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Abstract: The control of vehicles towing trailers is of significant interest to industry due
to their wide-ranging applications across various sectors. Trailers play essential roles in
logistics, mining, and other fields. This study focuses on the control of a dumper with
a trailer specifically used for the monitoring of terrain stability in mining operations.
The trailer is equipped with a radar system for detecting potential ground shifts that
could jeopardize fieldwork safety. While numerous studies have addressed the control of
Ackerman vehicles and trailers, this dumper presents a unique challenge due to its rear-axle
steering mechanism. Due to this configuration, which has not been extensively studied
in the literature, although the differential flatness of the system is proven, computation
of the flat outputs leads to a system of partial differential equations that cannot be solved
analytically. For this reason, this paper examines partial feedback linearization to facilitate
control and proposes a solution for trajectory tracking that also stabilizes jack-knifing
tendencies between the vehicle and trailer. The designed control system was successfully
validated in a virtual environment.

Keywords: autonomous vehicle; feedback linearization; jack-knifing

1. Introduction

Interest in controlling vehicles with trailers is significant due to their crucial role in
industry. These areas encompass logistics in factories, road transportation, and agricul-
tural activities such as tractor—trailer combinations. The trajectory tracking problem for
vehicles with trailers is more complex due to the inherent non-linearity of the system,
the kinematic characteristics of the tractor vehicle, and constraints on actuation margins
(e.g., maximum/minimum steering angles and steering speed limits). Furthermore, the sys-
tem’s behavior varies based on the steering direction, which can lead to potential loss of
controllability. Additionally, perturbations like sliding, slack between elements, or friction
may also affect the system’s dynamics. Previous research has explored control strategies
for these systems from diverse perspectives. It is worth mentioning the solutions described
by Rouchon et al. [1], namely an Ackerman tractor vehicle system with a series of passive
trailers that was proven to be linearizable by applying differential flatness when the rotation
point between consecutive elements was placed on the rear axle of every vehicle. This
condition is no longer valid when there is more than one trailer and the rotation point is
not located on the axle [2]. For some particular cases, for example, a tractor vehicle with an
active trailer, it is, again, possible to linearize the system by means of flatness, then to exploit
this property for trajectory planning and control [3]. In other cases, it is common to apply
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partial linearization of the system, as in the work by Altafini et al. [4]. A different controller
is selected in their proposal depending on the type of movement (forwards; backwards,
following a straight line; and a curve), and it is obtained by linearizing the system along the
trajectory and applying LQ (Linear Quadratic) optimal control in every mode. A similar
procedure was described in the work by Evestedt et al. [5]. Werling et al. [6] sought a
general stabilization procedure for any possible relative angular movement between a
tractor vehicle and trailer by applying input-output linearizations. Afterwards, it was
incorporated in the global vehicle-trailer controller by linearizing the whole system along
the trajectory. Previous examples have considered the slip between the wheel and the
terrain to be negligible. In order to solve the case considering slip, Alipour et al. included
this effect through the LuGre friction model and applied sliding control to compensate
for perturbations derived from it [7]. The slip effect was also studied in the case of a
tractor vehicle with an active trailer, where the movement was stabilized by combining
backstepping techniques for the motion of the tractor and a non-linear PI (Proportional
Integral) controller for the trailer angle [8].

The theory of differential flatness has been successfully applied in the past to control a
wide range of industrial applications. The method has proven its robustness in different
systems, and the coupling between the trajectory and the controller that arises from the
differential flatness property makes it specially useful for trajectory tracking applications.
The following application examples show the widespread possibilities of flatness for the
design of robust controllers: autonomous robots for logistics control in [9]; components of
the automotive industry like [10] for motors in electric vehicles or [11] for synchronized
movement of windshield wipers, construction machinery like [12,13] for the position
control of loads on tower cranes, and energy-sector applications like [14] for the control of
gas-turbine power generation. One of its key advantages is that it provides a powerful tool
for developing control algorithms, particularly for linear and non-linear systems. A system
with differential flatness exhibits a unique property: its reference trajectory can be uniquely
defined through a diffeomorphism with the control law. This relationship enables the
incorporation of differential flatness into feedforward control schemes, providing a robust
foundation for control design. By augmenting this feedforward approach with a feedback
loop that refines the control action, improved performance can be achieved. The application
of differential flatness has been particularly successful in solving the driftless navigation
problem for vehicles with and without trailers, where it has enabled efficient and stable
control [2,15]. In recent years, these results have been extended towards scenarios with
drifting wheels and higher velocities, both in the controller (longitudinal and lateral control),
and in the local planner [16]. In this case, the simplicity of calculations is exploited for
real-time applications.

In the development of autonomous vehicles, the coupling between the navigation
system and the low-level controllers is significant. In this connection, the local planner is
especially important, as it is responsible for defining the trajectory of the vehicle and doing
so in accordance with the vehicle characteristics and environmental conditions (road shape,
obstacles, etc.). This local planner is sometimes directly linked with the longitudinal and
lateral controllers, but some architectures separate the two approaches, thereby simplifying
the optimization process. A possible approach in this connection is the use of differential
flatness [15], which permits the definition of a feasible trajectory, keeping the kinematic
restrictions and obtaining a feedforward command in a straightforward way. This is also
the approach used by Volvo trucks [17]. The trajectory can be optimized using receding
horizon optimizations like MPC (Model Predictive Control) or others. The consideration in
this local planner optimization of all restrictions and data coming from system estimators
(road traction limits, side angle, slope and bank angle, etc.) permits a reduction in the
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complexity of the low-level controllers (for example, by using MPC [18]). It is worth
mentioning that no previous study has dealt with the control of a rear-axle steering vehicle
connected to a trailer.

Another challenge that must be tackled to control vehicles with trailers is the jack-
knifing effect. This behavior may appear when performing certain driving maneuvers or
under slippery road conditions, and it causes a folding between the vehicle and the trailer.
Such undesired folding affects the control strategy to the extent that it can make it unstable.
Compared to other strategies for compensating for jack-knifing, the proposed approach uses
a different controller once the vehicle reaches difficult conditions, which is similar to what
a human driver would do. The proposed approach combines trajectory tracking focused on
the front vehicle with a relative angle compensator that only operates in case of jack-knifing.
This strategy differs from other approaches in the literature. For example, Ref. [6] used a
linearization technique around the operation point to calculate the maximum affordable
curvature of the trajectory and modify the followed path accordingly. Ref. [4] linearized the
system for straight and curved trajectories and calculated a linear controller that stabilizes
the system, including the angles of the vehicle and trailer, along those tracks. Similarly,
in [19], the vehicle used a two-level controller, as well as a pure pursuit trajectory tracker
at the highest level, combined with an orientation controller at the lower level. The latter
control loop avoids risky conditions by using a stabilizing controller to reach the look-
ahead reference orientation. These strategies limit the relative angle all along the trajectory,
considerably reducing the admitted maneuvers. In the proposed strategy, which also
uses linearization techniques, the relative angle compensator only actuates when a certain
threshold has been exceeded and tries to perfectly track the desired trajectory until that
moment, even if the relative angle considerably increases. This is so because the vehicle
operates at a low speed and the scanning application needs higher versatility in terms
of the admitted maneuvers and derived angles in order to adapt the movement to the
terrain restrictions.

The current work is focused on the trajectory tracking of a rear-axle steering dumper
connected to a trailer. To the best of the knowledge of the authors, this use case has not
been studied in the literature, showing important challenges in terms of control. The main
contributions of the paper are a mathematical analysis of the problem, partial feedback
linearization of the system, and application to the design of a trajectory tracking controller.
During the analysis, the proof of the differential flatness of the system is given, which opens
the possibility of applying some successful controllers for vehicles with trailers, and the
further derivation of a proper controller. However, computation of the flat outputs leads to
a system of partial differential equations that cannot be solved analytically. To overcome
this issue, partial state feedback combined with a compensator for avoiding jack-knifing is
proposed and successfully validated under virtual conditions. The algorithm for partial
feedback linearization of control systems was outlined in [20], and it has been successfully
implemented in other mechanical systems, as in [21], where a controller for a Segway
was designed.

This paper is organized in six sections. After the Introduction, the problem is described
in Section 2. The mathematical analysis of the system and the potential linearizations appear
in Section 3. A possible controller based on this linearization is proposed in Section 4 and
tested under simulated conditions in Section 5. The conclusions appear in Section 6.

2. Problem Statement
2.1. Description

The present work is part of a larger project to continuously monitor the status of a mine
(see funding information at the end of the paper for the details of the project). Continuous
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earth movement often leads to the formation of unstable ground areas. To address this,
the project proposes the combined use of autonomous vehicles and drones with sensors
for the monitoring of changes in the carved working face of the mine. The present paper
focuses on the control problem of autonomous vehicles equipped with radar sensors on
trailers. The vehicles are dumpers with hydraulic traction and steering systems (Figure 1).
A unique aspect is that the steering wheels are located at the rear axle, which, as explained
in the next section, has a significant impact on the controllability of the combined vehicle
and trailer.

Figure 1. Dumper vehicle studied in the present work and used in the real mining environment.
The main dimensions of the system vehicle and trailer are summarized in Table 1.

Table 1. Main dimensions of the vehicle and trailer.

Vehicle length 3.98 m
Vehicle width 1.75m
Vehicle weight 1800 kg
Trailer length 490 m
Trailer width 1.86 m
Trailer weight 480 kg

2.2. Setup Approach

With the purpose of implementing the control system, the dumper in Figure 1 was
equipped with different sensors and processing units. We obtained the velocities of the
dumper and the trailer by combining data from Ardusimple GPS (Global Positioning
System) devices with two antennas, IMUs (Inertial Measurement Units), and Hall-effect
wheel encoders. The absolute orientation of the dumper was obtained from the GPS,
and the relative angle between the dumper and the trailer was determined by processing
the point cloud obtained by a Sick TIM-571 laser (Sick, Germany) installed on the rear
part of the dumper. In addition, the surrounding environment was detected thanks to an
Ouster OS-1-128 LIDAR (Ouster, USA) instrument mounted at the top of the vehicle, two
Livox HAP (Livoxtech, China) modules installed on the front and rear parts, two HESAI
FT120 LIDARs (Hesai, China) located on the right and left sides, and two industrial-degree
Blackfly POE RGB cameras (Teledyne, USA) positioned on the top-front and top-rear sides.
All sensors were connected to an onboard PC to reduce communication delays, including
an Intel Core 19 5GHz 16-core processor (Intel, USA).
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This combination of devices allowed us to minimize the real-world uncertainties that
cannot be represented in the virtual validation environment.

3. Differential Flatness and Partial Feedback Linearization

Due to the low speeds and the load of the vehicle and trailer, the dynamics of the
system are represented under non-sliding conditions. A schema with the main variables of
the system is presented in Figure 2.

Figure 2. Schematic of the vehicle showing the main parameters involved. O, and O, are the
instantaneous centers of rotation for the vehicle and the trailer, respectively (the arrows show the
positive sense of the angle).

Although it is possible to represent the system in different ways depending on the axle
at which the reference is placed, we study a case with the reference in the vehicle’s front
axle. As the speed on the front axle (u,) is the longitudinal control action, it makes sense to
describe the movement from that reference. The lateral control action is the steering-wheel
angle (¢). The resulting evolution of the front axle’s center position (x,¢, i) and the
orientation of the vehicle (8,) and trailer (6.) can be described as follows:

Xof = Uypcosby

y = U,rsind

gvf o :]f tanZ) (1)
L et

5 sin (—0.+6,

Oc = Uof I cos ¢

In order to simplify the notation, we will denote

(xlr x21x3/x4) = (xvf/yvfr 90/96) Uy = uvf

The system is not in affine form. Hence, a new state (x5 = ¢) is added with the
corresponding additional equation (&5 = u), obtaining a two-input driftless system:
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X1 = U1COSX3

Xo = U sin X3
. tanx

X3 = —U I, 5 (2)
. - sin (x3—x4+x5)

Xg = U I cos x5

X5 = U

The vector fields associated with this system are

COS X3

sin x3
tan x5
81 = L, 82 =
sin (x3—x4+x5)
I cos x5

0

_ o O O O

and the necessary and sufficient condition for flatness given by Martin and Rouchon in [22]
can be checked by computing the following distributions:

Do (81,82)

D1 = (81,82 [81,8])

D, = (81,82 1(81,82] (81, D1], 82, D1])
D3 = (D2 g1,D2], (82, D2])

It is a straightforward computation to check that the dimension of D; is 2 + i,
Vi=0,1,2,3. According to [22], this implies the flatness of the system. However, the au-
thors were not able to find the flat outputs of (2) by applying the algorithms given in [22]
because this led to a system of partial differential equations that cannot be solved analyti-
cally. Similarly, the application of the results presented in [23,24] also faces this issue.

On the other hand, the system is not linearizable by pure prolongations ([25,26]);
therefore, flat outputs cannot be computed using this method either.

An alternative method to control the system is to partially feedback linearize the
representation. In order to do this, we use the construction given in [20]. Consider the
following sets and distributions:

Go = <gu,$%> 3)
Gr = {f+8 8€Go} 4)
Gi = <Gi-1,{[GGi]} > ()
Q = < {ﬂd}Go,Cifl} > (6)

where f is the drift vector field, while g1 and g are the input vector fields, [Gf, G;_1] =
{[X,Y], ¥X € Gf, Y € Gij_1}, Gj_q represents the involutive closure of G;_j,
ad}g =[f, adjfl gl, and ad}g = [f, g]. Based on the former definitions, we compute the
following integers:

ro = dimGo (7)
ri = dimQ,' - dim@i,l Vi >1 (8)
k] = #{1’1' > j, Vi > 0} ] > 1 (9)
Then, it follows that r; > r, > ... and the maximum relative degree that one can

achieve for a given systemisr; +1rp 4 --- < n.
Before computing all these distributions and integers for g; and g as given in (2), we
apply a prolongation of the system; otherwise, f = 0, and the algorithm is not useful. More
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precisely, a two-order prolongation of input u; is performed, resulting in the following
overall system:

X1 = XgCOSX3

X0 = Xg sin X3

X4 = Xg Sin (xg —x4 +35) (;53(1;;;1(;_)(5) (10)
X5 = 02

X = Xy

Xy = U

Applying the above mentioned algorithm, distributions Gg and G; are both involu-
tive and of dimensions 2 and 4, respectively. On the other hand, Qp, Q1, and Q; are of
dimensions 2, 4, and 6 respectively. Therefore,

ro = dlmGO = 2
r = dlle — dlméo = 2 (11)
Ty = dlsz - dlmél = 2,

and r3 = 0. Therefore, the dimension of the maximum linearizable subsystem is ry 4 r +
o = 6. Finally, the dimensions of each of the Brunovsky boxes of the linearizable part are

k1 = #{1’121,V120}:3

12
k2 = #{TZZZ,VIZO}:?) ( )

In order to find the change of variables that partially linearize the system, two functions
(h1(x) and hy(x)) must be found. These functions must fulfill the property that their relative
degrees are ky = 3 and k, = 3, and they must be differentially independent—in other
words, the Jacobian of (hy(x), /1 (x), h1(x), ha(x), ha(x), h2(x)) must not be singular.

It is not difficult to check that h;(x) = x; and hy(x) = x, do the job. Therefore,
the change of variables to partially feedback linearize the system is expressed as follows:

21 = I(x) X1

Zy = h] (x) = XgCOS X3

zz = hi(x) = xycosxz+x2sinxs tarl‘vx5 13)
zy = ﬁz(x) = X

z5 = hp(x) = xgsinx;

z6 = hy(x) x7sinxz — x2 cos x3 ta?v“

The seventh variable of the change of variable z; can be chosen freely as long as it is
differentially independent with zy, . . ., z¢. For instance, zy = x4 is a simple choice.

Regarding the feedback, the new inputs are defined in such a way that, in the new
variables, the system is in Brunovsky form for the first six variables. Hence, w1 = Z3 and
wy = Zg. Therefore, the feedback law is expressed as follows:

2
_ . tan x 3 tan x
w; = 3XeX7Sinx3=T > — xg cos x3< I, 5)
2 o 1
+ v1C0s X3+ Xgsinxg Io(cos x3)? (%)

2
wy = —3XgX7COSX3 ta?vxf; — x3sinxs (tarl‘vx5 )
i 42 1
+ ©vpsinxz —xgcosxs Io{cos x3)2 ()
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After applying the change of variables and the feedback law, the equations of the
system become the following:

1 = 2

Zp = z3

Boom (14)
Zy = z5

5 = Zg

Zg = Wy

The seventh equation is obtained by computing

sin (x3 — x4 + x5)
I. cos x5

Zy = Xq4 = X6,
which, after application of the inverse of the diffeomorphism in order to write all the x
variables as functions of the z variables and some bookkeeping, reads

. A /z3+22 sin (arctan % —2z7)
Z7 = lg
I, cos (arctan % —27)(z325—222¢)

le(z5+22%)

The transformation from z to x changes depending on the speed direction:

e  For a positive speed,

X1 = Z1

X2 = Z4

x3 = arctan(z5/zp)

X4 = z7

x5 = arctan (lv(,(zzzszZZ)EZS) > )
2 5

Xe = /z5+722

x; = (2223+2526)

V/Z5+72

*  For a negative speed,

X1 = Z1

X2 = Z4

x3 = arctan(zs/zp) + 7

X4 = z7

xs = arctan (1122222)325) ) (10
2 5

Xe = —y/Z5+ 722
_ (2273+25%)

V73472

Figure 3 summarizes the followed process for linearizing the systems and the transfor-

X7 =

mation between the original and the linear representation.
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Original representation

Xpf = Ugfcosby [m/s]
Yof = Uppsinby [m/s]
0o = —uppe [rad/s]

0. = 1¢p/5i“(i%;3;’+f) [rad/s]

Converted to affine form
by prolongation of ¢ and
evaluation of the

linearization options . ) o . .
(Martin et al. 1994) The system is flat, but it is not posible to obtain the

X1 = Uj1COSXj3 [m/s] flat OUtpUtS

¥y = wysinx [ (Lietal. 2012, Gstottner et al. 2023) It is not linearizable using

o tan x5
B3 =~ ) the results for 2 input driftless systems
N sin (x3—x4+Xx5) [rad/s]
4 = W I cos x5
X5 = 1y [rad/s]

(Fossas et al. 2000, Levine 2023) The system is not linearizable by
pure prolongations

(x

P Flat representation

. i Linearized flat representation
Prolongation for evaluatmm
the maximum partial Equation (13) 21 = 22 [m/s]

linearization (Marino 1986) Z = z3 [m/s?
5 7 3

X1 = XgCOSX3 [m/s] &y = ;"(x) = %1 [m] B = [[nn':;:]]
X = xgsinxs [m/s] zg = h(x) = x [m]d 4 = 1z ik
B3 = —xgimxs [rad/s] 27 = x4 [rad] B = % e
oo s i;";:’-" {ragﬁ N:n I;we;urj‘zc[a: ja]riable'
X5 = Uy rad/s 3
te = [m/s?] i _
s f(7 [m/s?] . =iy = Mxﬁ [rad/s]
X7 = U Equations (15) and (16) I cos x5

Figure 3. Summary of the linearization process and the change of variables. The evaluation of the
differential flatness is done according to Martin et al. 1994 [22]. The obtainment of the flat outputs
is first evaluated by using the results from Li et al. 2012 [23] and Gstottner et al. 2023 [24] for
2 input driftless systems, and the results from Fossas et al. 2000 [25] and Levine 2023 [26] by using
prolongations. None of these approaches worked, and it is finally decided to solve the problem by
using the partial linearization described in Marino 1986 [20].

4. Control Design

The control structure is shown in Figure 4, where the same non-slippery condition
considered in the previous sections is assumed. The trajectory is generated in the linearized
representation corresponding to z; and z; and their derivatives. The figure also shows
where the diffeomorphism between the x and z variables is applied. This approach is
convenient because both variables correspond to the desired geometrical path, speed,
acceleration, and jerk. After that, the control action can be computed in two different
ways depending on the relative angle between the vehicle and the trailer. In case this
angle exceeds a certain threshold, the trajectory tracking mode switches to relative angle
compensation to avoid jack-knifing.

The trajectory tracking control is given in the linearized space as described in the
previous section, and the obtained action is transformed into the original system input by
using the diffeomorphism ((15) and (16)). The command has two terms: a feedforward
action directly obtained from the theoretical trajectory (w; ,, s wZ,ref) and a state space
feedback in z (vector variables are remarked using bold font) . The latter is calculated by
using (14):

z = Az + Bw (17)

The state feedback command (w) is obtained as follows:

W = Wt + KAz (18)
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where Az = z,,¢ — z. K is calculated to fix the poles of the closed-loop system, as described
by the error dynamics below:
Az = AAz — BKAz (19)

(Wx.re/
W2 ref,

Relative angle
compensator

v, —ksx;
-
6l )i —20)

(x3—x4)

Figure 4. Description of the control loop.

The trajectory tracking controller in Figure 4 is complemented by the relative angle
compensator, which takes control of the steering when the angle between the vehicle
and trailer approaches a jack-knife condition. Jack-knifing can produce a risky situation
that would damage both the vehicle and the radar on the trailer. To avoid that, when
|x3 — x4] = |6y — 6| > 1.3rad, v; (iiyf) keeps the speed by setting x7 = 0 as a reference,
and v; (¢) reduces the relative angle between vehicle and cart (x4 = x3). A threshold of
1.3 rad is chosen because it allows for a relative angle, which may be necessary to place
the vehicle in a correct position for certain measurements of the radar system, although
it avoids largely exceeding 71/2 rad. This threshold can be modified depending on the
application and vehicle characteristics. When compensation is activated, the speed control
changes to the following:

01 = —kSX7 (20)

This way, the acceleration of the vehicle is set to zero in order to keep a constant
speed (%g). The value of ks is chosen according to the desired response time (7s) of the
system to keep a constant speed:

1
U1 =Xy = —ksxy = T, = k_ (21)
s

The lateral action (v;) is defined as follows:

kale kg
vy = (f_6 + f_ss> (x3 — xy4) (22)

ks, ka, and k; are positive control gains. s is the Laplace transform of the derivative.
The shape of the controller is decided to obtain a sort of proportional-integral compensator
in the relative angle (x3 — x4), as described in the following. The division by %5 compensates
for part of the speed dependence in the error dynamics.

Using x3 and x4 in (10) at a constant speed of X and small angles of x5, the dynamics
of the relative angle are described as follows:

| |
o

X3— %4 = —7(sin(x3 —x4))

X5 (Cos(x3 —xy) + ;_Z)) (23)

|
4
A/~ &



Electronics 2025, 14, 2293

11 of 27

The above equation shows that the system tends to increase the relative angle between
the trailer and vehicle (¢ = 6, — 0.) once a small movement of the steering wheel is
applied (x5). The equation below shows that the relative angle tends to increase and the
system is unstable in backward movements presenting a positive pole in the linearized
first-order system below, obtained by a linearization assuming a small relative angle:

fio+ o=~ (s(1+£)) @

For the relative angle controller, the system is linearized using first-order Taylor
approximation at the following operation points: x3 — x4 = £7/2 + Af and x5 = :F% +
Axs. The result in the first operation point is:

d e Ly
gibe=-7" <ZUA 5+ AH) (25)

As x5 = 7 + Axs, its derivative becomes the following:

d

Y27 0

d
( + AX5> T —Axs (26)
This result is used to substitute (22) in (25). The obtained error equation after applying
the Laplace transform becomes the following:
kd S

ABs? + C1A0s + CoAG = <c2 + l) - (27)
(%

where C; = —( + lckd) and C; = % The term on the right is a consequence of
using (x3 — x4) = Af + 7. In consequence, when the vehicle and trailer approach a risky
situation, the compensator tries to align them by sending a —7 command.

To ensure stability at all speeds, it suffices to impose the following condition:

l 2
kd > (l ) |x6| (28)

The value of k, is fixed to define the response time of the relative angle controller. A
summary of the gain calculation appears in Table 2.

Table 2. Sizing procedure for the relative angle compensator.

Gain Equation
k4 Response time of the speed controller (28)
ks Stability of the relative angle compensator (21)
kg Response time of the relative angle compensator (27)

The trajectory is generated by using the algorithm described in [15] and summarized
in Figure 5. The trajectory connects the guide points by using straight lines, turns, and
clothoids for smoother transitions. The reference speeds at the beginning and end of the
straight segment are set based on the maximum lateral acceleration allowed during curves,
which maintains a constant speed. When those speeds differ, the segment is divided into
acceleration, constant-speed, and deceleration sections. The trajectory planner provides
the reference trajectory variables in real time. However, this transmission is paused if
the relative angle compensator takes control. Once the vehicle and trailer are realigned,
the tracking process is resumed.



Electronics 2025, 14, 2293

12 of 27

Geometry N X N X
— Selection of via points

It is necessary to use another set
of via points Straight line generation ‘

No

Is it possible to join every pair of lines by

Rz a circle?
\ Yes
PINRS
Ry '\ T ) ’ Join straight lines with curve lines
V2

Speed curve
oot Speed definition at end points of

straight lines

l

Straight lines speed evolution
|
v
Curve lines wheel angle
generation
|

N
Trajectory

Clothoid

Figure 5. Algorithm for generating the trajectory.

5. Virtual Validation

The control structure in Figure 4 was evaluated under virtual conditions using
Matlab Simulink.

Validation was performed under three different conditions: a forward maneuver
without and with perturbation and a backward maneuver. In forward movements, it is
necessary to force a perturbation to cause jack-knifing, which naturally appears in the
backward movement. The objective is to prove the functionality of the controller with and
without jack-knifing conditions.

First, a long forward trajectory maneuver in the absence of perturbation is tested.
The followed trajectory appears in Figure 6, where the color of the line corresponds to the
time evolution. This same color pattern can be seen in the pictures of orientation (Figure 7),
speed (Figure 8), and steering command (Figure 9). Figure 8 shows that the system tries to
keep constant speed at the curves. The change of orientation in Figure 7 corresponds to the
steering commands in Figure 9.

After that, a perturbation is forced at the 20 s when the vehicle slides. This effect
simulates a change in the friction between the road and wheels caused by variations in
the road conditions—for example, the presence of water. The sliding effect is simulated
by a perturbation of 2.5 rad /s in the vehicle’s angular speed (6,(x3)) for 2 s. In absence
of the relative compensator, Figure 10 shows that the vehicle cannot effectively maintain
the trajectory, and it considerably deviates from the reference track marked in red. This
is caused by the combined effect of the sliding at the wheels and the perturbation from
the rear trailer. As observed in Figure 11, the relative angle is larger than 7t rad, which
is physically impossible, as the trailer would collide with the vehicle. The speed and
steering-angle evolution are represented in Figures 12 and 13.
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Figure 6. Followed trajectory in the long maneuver test. The figure shows the reference in red and
the followed path with a color pattern that evolves over time to relate the track point to the variable
evolution in the following figures, which maintain the same color pattern.
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Figure 7. Orientation in the long maneuver test. The orientations of the vehicle and cart are
represented in the figure for comparison.
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Figure 8. Speed in the long maneuver test. The speed is adapted along the straight lines and kept
constant in the turns.
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Figure 9. Steering in the long maneuver test. The angle is kept constant along the straight line and
the curves, with an adaptation range at the beginning of the turn.
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Figure 10. Followed trajectory in the long maneuver test without a compensator. The pink and black
dots represents the instants at which the relative angle compensator would have been activated and
deactivated, respectively, if it were in operation.

Orientation (rad)
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Figure 11. Orientation in the long maneuver test without a compensator. In the absence of the
relative angle compensator, the vehicle and trailer exceed the 7 rad relative angle, which is physically
impossible. The pink and black dots represents the instants at which the relative angle compensator
would have been activated and deactivated, respectively, if it were in operation.
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Figure 12. Speed in the long maneuver test without a compensator. Between 21 s and 27 s, the
vehicle speed is high, and it takes a long time to recover from the perturbation.The pink and black
dots represents the instants at which the relative angle compensator would have been activated and
deactivated, respectively, if it were in operation.
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Figure 13. Steering in the long maneuver test without a compensator. The steering command is much
less smooth than the one without perturbation. The pink and black dots represents the instants at
which the relative angle compensator would have been activated and deactivated, respectively, if it
were in operation.

The same test is repeated with the relative angle compensator. As a consequence of
the vehicle sliding, the vehicle trajectory changes, and the trailer tends to jack-knife, as can
be seen in Figure 14 and the detail in Figure 15. The marks in the figure show the points at
which the relative angle compensator turns on (17) and off (10). A comparison of Figure 16
and Figure 7 shows the abrupt orientation variations in the vehicle and trailer caused by
the sliding of the vehicle. At point 1i, the relative angle exceeds the threshold of 1.3 rad,
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and the relative angle compensator takes over control of the vehicle. At that moment, the
vehicle’s speed is kept constant, as shown in Figure 17, and the driver changes the sense
of the steering command to avoid jack-knifing (Figure 18). A detailed representation of
the maneuver appears in Figure 19. Both the speed and steering maneuvers are softer and
shorter than without a compensator (Figures 12 and 13). Just before the vehicle starts sliding
at 20 s, the vehicle and trailer follow the desired trajectory. When the wheels lose adherence,
both the vehicle and trailer start turning, and the relative angle compensator activates at
21.5 s. At that moment, the vehicle goes backwards, turning the steering wheel to align the
trailer, after which the vehicle restarts forward movement to follow the trajectory.

QO r

© Theoretical track
+ Followed track

80

70

60

50

40

30

20

0 10 20 30 40 50 60 70 80 90

x, (m)
Figure 14. Followed trajectory in the long maneuver test with perturbation. The figure shows the
reference in red and the followed path with a color pattern that evolves over time to relate the track
point to the variable evolution in the following figures, which maintain the same color pattern. 1i (pink
dot) and 1o (black dot) represent the points at which the relative angle compensator starts and stops.

© Theoretical track
| | T Followed track

20_. | L L L

38 40 42 44 46 48 50 52 54 56

Figure 15. Detail of the followed trajectory in the long maneuver test with perturbation. Point 17
(pink dot) shows that before the relative angle compensator starts, the vehicle has already deviated
from its trajectory due to the movement of the trailer. Point 1o (black dot) shows the moment at
which the relative angle compensator returns control to the trajectory follower.
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Figure 16. Orientation in the long maneuver test with perturbation. Points 1i and 1o show the start
and stop moments of the relative angle compensator in the orientation of the trailer and the vehicle.
The relative angle is reduced during the compensation maneuver. The pink and black dots represents
the instants at which the relative angle compensator have been activated and deactivated, respectively.

Speed (xs)(mls)

2 F T
1i ®
4 F 4
J‘ 10
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0 10 20 30 40 50 60 70

Time (s)
Figure 17. Speed in the long maneuver test with perturbation. Once the relative angle compensator
starts, the speed tends toward a constant value. The pink and black dots represents the instants at
which the relative angle compensator have been activated and deactivated, respectively.
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Figure 18. Steering in the long maneuver test with perturbation. The relative angle compensator
tends to counter maneuver the steering wheel to reduce the relative angle. The pink and black
dots represents the instants at which the relative angle compensator have been activated and deacti-

vated, respectively.

451 (a)20s 45 | (b)21.5s(1i)
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Figure 19. Detailed representation of the maneuver in the long maneuver test with perturbation
(vehicle in blue and trailer in red). (a) The vehicle follows the trajectory with a small relative angle
between the vehicle and trailer; (b) the compensator activates at 21.5 s due to the perturbation; (c) the
compensator moves the vehicle backwards to compensate for the angle ; (d) once the vehicle and
trailer are aligned, the vehicle restarts movement in the forward sense.

In the case of the backward maneuver, the trailer naturally tends to jack-knife without
the presence of any perturbation as described in Equation (23). In the absence of the relative
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angle compensator, the path seems to be well tracked (Figure 20). However, as shown
in Figure 21, the evolution of the relative angle starts increasing at the very beginning of
the test, and it is about 7t rad during the trajectory. This is an undesired behavior, as the
trailer would collide with the vehicle. The evolution of the speed and steering commands
is shown in Figures 22 and 23. As the steering command angle in Figure 23 is positive for
a long time, the relative angle increases too much and results in a collision between the
vehicle and trailer at 7t rad.

D -
& Theoretical track
+ Followed track
2+t
4t
E
o _5 .
o
<
B8
101
-12

-90 -80 -fo 60 -50 40 -30 =20 -10 0
X, (m)

Figure 20. Followed trajectory in the long maneuver test without a compensator. The pink dot shows
that the relative angle compensator would have started operation very early during trajectory tracking.

057

Orientation (rad)
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| [ = = =Vehicle [.'(3}

a5 . . . . . . . . )
0 2 4 6 B 10 12 14 16 18

Time (s)

Figure 21. Orientation in the long maneuver test without a compensator. The difference between
the two curves shows a relative angle of almost 7t rad during most of the trajectory, which implies a
collision between the vehicle and trailer. The pink dot shows the instant at which the relative angle
compensator would have started operation if it would be present.
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Figure 22. Speed in the long maneuver test without a compensator. The speed evolution shows a
very constant tendency along the whole trajectory because the controller does not try to compensate
for the relative angle at any moment, which results in the collision between the vehicle and trailer.

The pink dot shows the instant at which the relative angle compensator would have started operation

if it would be present.
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Figure 23. Steering in the long maneuver test without a compensator. The steering evolution does not
show any countermeasure to compensating for the excessive relative angle. The pink dot shows the
instant at which the relative angle compensator would have started operation if it would be present.

When repeating the test with the relative angle compensator, the vehicle maneuvers to
reduce the angle between the vehicle and trailer, as shown in Figure 24 and the detail in
Figure 25. In this case, the relative angle compensator enters into operation twice during the
test. Therefore, there are four marks in the figure for the first (17, 10) and second activations
(21, 20). In both actuations of the compensator, the speed is kept constant (Figure 26).
As observed in Figure 27, during the fist activation, the compensation just slightly steers
the vehicle to compensate for the increase in the relative angle, but it does not affect the
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trajectory tracking. Just before the second actuation, the relative angle tends to sharply
increase, and the vehicle gets out of the reference track. The corrective steering maneuver
reduces the relative angle (Figure 28). The 2D movement of the vehicle can be seen in
Figure 29. At 4.3 s, the trailer has already started to turn. This trend continues until the
relative angle threshold is overcome at 6.2 s. The relative angle compensator continues
the backwards movement to align the vehicle and the trailer and, after that, the vehicle
continues trajectory tracking in the forward direction.

© Theoretical track
-1 | |+ Followed track

-10 i : '
80 70 60 50 40 30 20 10 0

X, (m)
Figure 24. Followed trajectory in the backward maneuver test. The figure shows the reference in
red and the followed path with a color pattern that evolves over time to relate the track point to the
variable evolution in the following figures, which maintain the same color pattern. In this case, the
relative angle compensator is activated and deactivated twice, at 17, 2 (pink dots) and 2i, 20 (black
dots), respectively.
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Figure 25. Detail of the followed trajectory in the forward maneuver test. The first activation (1i — 10)
is a short compensation with a minimal effect on the trajectory. The second one (2i — 20) shows a
more drastic tracking error caused by the relative angle. The pink and black dots represents the
instants at which the relative angle compensator have been activated and deactivated, respectively.
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Figure 26. Orientation in the backward maneuver test. The difference between the angles of the
trailer and vehicle is lower after the actuation of the relative angle compensator, as can be seen in
at points 1o, 20 compared with 17, 2i. The pink and black dots represents the instants at which the
relative angle compensator have been activated and deactivated, respectively.

Speed (xs)(mls)
=]

Figure 27. Speed in the backward maneuver test. After the second actuation of the relative angle
compensator (20), the trajectory tracker changes the speed. The pink and black dots represents the
instants at which the relative angle compensator have been activated and deactivated, respectively.
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Figure 28. Steering in the backward maneuver test. The first actuation of the relative angle com-
pensator at 1i shows a short actuation of the steering wheel, but the second one at 2i results in a
much larger counter-maneuver, with the steering wheel turning the complete range. The pink and
black dots represents the instants at which the relative angle compensator have been activated and

deactivated, respectively.
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Figure 29. Detail of the maneuver in the backward maneuver test (vehicle in blue and trailer in red).
(a) From the very beginning, the trailer tends to swing with respect to the vehicle; (b) at 1, the relative
angle is large; (c) at 20, the relative angle compensator turns the vehicle to align the vehicle and cart;
(d) once aligned, the vehicle continues in the forward direction.

The above results show the ability of the proposed controller to follow a trajectory
and react appropriately in the presence of jack-knifing conditions. In forward movements
without perturbations, the trajectory tracking controller follows the reference track as de-
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sired. However, when a perturbation appears and the relative angle increases, the absence
of the compensator results in collision conditions when the relative angle reaches 7 rad
values and reduced maneuverability due to the perturbations generated by the trailer.
In backward movement, the trailer tends to jack-knife very early due to the instability of
the movement, and a compensator is required to avoid a collision between the vehicle
and trailer.

Table 3 compares the behavior of the system to the behavior of a vehicle without a
trailer in the absence of external perturbations controlled using differential flatness. As can
be observed, the relative angles are much lower when the relative angle compensator is
activated. In fact, both forward and backward movements would be unfeasible in real
conditions due to collisions between the trailer and vehicle, with angles close to 7 rad.
In the forward test, the relative angle compensator permits the system to recover faster
from the sliding perturbation. In the backward test, although the time delay is null in the
absence of a relative angle compensator, this is caused by the controller not avoiding the
collision between vehicle and trailer, which is not a feasible solution.

Table 3. Comparison of the evolution with and without a relative angle compensator. The maximum
error is the longest distance between the vehicle reference point in the middle of the front axle and
the theoretical trajectory, the maximum ang]le is the greatest difference between the vehicle and trailer
orientation, and the time delay is the increased duration of the test with respect to the reference case.

Test Max. Error Max. Angle Time Delay
Forward without compensator 53m 4.7 rad 53s
Forward with compensator 20m 2.1rad 0.8s
Backward without compensator 0.0m 3.1 rad 0.0s
Backward with compensator 45m 2.2rad 10s

6. Conclusions

The present paper describes a control design for a dumper vehicle with a trailer. The
particularity of the system compared with previous works is the fact that the vehicle has its
steering wheels on the rear axle. This has an important consequence in the mathematical lin-
earization properties of the complete system, which makes it impossible to obtain analytical
expressions for the flat outputs using the exiting algorithms. This is analyzed in Section 3,
where a partial feedback linearization was demonstrated as an alternative for controlling
the vehicle with the trailer. This linearization was used to design a trajectory tracking
controller combined with a relative angle compensator to avoid jack-knifing between the
trailer and vehicle. This control structure was successfully verified in virtual conditions.

The presented approach assumes the absence of slippery conditions under the wheels
and the perfect tracking of the steering and vehicle speed at low-level controllers. Al-
though the closed-loop structure adds robustness to the system, further developments with
higher speeds should take these issues into account. Apart from that, other opportunities
for extension of the present work include the implementation of the presented control
architecture in a real dumper (Figure 1) . The developed hardware structure is described in
Section 2.2. In addition to that, further activities will include a tighter relationship between
the control and the planning algorithms so that the latter updates the reference trajectory
once the relative angle compensator has been activated, as well as the evaluation of poten-
tial strategies for modifying the speed when the relative angle compensator starts working.
The latter can be important when the vehicle runs fast in jack-knifing conditions. This is
not the case for the current application, but it could be useful for extending the present
approach to other fields. Finally, the mathematical derivation for the partial linearization
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can be extended to conditions where the joint between the trailer and vehicle does not
lie on the rear axle, which seems to be a more general condition for different vehicles
and configurations.
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