extended KF: A widely employed alternative method
is the extended KF (EKF) [19], which deals with nonlinear
systems by linearizing the process and measurement models at
the current estimated state. A nonlinear system can be given by
x[k] = f(x[k−1],u[k−1]) + w[k−1] and y[k] = g(x[k]) + v[k], where f
and g are, respectively, the nonlinear process and measurement
functions. The EKF computes the Jacobian matrices of f and
g at each time step F[k] = ∂f/∂x|x[k],u[k] , G[k] = ∂g/∂x|x[k] .

EKF is analog to KF when the dynamic state transition
and measurement matrices, F[k] and G[k], replace their static
counterparts, F and G from Section II-B. The effectiveness
of EKF has been demonstrated over the years, although esti-
mation errors and potential convergence issues may arise from
considering only first-order terms in the Jacobian linearization.

b) Unscented KF: Recently, the UKF [15] emerged as an
alternative to EKF, mitigating its limitations without adding
extra computational cost. UKF utilizes the actual nonlinear
models, approximating the distribution of the random variable
representing the state. Unlike EKF, which propagates only the
state mean and covariance, UKF propagates a set of “sigma”
points from the original distribution through the nonlinear
model. Each UKF iteration is composed of three stages,
namely prediction, measurement propagation, and correction.

The prediction phase is composed of the following steps:
X [k−1] =

h
x̂[k−1] x̂[k−1] ± η(P̂[k−1]

)1/2
i
, X [k]

− = f(X [k−1],u[k−1]),

x̂[k]
− =

P2n
i=0 w(m)

i X [k]
i,−, P̂[k]

− =
P2n

i=0 w(c)
i (X [k]

i,− − x̂[k]
− )(X [k]

i,− −

x̂[k]
− )> + Q, where η = (n + λ)1/2, and λ = n(α2 − 1),

are scaling parameters (α sets the spread of the “sigma”
points around the mean). The state mean and covariance are
reconstructed through the scaled unscented transform (SUT),
using a weighting approach over the prior “sigma” points, with
weights w(m)

0 = (λ/(n + λ)),w(c)
0 = (λ/(n + λ)) + (1 − α2 + β2)

and w(m)
i = w(c)

i = (1/(2(n + λ))), : ∀i = 1, 2, . . . , 2n, with (m)
and (c) referring to the mean and covariance, respectively (β
enables the integration of prior knowledge about the actual
distribution of the state).
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The measurement propagation step is defined by X [k]
− =h

x̂[k]
− x̂[k]

− ± η(P̂[k]
)1/2
−

i
, Y [k]

− = g(X [k]
− ), ŷ[k]

− =
P2n

i=0 w(m)
i Y [k]

i,−,
where the SUT is again used, retrieve the prior measure-
ments vector from the prior state vector to computing the
measurement P̂[k]

yy and cross covariances P̂[k]
xy such that P̂[k]

yy =P2n
i=0 w(c)

i (Y [k]
i,−− ŷ[k]

− )(Y [k]
i,−− ŷ[k]

− )>+R, P̂[k]
xy =

P2n
i=0 w(c)

i (X [k]
i,−−

x̂[k]
− )(Y [k]

i,− − ŷ[k]
− )>.

Finally, the correction step is performed equivalently to the
measurement update stage of the linear KF: K[k] = P̂[k]

xy (P̂[k]
yy )−1,

x̂[k] = x̂[k]
− + K[k](y[k] − ŷ[k]

− ), P̂[k]
= P̂[k]

− − K[k] P̂[k]
yy (K[k])>.

Remark 1: Unlike the EKF, which relies only on first-
order terms (Taylor series expansion), the UKF provides
accurate third-order approximations for Gaussian distributions
and at least the second order for non-Gaussian ones [20]. The
precision of higher order moments in the UKF depends on the
choice of the scaling parameters α and β. �

III. METHODOLOGY

Sensor fusion methods, such as the KF strategies described
in Section II-B, are a solution for integrating measurements
in WDNs. They can be coupled with interpolation strategies
like GSI or AW-GSI to improve estimation accuracy: the state
vector reconstructed by any of these interpolation methods is
used as the initial guess for the KF algorithm, which iterates
between the state prediction and data assimilation steps until
the stop condition is met.

A. Improving State Estimation Through KF

An initial integration of GSI/AW-GSI with KF-based meth-
ods can be attained by considering the linear case. In this
scenario, pressure measurements continue to be the only
source of information for the network hydraulic state.

1) Prediction Step: The state prediction is defined as in
Section II-B. In this case, the estimated state is represented
by the estimated hydraulic head vector ĥ[k]

(at the kth step),
with no input u[k], and where F is defined as follows:

ĥ[k]
− = Fĥ[k−1]

=
�
εIn + (1 − ε)Φ−1Ω

�
ĥ[k−1]

(3)

where Ω andΦ are a weighted adjacency matrix and its degree
matrix (derived from GSI/AW-GSI), and 0 ≤ ε ≤ 1 is a weight
measuring the relevance of the identity matrix, which aims
to keep the previous state after prediction, and the diffusion
matrix Ψ = Φ−1Ω, which seeks to diffuse the previous state
considering the relationship among neighboring nodes.

In KF-based methods, the estimation from this linear pro-
cess model (prior) is provided to a measurement correction
process to retrieve the actual (posterior) estimation, to avoid
a potential degradation in performance. The relevance of the
measurement correction step can be shown by analyzing the
evolution of the state through the iterations if a process model
such as (3) is used without the measurement update phase. In
this scenario, the state estimation at [k] can be easily posed
with respect to the initial estimation as ĥ[k]

= Fk ĥ[0]
.

Proposition 1: The kth power of F in (3), i.e., Fk, is power
convergent with limk→∞ Fk = F̃, where f̃i j > 0, ∀i, j =

1, 2, . . . , n. Moreover, F̃x = δv1, where x is any random
vector, δ is a scalar dependent on x, and v1 is the eigenvector
associated with the largest eigenvalue of F, i.e., λ1 = 1, with
all the elements in v1 being equal.

Proof: The effect of applying a linear process model, defined
by a matrix F, to a state vector depends on the eigenvalues of
this matrix. The Perron–Frobenius theorem [21] states that if F
is a stochastic,2 irreducible and primitive matrix, then λ1 = 1 is
an eigenvalue of F with algebraic (and geometric) multiplicity
1, associated with a positive eigenvector v1 > 0, and the rest
of eigenvalues of F satisfy that |λi| < 1, ∀i = 2, . . . , n.

First, for F to be stochastic, the conditions fi j ≥ 0, ∀i, j =

1, 2, . . . , n and
Pn

j=1 fi j = 1 must hold. About the first
condition, note that 0 ≤ ε ≤ 1 and ψi j ≥ 0, ∀i, j = 1, 2, . . . , n
if ωi j ≥ 0, ∀i, j = 1, 2, . . . , n, considering that φii =

Pn
j=1 ωi j

(and φi j = 0 if i , j). Therefore, fi j ≥ 0, ∀i, j = 1, 2, . . . , n is
fulfilled. Moreover, about the second condition, note that it is
fulfilled by Ψ because it is a diffusion matrix, i.e.,

Pn
j=1 ψi j =Pn

j=1(1/φii)ωi j = (1/bφii)
Pn

j=1 ωi j = (1/φii)φii = 1. Due to
the definition of F in (3) and the range of ε, we have thatPn

j=1 fi j = ε + (1 − ε)
Pn

j=1 ψi j = 1.
Then, for F to be irreducible, the directed graph of F,

denoted as GF = (VF , EF), must be strongly connected. A
graph is strongly connected if there exists a directed path
between any two distinct vertices. By definition, F has positive
nonzero values in both fi j and f ji if vi and v j are connected,
because this also holds for Ψ (additionally, the identity matrix
in (3) can be considered to represent self-loops in GF , although
they are not relevant to check the irreducibility of F). This
translates into the existence of a directed edge in GF from vF

i
to vF

j , and another directed edge from vF
j to vF

i . As Ψ is the
weighted adjacency matrix of a connected graph G, a directed
path between any two distinct vertices in GF must exist, and
thus GF must be strongly connected and F is irreducible.

Additionally, for F to be primitive, there must exist a
positive integer k+ such that all entries of Fk+ are positive. F
is a stochastic matrix, and therefore fi j can be regarded as the
probability of transitioning from vi to v j, with the transition
being defined as a multiplication by F. G is connected, so
there must exist a path between each possible pair of nodes.
Thus, with sufficient transitions, it must be possible to arrive
from any node to any other node. If the longest possible path
in the graph requires k+ transitions (steps), then Fk+ > 0.

Considering that F is shown to verify the requirements
of the Perron–Frobenius theorem, the conditions about the
eigenvalues of F by this theorem apply. Regarding that
F = VΛV−1, it is well known that Fk = VΛkV−1. If
Λ = diag(λ1, λ2, . . . , λn), then Λk = diag(λk

1, λ
k
2, . . . , λ

k
n).

As the Perron–Frobenius theorem guarantees that λ1 = 1
and |λi| < 1, ∀i = 2, . . . , n, when k → ∞, we have
that λk

1 = 1 and λk
i → 0, ∀i = 2, . . . , n, leading to

limk→∞ Λ
k = diag(1, 0, . . . , 0), and therefore the kth power

of F can be defined as limk→∞ Fk = limk→∞ VΛkV−1 =

Vdiag(1, 0, . . . , 0)V−1 = v1vinv
(1,:) where vinv

(1,:) is the first row of
V−1. Considering that F is a stochastic matrix, F1n = 1n.

2Note that, in this context, “stochastic” refers to square matrices with
nonnegative elements whose rows sum up to 1.
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This implies that λ1 = 1 is an eigenvalue associated with an
eigenvector v1 that is proportional to 1n, and because F fulfills
the Perron–Frobenius theorem, it is guaranteed that λ1 is
the largest eigenvalue. Finally, considering that approximation
Fk x ≈ v1vinv

(1,:)x = δv1 where δ = vinv
(1,:)x asymptotically becomes

an equality when k → ∞, concludes the proof.�

Therefore, the steady-state behavior of the linear process
model leads to a constant vector, which would not capture the
differences in hydraulic head among the network junctions.

2) Measurement Update Step: The measurement update
assimilates sensor readings. In the linear case, only pressure
measurements can be considered, because the relationship
between heads and flows or demands is nonlinear. Thus, the
measurement function can be posed simply as

y[k] = Sh[k] (4)

where the sensorization matrix S associates the measured
heads with the node states corresponding to the installed
sensors. An analysis of the evolution of the state estimation
can again be performed to remark the importance of adding
the measurement update step. The data assimilation steps of
the KF, posed using the system defined by (3) and (4), can be
expressed as ĥ[k]

= ĥ[k]
− +K[k]

h (hs−Sĥ[k]
− ) = Fĥ[k−1]

+K[k]
h (hs−

SFĥ[k−1]
) thus,

ĥ[k]
=
�

In − K[k]
h S

�
Fĥ[k−1]

+ K[k]
h hs (5)

where K[k]
h is the Kalman gain and hs is the vector of actual

head measurements, which is constant during the estima-
tor operation because our method operates over individual
samples. Since measurements are extracted from the actual
state h through S, (5) can be reformulated as ĥ[k]

= (In −

K[k]
h S)Fĥ[k−1]

+ K[k]
h Sh. If the estimation error at the next

iteration is defined as e[k] = h− ĥ[k]
= h− (In−K[k]

h S)Fĥ[k−1]
−

K[k]
h Sh = (In − K[k]

h S)h− (In − K[k]
h S)Fĥ[k−1]

= (In − K[k]
h S)(h−

Fĥ[k−1]
) = (In − K[k]

h S)(h − ĥ[k]
− ), then

e[k] =
�

In − K[k]
h S

�
e[k]
− . (6)

The expression in (6) defines the evolution of the estimation
error after the prediction step to the estimation error after the
measurement update step. An analysis of the system matrix
can clarify the effect of the data assimilation step.

Proposition 2: With the notation from (6), the following
equivalence holds In − K[k]

h S = (In + P[k]
h,−S>R−1

h S)−1, where
Rh is the measurement noise covariance matrix for the data
assimilation in (4).

Proof: The gain of the linear KF, considering the mea-
surement function in (4), may be written as: K[k]

h =

P̂[k]
h,−S>(SP̂[k]

h,−S> + Rh)−1. Manipulating both sides yields:
P̂[k]

h,− − K[k]
h SP̂[k]

h,− = P̂[k]
h,− − P̂[k]

h,−S>(SP̂[k]
h,−S> + Rh)−1SP̂[k]

h,−.
Recall the Woodbury matrix identity, which states that (A +
UCV)−1 = A−1− A−1U(V A−1U+C−1)−1V A−1, where A,U,V
and C are conformable matrices. Adapting the last equality, if
A = (P̂[k]

h,−)−1, U = S>, V = S and C = R−1
h , it follows that

P̂[k]
h,− − K[k]

h SP̂[k]
h,− = [(P̂[k]

h,−)−1 + S>R−1
h S]−1.

Extracting P̂[k]
h,− in the left-hand side, multiplying (P̂[k]

h,−)−1

in both sides and recalling the properties of the multiplication
of two inverse matrices, we get In − K[k]

h S = ((P̂[k]
h,−)−1 +

S>R−1
h S)−1(P̂[k]

h,−)−1 = (In + P̂[k]
h,−S>R−1

h S)−1 thus concluding
the proof.�

Using in (6) the equivalence in Proposition 2 gives

e[k] =
�

In + P̂[k]
h,−S>R−1

h S
�−1

e[k]
− . (7)

Next we explore the update from the posterior error at [k−1],
i.e., e[k−1], to e[k]

− by first recalling their definitions: e[k]
− =

h − ĥ[k]
− = h − Fĥ[k−1]

and e[k−1] = h − ĥ[k−1]
. The former

comes from the definition of the prediction step, and the latter
is analog to the definition in (6). Rewriting the later as ĥ[k−1]

=

h − e[k−1] and inserting it into the former leads to e[k]
− = h −

F(h−e[k−1]) = Fe[k−1]+(In−F)h. Introducing this in (7) leads
to the update equation for the a posterior error

e[k] = M[k]
s Fe[k−1] + M[k]

s (In − F) h (8)

with shorthand M[k]
s = (In + P̂[k]

h,−S>R−1
h S)−1.

Lemma 1: Let P be a semipositive definite matrix and D a
diagonal matrix with nonnegative entries dii ≥ 0, then matrix
PD has nonnegative eigenvalues.

Proof: We prove the result by contradiction. Assume there
exists λ < 0, the eigenvalue of PD and its associated
eigenvector v. Then PDv = λv iff v>D>PDv = λ(v>D>v)
iff

(Dv)>P(Dv)„ ƒ‚ …
≥0

= λv>Dv = λ
X

i

dii„ƒ‚…
≥0

v2
i„ƒ‚…
≥0

where we notice that λ cannot be negative in the right-hand
side.�

Lemma 2: The product of two matrices A and B, each with
its spectrum in the unit circle, has subunitary singular values.

Proof: Let σmax(A) = max‖x‖=1‖Ax‖. Assuming3 that x =P
i αivi with αi ≥ 0,

P
i αi ≤ 1 and ‖vi‖ = 1 with vi the

eigenvectors of A, then the next inequalities hold ‖Ax‖ =


A
P

i αivi




 =




Pi αi Avi




 =




Pi αiλivi




 ≤ P
i |αiλi| ·

‖vi‖ =
P

i |αiλi| ≤
�P

i αi
�
· |λmax(A)| ≤ |λmax(A)|. Recalling

that ‖AB‖ ≤ ‖A‖‖B‖ implies that ‖AB‖ = σmax(AB) ≤
σmax(A)σmax(B) we have that σmax(AB) ≤ |λmax(A)λmax(B)| <
1 concluding the proof.�

Lemma 3: Let A be a matrix with subunitary real eigenval-
ues, −1 ≤ λ(A) ≤ 1, then ‖Av‖ ≤ ‖v‖ holds for any v, a vector
of appropriate size.

Proof: Let ṽ = v/‖v‖ be the normed vector v, then Av =

A‖v‖ṽ, and from the definition σmax(A) = max‖x‖=1‖Ax‖ we
get ‖Av‖ = ‖v‖‖Aṽ‖ ≤ ‖v‖σmax(A), where in the last inequality
we used that A has subunitary eigenvalues.�

Theorem 1: The iteration in (8) is monotonically decreasing.
Proof: Note that in (7), P̂[k]

h,− is the prior state error covari-
ance matrix as defined in Section II-B, which is also a
semipositive definite matrix. Further, matrix Rh is the mea-
surement error covariance matrix, where the noise is modeled

3Since an eigenvector may be multiplied with an arbitrary constant, it
follows that we consider normed vectors and that the convexity of coefficients
αi holds.
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as zero-mean Gaussian noise drawn iid from the normal
distribution as discussed in Section II-B. This implies that
Rh is diagonal, and thus its inverse is also diagonal. Then,
considering that S is the sensorization matrix, the matrix
product ST R−1

h S is also diagonal as it picks the row and column
pairs in Rh corresponding to the WDN sensors.

Applying Lemma 1 for matrix P̂[k]
h,−S>R−1

h S shows that its
eigenvalues are real and nonnegative. Thus, per Gershgorin’s
circle theorem, adding In to this quantity shifts the spectrum
by one, guaranteeing that all eigenvalues are supra-unitary.
Finally the inversion in (7) leads to a matrix with positive and
real eigenvalues within the unit circle.

Through the norm triangle inequality property and
Lemma 3 we have the next chain of inequalities: ‖e[k]‖ =

‖M[k]
s Fe[k−1] + (In − F)h‖ ≤ ‖M[k]

s Fe[k−1]‖ + ‖(In − F)h‖ ≤
σmax(M[k]

s F)‖e[k−1]‖+ σmax(M[k]
s (In − F))‖h‖ ≤ σ̄ · (‖e[k−1]‖+

‖h‖), where σ̄ is a shorthand denoting the upper bound for both
σmax(M[k]

s F) and σmax(M[k]
s (In−F)), at any [k]. Iterating from

[0] to [k] leads to ‖e[k]‖ ≤ σ̄k−1‖e[0]‖ + (σ̄ + · · · + σ̄k)‖h‖ =

σ̄k−1‖e[0]‖ + (σ̄ − σ̄k+1)/(1 − σ̄)‖h‖. Applying Lemma 2 for
matrices M[k]

s and F, both with subunitary real eigenvalues,
we obtain that the product matrices M[k]

s F and M[k]
s (In − F)

also have this property. This allows us to state that 0 < σ̄ < 1,
which was introduced in the last inequality, shows that the
estimation error is bounded in the initial error and the term h
and that, asymptotically (when k → ∞), it depends only on
the second term, thus concluding the proof.�

Remark 2: The previous theoretical framework allows us
to confirm the stability of the required KF implementation,
composed of a linear state prediction function (through a
diffusion matrix as the state prediction matrix) and the avail-
ability of only head measurements. In Sections III-B and
III-C, the state estimation methodology is extended to include
demand measurements, which are related to the system states
(hydraulic heads) through a nonlinear equation. Therefore, the
linear theory in Section III-A helps us to motivate the promis-
ing performance of Kalman-based algorithms. The necessary
extension to address the problem of inclusion of nonlinear
measurements is handled with the use of the unscented KF.
The analysis of the stability of this algorithm is beyond the
scope of this article, although several results in the state of the
art analyze and reduce associated numerical problems leading
to instability, such as the development of upgraded algorithms
like the square-root UKF [20], and the development of the
UKF-related theory [22]. �

B. Including Demand Measurements

The nonlinear estimation capabilities of the UKF, explained
in Section II-B.2.b, enable the integration of demand measure-
ments in the data assimilation function, as demonstrated with
UKF-(AW)GSI in [14].

In this method, the prediction step employs a linear function,
simplifying the prediction process due to its equivalence with
the prediction operation in the KF for a linear prediction
function f. This equivalence arises from the SUT’s ability to
perfectly capture linearity without requiring further approxi-
mations [23]

ĥ[k]
− = Fĥ[k−1]

, P̂[k]
h,− = FP̂[k−1]

h F> + Qh (9)

where F and Qh are, respectively, the state transition and
process noise covariance matrices for the prediction in (3).
Note that u[k−1] is removed because there is no input in the
process. In our case, the weighting parameter ε in the definition
of F is defined as ε = (nc/n), where nc is the number of
AMRs. This decision is justified by the importance of demand
information within the estimation process. If the demand data
are abundant, the relative weight of the data assimilation
process should be higher, and thus, we should maintain the
state from the previous iteration. Nonetheless, if demand data
is scarce, the prediction function can make use of the diffusion
matrix to extend the corrected state estimates to unobserved
regions.

Based on UKF, a nonlinear expression appears in the
measurement propagation step

H[k]
− =

h
ĥ[k]
− ĥ[k]

− ± η
q

P̂[k]
h,−

i
(10a)

Y [k]
− = g

�
H[k]
−

�
=

24 SH[k]
−

−

�
B̂[k]

c

�> �
T−1 B̂[k]H[k]

−

� 1
1.852

35 (10b)

ŷ[k]
− =

2nX
i=0

w(m)
i Y [k]

i,− (10c)

P̂[k]
yy =

2nX
i=0

w(c)
i

�
Y [k]

i,− − ŷ[k]
−

� �
Y [k]

i,− − ŷ[k]
−

�>
+ Rh (10d)

P̂[k]
xy =

2nX
i=0

w(c)
i

�
H[k]

i,− − ĥ[k]
−

� �
Y [k]

i,− − ŷ[k]
−

�>
(10e)

where H[k]
− is the set of head prior “sigma” points and B̂[k]

is
an approximated incidence matrix, computed considering the
current hydraulic state of the network as

b̂[k]
o j =

8̂<̂
:
−1, ĥ[k]

i ≥ ĥ[k]
j

�
eo =

�
vi, v j

�
∈ E

�
1, ĥ[k]

i < ĥ[k]
j

�
eo =

�
v j, vi

�
∈ E

�
0,

�
vi, v j

�
< E and

�
v j, vi

�
< E .

(11)

Moreover, T ∈ Rm×m is the resistance coefficient diagonal
matrix, whose diagonal is formed by τ, defined in Sec-
tion II-A.1. The specific nonlinear relation in (10b) is derived
from the nonlinear flow-head relation, defined by expressions
such as the Hazen–Williams equation, posed as

q[k] =
�
T−1B[k]h[k]� 1

1.852 (12)

and the linear demand-flow relation, defined as a mass con-
servation equation at the network nodes, namely c[k] =

−(B̂[k]
c )>q[k], where c[k] is the nodal demand vector and B̂[k]

c

is a submatrix of B̂[k]
where only the columns corresponding

to the nodes with ARMs are selected. Let us remark that the
application of the nonlinear part of g to the prior “sigma”
points H[k]

− in (10b) implies the individual application of this
equation to each “sigma” point, to then stack the obtained
measurement “sigma” points horizontally.

Finally, the correction step is done analogously to UKF

K[k]
h = P̂[k]

xy

�
P̂[k]

yy

�−1
(13a)

ĥ[k]
= ĥ[k]

− + K[k]
h

�
zh − ŷ[k]

−

�
(13b)
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P̂[k]
h = P̂[k]

h,− − K[k]
h P̂[k]

yy

�
K[k]

h

�>
(13c)

where zh =
�
h>s c>a

�> is the vector of actual measurements,
and ca is the vector of demand measurements. Again, note
that zh is constant during the complete run of the estimator.

C. Improving Flow Estimation

The presented UKF-based scheme for the integration of
demand measurements showed its potential in [14]. The pro-
posed algorithm only considered the estimation of hydraulic
heads, which play the role of the network state representative.
Nevertheless, the proper estimation of other hydraulic vari-
ables, such as flow, could be of great importance for water
utilities in network control operations. Therefore, we propose
an extension to the methodology explained in Section III-B
to integrate both head and flow estimation. Note that the
estimation of multiple multidimensional variables has been
studied in the past within the context of UKF. Notably, this
method was extended in [20] for the estimation of both state
and parameters, with a particular focus on learning-based
schemes. This extension can be implemented in two different
ways, depending on how the additional variable is integrated
within the state estimation procedure.

On the one hand, we can stack the variables to estimate
a single joint state vector. In our case, this would translate
into the incorporation of the flow vector into the state vector,
which was already containing the head vector, leading to a
composed state in the form of x[k] =

�
(h[k])> (q[k])>

�>
. On

the other hand, the dual implementation uses separated head
and flow state representations, and therefore implements two
different estimators, one for heads and another for flows. When
both approaches are compared, we can conclude that the joint
strategy should be more precise because it considers cross-
covariance terms in the error covariance matrix, while the
dual approach neglects this information [24]. However, in
practice, the difference in performance is not significant, and
the dual version leads to other advantages, such as reduced
computational cost. Thus, we propose a dual UKF/KF strategy,
with the UKF estimator handling head reconstruction and a
linear KF estimator helping in the computation of the flows.

The flow KF-based estimator is composed of the steps
presented in Section II-B.1 with the prediction step given by

q̂[k]
− = q̂[k−1], P̂[k]

q,− = P̂[k−1]
q + Qq (14)

where q̂[k−1] is the estimated flow state and P̂[k−1]
q is the flow

state error covariance matrix, with Qq being the associated
process noise covariance matrix. The flow state is simply main-
tained across iterations regarding prediction, as the purpose of
this estimator is the synchronization of the measured flows
with the virtual flows from the head UKF-based estimator.

The measurement update step is given by

K[k]
q = P̂[k]

q,−G>q
�

Gq P̂[k]
q,−G>q + Rq

�−1
(15a)

q̂[k] = q̂[k]
− + K[k]

q

�
zq − Gq q̂[k]

−

�
(15b)

P̂[k]
q =

�
In − K[k]

q Gq
�

P̂[k]
q,− (15c)

where Gq = [S>q I>|E |]> is the measurement matrix, K[k]
q is

the Kalman gain, Rq is the associated measurement noise
covariance matrix, and zq is the flow measurement vector.
To integrate the head estimation from the UKF-based head
estimator, a column vector

zq =

�
q>s

��
T−1B̂[k] ĥ[k]

� 1
1.852

�>�>
(16)

is constructed, where qs denotes the measured flows, and
the second entry computes the virtual flows derived from the
estimated heads ĥ[k]

(note that B̂[k]
must be computed to be

consistent with the heads).
Remark 3: In the pipes with flow sensors, we would be

imposing two values to the same state, that is, one from the
real measurement and one from the virtual measurement. To
prioritize the values from the network, a higher degree of
confidence must be given to these measurements with the aid
of the measurement noise covariance matrix. �

Finally, regarding the UKF-based estimation process, the
equations of the prediction (9), measurement propagation (10)
and correction (13) are maintained except for the nonlinear
function application in (10b), which must be updated to
consider the virtual measurements from the flow estimator

Y [k]
− = g

�
H[k]
−

�
=

266664
SH[k]

−

−

�
B̂[k]

c

�> �
T−1B̂[k]H[k]

−

� 1
1.852�

T−1B̂[k]H[k]
� 1

1.852

377775 . (17)

Thus, the head estimator’s measurement vector is defined as

zh =
h

h>s c>a
�
q[k]
�>i> (18)

with q[k] coming from the flow KF-based estimator.

D. Methodology Overview

The head-flow estimation method, denoted as Dual UKF-
(AW)GSI or D-UKF-(AW)GSI, is detailed in Algorithm 1.

First, to define the initial measurement vectors zh and zq

(step 3), the flow associated with initial heads q0 needs to be
computed (steps 1–2). After the initialization of the state and
covariance matrix for both estimators, the iteration counter
and convergence flag (step 4), the estimation loop begins
(step 5). The prediction process (steps 6–7) is analog for both
head and flow estimators. Then, the measurement propagation
step of the head UKF (steps 7–12) is required to apply the
nonlinear measurement and get the variables involved in the
correction step (step 13). The flow KF-based estimation ends
at the current iteration with the measurement update (step
14), unless the condition related to the virtual measurement
update is fulfilled (step 15). In this case, each measurement
vector is updated considering the state of the other estimator
(steps 16–17). Finally, the convergence criteria are checked,
finalizing the process if the conditions are met (step 19).

Remark 4: The UKF-(AW)GSI method can also be repre-
sented by Algorithm 1 if the processes related to the flow KF
are disabled (steps 1–2, 7, 14) or modified (steps 3–4, 19), the
virtual measurements update are removed (steps 15–18), and
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Algorithm 1 Dual UKF-(AW)GSI

the application of the nonlinear function (step 11) is modified
to use (10b) instead of (17). �

Remark 5: Algorithm 1 can be analyzed considering the
head and flow estimators separately. The head estimation UKF
is primarily influenced by the matrix inversion and square-root
operations. Both of them are usually solved through methods
such as Cholesky decomposition, with a complexity of O(n3),
with n being the size of the matrix. In this case the inversed
matrix is P̂[k]

yy , which has a dimension of nP̂h
yy

= ns + |C|+ m,

while the square-root computation is performed on P̂[k]
h,−, with

a size nP̂[k]
h,−

= n. Additionally, the complexity of the flow
estimation KF is mainly governed by the matrix inversion,
which is required for a matrix with the size of Rq, i.e.,
nRq = nq + m, where nq is the dimension of the flow
measurements vector. Thus, the overall complexity of D-UKF-
(AW)GSI is O(n3), with the computation cost depending on
the actual values of the network size and sensorization. �

IV. CASE STUDY

Hereinafter, the L-TOWN benchmark from the Battle
of Leakage Detection and Isolation Methods 2020 - Bat-
tLeDIM2020 [25], shown in Fig. 1, is used to test the state
estimation and leak localization algorithms. The network has
782 junctions, 905 pipes, 2 reservoirs or water inlets, and
one tank. The water utility divides the WDN into three areas,
depending on the elevation of the junctions: area A (green
in Fig. 1) has 655 nodes, with 29 pressure sensors; the area
is fed through two reservoirs. area B (blue in Fig. 1) has
31 nodes, with only one pressure sensor; it is connected

Fig. 1. Schematic representation of the L-TOWN and evolution 2018 leaks
(continuous lines indicate Area A leaks, dotted lines indicate Area B and
dashed lines indicate Area C).

to Area A and receives water through a pressure reduction
valve (PRV); area C (yellow in Fig. 1) has 92 nodes, with
only 3 pressure sensors but 82 Automated Meter Reading
(AMR) consumption sensors; water is fed to it through a tank,
filled from Area A. BattLeDIM2020 was a leak detection and
localization competition in which several teams analyzed the
leaks along the year 2019 through SCADA measurements from
pressure, demand, and flow sensors. The organization provided
a calibration dataset from the previous year (2018) with several
a priori located leaks. The pair of datasets provided by the
competition organizers contains 33 pressure readings and 82
consumption measurements, together with 3 flow sensors (at
the exit of reservoirs and tank) and 1 level sensor at the tank.

V. RESULTS AND DISCUSSION4

Here, the performance of Dual UKF-(AW)GSI is compared
with existing interpolation methods. Numerical results are
analyzed considering estimation accuracy and leak localization
performance. For this comparison, the leaks from the 2018
dataset are used, reducing the number of overlapping leaks
and thus the complexity of the leak localization procedure.

A. Estimation

The evaluation of the estimation capabilities of the pro-
posed UKF-based methods is performed by comparing the
reconstruction error of these methods to the baselines from
previous works, i.e., GSI and AW-GSI. Since Area A is the

4Code and data: https://github.com/luisromeroben/D-UKF-AW-GSI
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Fig. 2. Head and flow estimation RMSE of GSI, AW-GSI, UKF-(AW)GSI,
and D-UKF-(AW)GSI for 100 considered leak scenarios.

largest within the network and contains the vast majority of the
leaks occurring in 2018, it will be subsequently used to assess
the performance of our methodology. Nonetheless, the original
dataset has no demand measurements from Area A. To run our
algorithms, a re-calculation of the 2018 dataset is done through
the Dataset Generator5 provided by the organizers. Thus,
we can recreate the conditions of the original 2018 dataset
while adding AMRs in Area A. Several key aspects must be
considered. First, the water inlets are isolated from the rest of
Area A through a PRV, which maintains a constant head of 75
m at the node immediately downstream, while reservoirs have
a water height of 100 m. This abrupt discrepancy of hydraulic
heads between reservoirs and the rest of the area degrades
the UKF performance. To address this, the network graph
structure is adjusted by removing the reservoirs and setting
the nodes immediately downstream of the PRVs as the new
“water inlets,” with a head of 76 m, to ensure (as required from
the GSI/AW-GSI perspective) that their head values are the
highest in the network. Second, in the presented experiments,
we consider that 100 AMRs exist in Area A. They are placed
through a model-free sensor placement methodology [26].
Thus, the L-TOWN-based benchmark used to test the pre-
sented methodology is composed of 657 nodes (states), with
29 pressure sensors and 100 demand sensors. And finally, due
to the higher computational cost of the UKF (in comparison
with non-UKF methods), some measures are considered to
reduce computation time. Specifically, 100 leaks are analyzed
out of all potential network leaks. They are selected using [26],
ensuring that these locations do not correspond to sensors.
Moreover, a single time instant is considered for each leak to
minimize the associated computations. Finally, 200 iterations
have been considered for the UKF sensor fusion loops.

Estimation results are presented in Fig. 2. Each subfigure
represents the estimation error distribution for its respective
hydraulic variable, i.e., head and flow. The error is com-
puted through the root-mean-squared error, RMSE(x, x̂) =�
(1/n)

Pn
i=1(xi − x̂i)2

�1/2, where x is a generic vector. The
results clearly show how GSI and AW-GSI lead to a similar
performance, with a great improvement in both head and flow
estimation when demand measurements are integrated through
the UKF-based approach. D-UKF-(AW)GSI performs similar
to UKF-(AW)GSI in terms of head estimation, although the
dual approach leads to an enhanced flow estimation.

The results in these figures are complemented with the
numerical results in Table I where the mean and standard

5https://github.com/KIOS-Research/BattLeDIM

TABLE I
ESTIMATION PERFORMANCE IN L-TOWN AND MODENA

TABLE II
ESTIMATION PERFORMANCE OF D-UKF-AW-GSI IN L-TOWN, FOR

VARYING VALUES OF THE PARAMETER niter

deviation (for all the considered leaks) of the RMSE estimation
error, in both pressure and flow, and the computation elapsed
time, are presented. To enrich the performance assessment, a
recent method from the state-of-the-art presented in [27] is
also benchmarked. This method, referred to as GHR-S, uses
graph signal processing, taking advantage of the slow-varying
parts of actual nodal heads, as well as pseudo-measurements
to provide additional constraints and enhance stability.

Table I shows how the baseline methods, GSI and AW-
GSI, already improve the performance of GHR-S, at the cost
of a slight increase in computation time. Including sensor
fusion through the UKF drastically increases the computation
time, although this is not relevant for the leak localization
application, where sampling times can be in the order of
minutes. Apart from L-TOWN, the method is also tested in the
well-known Modena case study [7], [28], adding the results
to Table I. In this way, we can show the consistency of the
improvements, considering that this benchmark was already
used in [14], where the properties of the case study and the
evaluated data are introduced. Note that, in this article, the
Modena benchmark is considered to have a size of 272 nodes
(states), with 20 pressure sensors and 40 demand sensors. To
obtain its associated results, all potential leaks are analyzed,
with a single time instant per leak.

Remark 6: About the computational cost of the UKF
scheme, it can be reduced by decreasing the number of itera-
tions niter of the UKF sensor fusion loop. Table II shows the
evolution of the estimation error and the computation time for
varying values of niter. A reduction in the computational time
by a factor of ten shows minimal performance degradation. �

B. Localization

1) Area A: The performance of localization experiments
in Area A required several adjustments. First and again, the
water inlets are considered at the nodes just after the PRVs
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TABLE III
AREA-LEVEL LOCALIZATION: AW-GSI (I), UKF-AWGSI (II)

TABLE IV

NODE-LEVEL LOCALIZATION: AW-GSI (I), UKF-AWGSI (II)

associated with each reservoir. Moreover, the same 100 AMRs
are considered for these experiments. Second, for each leak,
a period of 24 h is selected, with a sampling of 30 min.
The values are chosen such as to minimize leak overlap,
as per Fig. 1. And finally, only medium-to-large leaks are
studied, avoiding background leaks (specifically, p427, p654,
and p810), whose effect is negligible and masked by the main
leaks.

The UKF’s SUT parameters are α = 10−3 and β = 2, both
typical in the literature [15]. The process and measurement
noise covariance matrices are Q = In∗ and R = 10−4Ins+nc ,
where n∗ is the number of nodes in Area A neglecting the
original reservoirs, and nc is the number of AMRs in Area
A. In this way, a higher degree of certainty is given to the
measurements. The initial state is computed through AW-GSI,
and the state error covariance matrix is given as P0 = In∗ .

Tables III and IV present performance metrics for each
leak, using a set of key performance indicators (KPIs) for
area-level and node-level localization, respectively. Area-level
localization provides a set of network elements as the possible
leak locations, defining an area where the potential leak is
hidden. Node-level localization provides a single network
element as the leak localization result. The following KPIs
are used in this work. bc, a Boolean variable indicating if
the leak has been included within a set of high-likelihood
candidates by the localization algorithm. This set is defined
by thresholding the leak candidate selection method (LCSM)

metric, which in this case must be ≥ 0.7 for the correspond-
ing pipe6 to be included in the high-likelihood candidates
set. The LCSM metric is normalized in the [0, 1] range.
d̄c2l denotes the weighted average pipe distance (in meters)
from the pipes in the high-likelihood candidates set to the
actual leaky pipe. The distance between two distinct pipes
is dc2l

k = (1/4)
P jk

u=ik

P jl
v=il shortest path(u, v) where ek =

eik jk = (vik , v jk ) is the kth candidate pipe, el = eil jl = (vil , v jl ) is
the leaky pipe, and shortest path(·) is a function computing
the shortest-path distance between two nodes. With this, the
actual KPI is computed as d̄c2l = (w̃LM)>dc2l where w̃LM =�
wLM/

�Pncands
k=1 wLM

k

��
is a column vector with the localization

metric values associated with the candidates, and ncands is the
number of candidate pipes. p̄c2l is computed in the same way
as d̄c2l, but with the distance expressed in number of pipes. ρc

gives a measure of the search area (with respect to the specific
area of the WDN, namely Area A, B or C). It is calculated
as the number of high-likelihood candidate pipes per number
of pipes within the area. dc2l

best expresses the pipe distance (in
meters) from the actual leak to the candidate with the highest
associated LCSM metric. Thus, the node-level performance
of the method can be analyzed, with this KPI representing
the actual node-level localization error. pc2l

best denotes the same
metric as dc2l

best, but expressed in number of pipes.
It is important to note that the results in Tables III and IV

compare AW-GSI with UKF-(AW)GSI. The nondual version
is selected here because its head estimation performance is
nearly identical to that of D-UKF-(AW)GSI (whose main
advantage lies in flow estimation), while the computing cost
is lower. Given the extensive number of leaks and time
instants analyzed, UKF-(AW)GSI was chosen to minimize
computational demands while preserving performance.

The results allow several conclusions. Regarding area-
level localization, the performances are comparable, although
AW-GSI shows slightly better results. In terms of bc, UKF-
(AW)GSI provides a satisfactory result in an additional
scenario in comparison to AW-GSI, namely p866. Regarding
the candidate-to-leak distance (both in meters and number of
pipes), it is higher for the UKF-based strategy, with around a
5% increase. However, note that the search area is also higher
in UKF-(AW)GSI (∼25% increase). Thus, this increase in the
localization error could be explained by the inclusion of extra
nodes in the high-likelihood candidate set. Also, the node-
level localization shows the main advantage of improving the
estimation process. The distance from the best candidate to the
leak is reduced by around 15% when the demand information
is integrated through the UKF-based strategy.

These results demonstrate the importance of making the
most of all the available sources of information within the
network. UKF-(AW)GSI allows for to integration of addi-
tional types of measurements, leading to a better node-level
performance (which is one of the typical drawbacks of data-
driven schemes) while maintaining a comparable area-level
performance.

6LCSM is computed for nodes. The associated LCSM to each pipe is the
average LCSM of the nodes which are endpoints of the corresponding pipe.

This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination. 



ROMERO-BEN et al.: DUAL UKF ARCHITECTURE FOR SENSOR FUSION IN WATER NETWORKS LEAK LOCALIZATION 11

Fig. 3. AW-GSI-LCSM: Area C localization for leak at pipe 31.

Fig. 4. UKF-(AW)GSI-LCSM: Area C localization for leak at pipe 31.

2) Area C: This area actually includes AMR data in the
original BattLeDIM2020 datasets, allowing for direct testing
of the methods. Besides, the reduced size of Area C allows
us to increase the number of analyzed samples, to consider a
5-min sensor sampling, and to run the main UKF loop for 200
iterations.

The obtained results, shown again in Tables III and
IV, allow the following conclusions. For leak p257, both
methods provide satisfactory performance, although UKF-
(AW)GSI-LCSM exhibits some node-level accuracy degrada-
tion. However, the UKF-based method behaves slightly better
when considering area-level performance. This shows that
the method selects a proper set of candidates, but that the
rank of these candidates in terms of their LCSM metric is
degraded with respect to AW-GSI-LCSM. However, leak p257
is a background leak; thus, the results are less reliable than
for medium-to-large leaks. Also, notably, the difference in
performance happens when a multileak scenario is addressed,
considering that leak p31 occurs while leak p257 is still active.
Here, a slight improvement is observed in terms of area-level
performance when using the UKF-based method. Besides,
node-level performance is largely improved, with a distance
error of 12 pipes for AW-GSI-LCSM and only four pipes for
UKF-(AW)GSI-LCSM. In terms of dc2l

best, this implies a 67%
reduction of the distance between the best candidate and the
leak.

To completely analyze the multileak event, graphical
localization results are shown for AW-GSI-LCSM and UKF-
(AW)GSI-LCSM in Figs. 3 and 4, respectively. Each figure
is divided into two subplots: the left plot corresponds to the
general view, and the right plot corresponds to the detailed
view. The general view shows a graph of Area C, marking
the pressure sensors with blue dots and the water inlet (tank)

with red squares. LCSM candidates are indicated using lighter
nodes (in comparison to the rest of the nodes). Occurring leaks
are enclosed by magenta (leak p257) and blue (leak p31) lines.
The detailed perspective only shows the candidate nodes, using
a colormap (indicated through the colorbar on the right) to
denote the likelihood of each node as the leak source, with
light magenta indicating higher probability.

Fig. 3 shows that AW-GSI-LCSM is not capable of correctly
localizing the larger leak (p31), yielding an intermediate result
between this leak and the background leak in p257. Instead,
Fig. 4 shows that the localization using UKF-(AW)GSI-LCSM
is successful: the most likely leak origins are located close to
p31. Additionally, the background leak is at only 3 pipes from
the second most likely leak area, allowing us to conclude that
the multileak scenario is properly solved. This performance
highlights even more the power of exploiting extra sources of
information, such as nodal consumptions, if they are available.

VI. CONCLUSION AND FUTURE WORK

This article presents a dual hydraulic state estimation
method to retrieve both head and flow vectors from an initial
guess and different types of measurements, with the aim of
improving leak localization. The initial guess can be obtained
from interpolation methods such as GSI or AW-GSI, and
measurements can include pressure, flow, and demand, which
are fused through a UKF-based strategy. The approach is
mainly tested in the well-known open-source L-TOWN bench-
mark from BattLeDIM2020. Both estimation and localization
are improved with respect to previous state-of-the-art state
estimation/leak localization methods. Regarding localization,
the UKF-based methods show promising performance in
handling multileak events, which are typically challenging.
The estimation capabilities are also evaluated in the case
study of Modena, aiding in showing the consistency of the
improvement over different networks.

Future work will include a deeper analysis of the poten-
tial and characteristics of the methodology. For instance,
the estimation performance could be tested by considering
only available measurements in certain regions, checking the
behavior of the approach at unmetered areas. Analysis of pos-
sible WDN adaptation of other state-of-the-art sensor fusion
methodologies, such as the ensemble KF (EnKF) or factor
graph optimization (FGO), will also be performed, studying
the differences in performance, computational complexity, and
stability. Finally, several improvements to the method can
be explored, such as leveraging the UKF’s power to handle
nonlinear relationships to integrate the presence of active
network elements, such as valves or pumps.
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Informàtica Industrial (CSIC-UPC), Spain. He is a
PhD in Real-Time Monitoring of Water Systems
by the Universitat Politècnica de Barcelona since
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