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It is widely recognized that no tractable necessary and sufficient conditions exist for
determining whether a system is, in general, differentially flat. However, specific cases
do provide such conditions. For instance, driftless systems with two inputs have known
necessary and sufficient conditions. For driftless systems with three or more inputs, the
available conditions are only sufficient. This paper presents new findings on determining
whether a system with m inputs and 2m or 2m — 1 states is flat by pure prolongation,
a specific subclass of differential flatness. While this condition is more restrictive than
general differential flatness, the algorithm for computing flat outputs remains remarkably
simple, and the verification requirements are relatively lenient. Moreover, the conditions
proposed in this work broaden the class of systems recognized as differentially flat, as
our sufficient condition differs from existing criteria.

Keywords: Nonlinear control system; differential geometric control; Lie bracket; driftless
system; differential flatness; pure prolongation.
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1. Introduction

For linear control systems, controllability, transformation into Brunovsky canonical
form through a change of variables and a regular feedback, and controller design
for trajectory planning are interchangeable concepts. However, this equivalence no
longer holds for nonlinear systems. While a nonlinear system may exhibit control-
lability, it cannot necessarily be transformed into Brunovsky canonical form.
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To address this disparity, new criteria were established to ascertain a nonlinear
system’s capability to achieve its Brunovsky canonical form. These criteria encom-
pass static feedback linearizable systems, as detailed in |[11413].

Subsequently, dynamically feedback linearizable systems were introduced in
works like [1, [2]. Such systems also present the possibility of transformation into
Brunovsky form by augmenting the system with additional state variables, each
possessing its own dynamics and through the application of a diffeomorphism and
a regular state feedback to the overall system. Unfortunately, there lacks a defini-
tive necessary and sufficient condition for determining whether a given system is
dynamically feedback linearizable.

Significant advances were achieved in the final decade of the previous century
with the introduction of differentially flat systems [4]. Notably, for driftless systems,
more sophisticated outcomes emerged for two-input systems [19] and systems of
codimension two 20|, where both necessary and sufficient conditions were given for
a system to exhibit differential flatness. For systems with more than two inputs,
a sufficient condition was also given in [19]. The book [15] summarizes all the
mentioned results and gives algorithms for the computation of the flat outputs.
More recently, algorithms to compute the flat outputs for driftless systems with
two inputs were given in [10, [18].

A specific category of dynamic feedback is pure prolongation, wherein certain
inputs and their derivatives up to a specified order are introduced as new states. In
the context of this dynamic feedback type, both necessary and sufficient conditions
for the linearization of a control system through prolongations have been presented
in [6l |§]. In particular, a bound on the number of integrators needed to linearize a
control system was given. In a recent development, an algorithm for determining
the possibility to linearize system through pure prolongations has been presented
in [17]. The algorithm, designed for computational feasibility, efficiently identifies
the minimal prolongation in a finite number of steps, relying solely on Lie brackets
and linear algebra.

For controllable driftless systems with m inputs and m + 1 states, it is straight-
forward to demonstrate their linearizability through pure prolongations, as dis-
cussed in [9]. Additionally, comprehensive conditions outlining the necessity and
sufficiency for a driftless system with two inputs to undergo linearization via pure
prolongations were elucidated in [7].

This paper generalizes these results by providing sufficient conditions for drift-
less systems with m (m > 2) inputs and either 2m or 2m—1 states to be linearizable
by prolongations. In most of the cases, these conditions differ from the sufficient
conditions for differential flatness provided in [19]. Consequently, our findings also
broaden the set of systems recognized as differentially flat for m inputs, 2m or
2m — 1 states. The three-input case is studied first because it offers a simpler set-
ting that helps to convey the main ideas and intuition before presenting the general
construction. Moreover, for m = 3 we systematically apply the algorithm presented
in [17].
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The paper is structured as follows: Section [2] introduces the necessary math-
ematical background and reviews relevant existing results. Section [3| explores the
study of three-input driftless systems, with Sec. [3:1] presenting specific results for
the case of six states using the algorithm from [17]; the proof of the main result
is detailed in Appendiix A. Section [3.2] extends these findings to systems with five
states, building on the results from the previous section. Section [4] generalizes the
analysis to m-input systems with 2m or 2m — 1 states. Finally, the paper concludes
with a summary of findings and potential directions for future research.

2. Mathematical Background

A control system in affine form over a smooth n-dimensional manifold X is given by
&= flz)+ Y gila)us, (2.1)
i=1

where € X is the n-dimensional state vector, with m < n (otherwise the problem
of feedback linearization is trivial) and f and g; are smooth vector fields in the
tangent bundle TX of X for each u = (uq,...,uy). We stress that, although all
the results of this paper are done in suitably chosen local charts, all the results are
intrinsic.

f(z) is called the drift vector field, while g;(x) are the input vector fields. These
input vector fields are assumed to be independent since, otherwise, one can reduce
the number of inputs by removing redundant directions until the remaining input
vector fields are linearly independent.

The system is static feedback linearizable if there exists a diffeomorphism z =
¢(x) and a regular feedback law u = a(z) + b(z)v such that, in the new variables,
the system becomes linear. A necessary and sufficient condition for a control system
to be linearizable by static feedback was given in |11} [13]:

The distributions

DOZ{gla"'agm} Di = {917"'7gm7"'7ad}gla"'aad;gm}

where we use the notation {gi, ..., gm } for the distribution generated by the vector
fields g1, 92 .. ., gm, must be of constant rank and involutive. Moreover, there exists
i such that the rank of D; equals n.* Throughout the paper it is assumed that all
the distributions have constant rank as the Frobenius Theorem (see, for instance,
13,112, 21]), applies only for regular distributions. Several studies have investigated
control systems with singularities |[14], which can be either apparent (in which case
an appropriate change of the set of flat outputs resolves the issue) or intrinsic.
Intrinsic singularities include the set of points where the system fails to satisfy the
strong accessibility rank condition. The analysis of systems with singularities lies
beyond the scope of this paper.

2We have used the classical notations ad(f)g =g and ad’;g =f, ad’fflg] for all k > 1.
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A driftless control system is
T = Zgl(w)ul (2.2)
i=1

Note that this system is not static feedback linearizable since it would require
the involutivity of the distribution {g1,...,gm} that would in turn imply that the
brackets adl(culgl+.,,+umgm)gi, i=1,...,m, k>1 would all remain in {g1,...,9m},
of rank m < n, thus preventing the system from being controllable.

A dynamic system

== f(z,u)

is said to be differentially flat if and only if there exists m functions y = (y1,...,Ym)
(called flat outputs) such that

y=ylz,u,,...) z=z(y,9,...) uw=u(y,y,...) (2.3)

where the dependence is up to a finite number of derivatives.

Differential flatness was introduced in [4]. It has been proven that a system is
differentially flat if, and only if, it is dynamic feedback linearizable by endogenous
dynamic feedback (see |41 [5]). The first of these papers introduces differential flatness
in the framework of differential algebra, while the second one uses infinite jets.
Although necessary and sufficient conditions for verifying differential flatness exist
|16], they do not yield a finite set of criteria for determining whether a given system
is differentially flat. There are some easy conditions for driftless systems. More
precisely, we have the following theorem.

Theorem 1. A two-input driftless system
&= g1(z)ur + g2(x)u2 (2.4)
1s differentially flat if, and only if, the ranks of the following distributions
Do =1{g91,92}  Dit1=D; +[D;, Dj]

are d; = rank D; = i+ 2, Vi = 0,...,n — 2, with the usual notation {g1,g2} for
the distribution generated by g1 and go and with [D, D] = {[a, 8] | o, 8 € D}, [, B]
denoting the Lie bracket of the vector fields o and (3.

The details can be found in [19]. In the same paper, it is shown that the above
condition is a sufficient condition for flatness when the number of inputs is strictly
greater than two.

On the other hand, for systems with n — 2 inputs, flatness has been proven to
be equivalent to controllability [20].
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Consider the m-input system ([2.1)) with z € X, a n-dimensional smooth mani-
fold. A pure prolongation of the system of order j = (ji, ..., jm) With ji, ..., jm € N,
is given by the associated prolonged vector field

LT
) — p+1
9 —9+ZZW 9’
i=1 p=0 7
where the prolonged states are ul(-p), p=20,...,7; — 1, and the control inputs ul(-ji).

In other words, the original states remain the same, while the new states added
to the system are inputs and derivatives of these inputs up to the order j— 1.
The prolonged state thus belongs to the prolonged manifold X x RHl with the
notation |j| £ 7", j;. Throughout the paper, the notation g will denote the vector
field Z?Zl gj% for both the vector field ¢ € TX and the natural embedding

geTX xRHlP

Definition 2.1. System is flat by pure prolongation or linearizable by pure
prolongation (P2-flat) at a point (zg, ) € X x RHl if, and only if, there exist finite
j such that the prolonged system of order j is equivalent by diffeomorphism and
feedback to a system in Brunovsky form.

In the coordinates (z,w), the notation @ stands for
a2 (u, i, i, ..., u8"Y) 2 (ugk) ci=1,....m:;0<k<j;— 1) c Rl

More on this construction can be found in |15, [16].

Regarding pure prolongations, a nonlinear driftless system with n — 1 inputs
and n states is flat by pure prolongations if, and only if, it is controllable [9]. For
driftless systems with two inputs, the condition for a system to be flat by pure
prolongations [7] is shown in the following theorem:

The two-input driftless system

T = gru1 + gaua

is flat by pure prolongations if and only if

: 2 k
(i) ad(ad§2g1)92 € {g1,adg,91,...,adg,g1}, Vk € {1,...,n — 3}
.. ' _92
(ii) rank {g1,adg,g1,...,ady, “g1,92} =n
or
: 2 k
(1) ad(ad,; 42) 1 € {g2,adg, g2, ..., ady g2}, Yk € {1,...,n — 3}
1
(ii) rank {g2,adg, ga, ..., ady, *g2, 1} =n
bThis is not the usual notation in differential geometry, when typically the superscripts are used for

coordinates. In the control community it is more common to use the subscripts for the coordinates
and superscripts for the order of derivative with respect to time, see for instance |12 |21].
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In order to illustrate all the above definitions and results, let us introduce a very
simple example based on a simplified (kinematic) model of a car:

T COS T3 0
To | = | sinxg | ur+ | 0] uo
T3 0 1

which is a two-input system defined on the 3-dimensional manifold X = R? x S*.
This system is not static feedback linearizable since the Lie bracket [g1, g2] does not
belong to the distribution spanned by g; and go. On the other hand, the system is
flat since the distributions

Do ={g1,92} D1 ={91,92,[91,92]}

have rank 2 and 3, respectively. Actually, the system is flat by pure prolongation
since a one-order prolongation of the input u; leads to the prolonged system:

1 CcoS T3 0 0
To sin z3 0 0
I3 0 1 0
l® 0 0 1

which is static feedback linearizable. The flat outputs, that can be computed
through this prolongation, are y; = x1 and ys = x2. It is easy to see that all the
states and inputs can be written as functions of the flat outputs and their deriva-

tives (see ([2.3))):

T2 U2
Ty =1, x2=1Y2, &3 = arctan-— = arctan —,
T Y1

A0 = FA G = R o =il ) = v = iy - BRI
Y1 + ;3

3. Linearization by Pure Prolongations of driftless Systems with
Three Inputs

In this section, we will study driftless three-input systems:

i = ul” g () + ud go () + ul” g3 () (3.1)

with z € X, a n-dimensional smooth manifold, and rank g;(x), g2(z), gs(x) = 3
for all z in a suitable open dense subset of X. The superscript 0 means that no
prolongation has yet been added to the system.

We aim at obtaining conditions for which this system is flat by pure prolonga-
tion.

In order to study the P2-flatness of , we apply the algorithm described
in |17, Sec. 4.3], based on Theorem [2| recalled here below.
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The unknown prolongation order® is denoted by j = (0, j2, j3). Recall that we
also denote by | j |= >_I"; ji. The prolonged vector fields are

j2—1 Js—1
; 0 0
g((f) = (ugo)gl(ff) + Uéo)m(x) + uéo)93($)> + Z Uépﬂ) » T Z UépH) Ok
p=0 au2 p=0 aug
Gw_ 90 ) 9 ) 9
97" = s 9 = s 93 = (3.2)
! 3ugo) 2 3u§32) 3 3ug]3)
According to |17], we consider the distributions Ag) and Fg) given by
G ax~) =i O
Ak —Z{adgéj) m ‘l—jp,...7]€ },
p=1 P
(3.3)
. o ’
i=1,...,m 7
and
GV =1V Al vik>o. (3.4)

Theorem 2. The necessary and sufficient conditions for P2-flatness are:
(1) [Ag), A,(Cj)] C A,(cj) and rank A,(g) locally constant for all k,
i) T9, A9 c AY for ail k,
(iii) Y < n+|j| such that rank AY = n+m for k > kY.
We also consider the sequence of integers
pg) £ rank GS)/ngl Vk > 1, pgj) £ rank Géj) =m

and, with the notation #A for the number of elements of a set A, the Brunovsky
controllability indices of order j

) 2L 2 kY k=1 m.

The equivalent linear system is thus
6) @ @
= ) = T =,
where (y1,y2,ys3) is a flat output, obtained as a locally non-trivial solution of the
system of PDE’s
<GS),dyi> =0, k=0,... 7,{?) — 2, with <GS§)j>1,dyi> £0, i=1,...,m.

(3.5)

°It is proven in [17, Lemma 4.4], that considering j; = 0 suffices for our purpose. It was also
proven in [23].
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Here, dy stands for the differential of the function y and, hence, it is a one form
that annihilates G,(CJ).

3.1. Linearization by prolongations of driftless systems with three
inputs and six states

‘We set
Hos = {g1,92,93},

Hoo £ 491,92}, Hpo=A{g1,93}, Hyo = {92,935}, (3.6)

Ho1 = {1},

where we have denoted by g; the vector field gi%, 1 =1,2,3, for simplicity’s sake.
The first index 4 of the subscripts (4,j) corresponds to the maximum number of Lie
brackets involved in the distribution, while the second subscript j is related to the
number of vector fields that we have at the initialization.

We further introduce

Ha 3 £ {91, 92,93, (92, 91], [93, 921, [93, [93, 911l [93, [93, 921} »

His % {g1,92, 93,93, 91], [93, 921} »

Hiz = {g1,92, 93 91], 93, 92]} (3.7)
Hi o % {91, 92,192, 91], [93, 1]} ,

Hi1 = {g1,[92,01], 193, 91]} -
There are two possible initializations of the algorithm described in |17} Sec. 4.3],
whether the largest involutive subdistribution of Hy 3 is, up to a suitable input
permutation, Hg o or Hy; i.e.

Hop = Hpo, Hos# Hozs (3.8)
or
Hoo # Hoa, Hyo# Hyo, Hyo# Hyy, Hos# Hos, (3.9)

where we have denoted by H the involutive closure of a distribution H.
Note that the initialization (3.8)) implies that j; = jo = 0, whereas (3.9)) implies
that jo > 1. In both cases we assume, without loss of generality, that js > jo.

Theorem 3. Assume that {g1, g2, 93} is not involutive. Two, and only two, cases
are possible: either the largest involutive subdistribution of {g1, 92,93} s, up to a
suitable permutation of the inputs, {g1,92}, or {q1}.

(1) If the largest involutive subdistribution of {g1,92,93} s {91,92}, a necessary
and sufficient condition for the system (3.1)) to be P?-flat is

Hi2={01,99, 93, 91, [93,92]} involutive with rank Hj o = 4,

and the minimal prolongation order is j = (0,0,2).



204 Reading

November 19, 2025 15:13 WSPC/2972-4589 354-GM 2540012

On driftless systems with m controls and 2m or 2m — 1 states 9

Moreover, the flat outputs y1,y2,ys3 are such that their differentials annihi-
late HLQ.
(2) If the largest involutive subdistribution of {g1, 92,93} is {q1}, a necessary and
sufficient condition for the system to be P>-flat is

H{,z ={91,92,[92,91], [93, 1]} involutive, with rank Hi,2 =3,
rank Hy3 =6

with H2,3 - {915927.9?” [92791]7 [93592}7 [g?n [93791]]7 [g37 [93792]]} B

and the minimal prolongation order is j = (0,1,2).
Moreover, the flat outputs y1,y2,ys are such that their differentials annihi-
late Hj 5.

The proof of this theorem can be found in Appendix A.

Remark. As mentioned earlier in Theorem 1] ([19]), the known sufficient conditions
for a controllable driftless system with six states and three inputs to be differentially
flat, are d; = rank D; = 3 + ¢, where

DO = {glaQQvg?)} )

Dl = {D07 [DO? DO]} = {glv92a937 [gla92]7 [91,93]7 [92793]} ) (310)
Dy ={D;,[D1,D4]}.

So, assuming that the input vector fields are independent, these conditions
reduce to check dy = 4 and do = 5. Recall that the conditions found in this paper
are

e H;, is involutive and of rank 4 if the largest involutive subdistribution of
{91,92, 95} 1s {g1, 92}, or

e Hj, is involutive and of rank 3, and Ho 3 is of rank 6 if the largest involutive
subdistribution of {g1, 92,93} is {91}

Hence, our conditions differ from the ones mentioned above. As a result, in
addition to identifying which systems are flat by pure prolongation, we establish
a new sufficient condition for differential flatness in driftless systems with three
inputs and six states.

3.2. Linearization by prolongations of driftless systems with three
inputs and five states

Regarding controllable driftless systems with three inputs and five states, let us
remind, again, that the known conditions for flatness 7 reduce to check if
dp = 3 (which is usually assumed as long as the input vector fields are independent),
dy =4, and d2 = 5 (this last condition is trivial if the controllability of the system
is assumed). Hence, the only condition to be checked is d; = 4. There are, indeed,
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two excluding possibilities for d;, namely dy = 4 and d; = 5. d; = 4 has been
proven to be a sufficient condition for flatness in [19).

Building on the results from Sec. this section demonstrates that for the
complementary case d; = 5, the system is flat by pure prolongation under an
additional assumption. The precise statement is as follows:

We consider the driftless linear-in-the-control system

T = ugo)gl(x) + ugo)gg(x) + ugo)gg(x) (3.11)

with z € X, a smooth manifold of dimension 5, and rank g;(x), g2(x), g3(x) = 3 for
all z in a suitable open dense subset of X. We set

Hos 2 {g1,92,93}
(3.12)

H072 £ {gla92}7 H1,3 £ {91,927937[93,91],[!]3,92]}

where, again, we have denoted by g; the vector field » ?:1 giyj%, 1=1,2,3, for
J
simplicity’s sake.

Theorem 4. Assume that {g1,ge, g3} is not involutive.

(1) If the largest involutive subdistribution of {g1, 92,93} is {g1,92}, a necessary
and sufficient condition for the system (3.11)) to be flat by pure prolongation is

H1,3 = {913923933 [93791]7 [93392}} has rank 5

and the minimal prolongation order is j = (0,0,1). Moreover, the flat outputs
are Y1, Y2, y3 such that their differentials annihilate g, and go.

(2) If the largest involutive subdistribution of {g1,g2,9s} is {g1}, a necessary and
sufficient condition for the system to be flat by pure prolongation is

H{,2 = {91792a [g27gl]? [93791]}inVOIUtive? with rank H{,Q =3,
rank Ho3 =5
with H2,3 = {gla g2, 33, [gQa gl]a [937 g2]7 [937 [g?n gl]]a [937 [937 92”} ’
and the minimal prolongation order is j = (0,1,2).
Moreover, the flat outputs are y1,ys2,ys such that y1,y2 are independent of

the inputs and their differentials annihilate H1 5, while y3 is independent of uy
and ug and its differential annihilates g .
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Proof.

(1) After adding an order one prolongation of usz, the drift and the input vector
fields of the prolonged system are

; 0
o = (1 01(0) + o o (0) + o5 (0)) + 0 5,
U
’ (3.13)
W= Sg W= =
8u§0) 8u§0) 6u§1)
We compute the distributions (3.3 for k£ =0, 1, 2:
; 0
r 2 7
’ {0ué” }
5 0 0
A(‘]) L ; ,
0 8u§0) 8u;0)}
(3.14)

Q

0 0 0.9
) ) » 91,92 ¢
3u§0) 8uéo) 8u§0)

A(J) £ ) 3 7913923937[g(J)vgl]a[g(J)agﬂ .
? { 3u§0) 3u;0) 8uéo) 0 0

But, due to the involutivity of Hg 2,

; 0 0 0
AéJ) = { ) 7917927937[93791]7[93792]}

au§°> 7 auéo) auéo)

which has rank 8 thanks to the hypothesis that the rank of H; 3 is 5.

It is a straightforward computation to check the necessary and sufficient
conditions for P2-flatness given in Theorem

(i) [Ag), A,(cj)] C A,(Cj) and rank Ag) locally constant for all k =0,1,2,

(i) TW, A9 c AY for all k =0,1,2,
(iii) rank Agj) =n-+m=_8.

Therefore, the system is P2-flat with an order one prolongation of uz and
the flat outputs y1, y2, y3 are the solutions of the system of PDE’s:

<G§j)7 dyi> =0
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or, equivalently, the flat outputs must be independent of ugo),uéo),ugo) and

must be the solution of the system of PDE’s
(Ho,2, dy;) = 0.
Remark that, by the Frobenius theorem, there exists y1, y2, y3 independent
solutions of this system of linear partial differential equations since, by assump-
tion, Ho 2 is an involutive distribution.

Let us consider now the case j = (0,1, 2). The distributions (3.3)) for k =0, 1,2
are

0 0
o ou |

w_f o o o

b loud) oul oul) [ (3.15)
0 0

A(J)_ ) yd1 ¢

P \om o

F(J) Fg.l)7

; 0 0 0
A(J) = B 3 » 91,92, 192, 91 .
2 { 3u§0) 8u§0) 3u§0) [ )

are all involutive if, and only if, H} , is involutive with rank Hj , = 3. Moreover,

we have rank Agj) = 6 and we have I‘éj) = I‘gj) and Agj) =

L 8ggg[gg][gg][g[gg]][g[gg]]
) ) s Y1592, Y935 1925, 91, 1935 92, Y35 (Y35 Y1][» 1935 1935 H§2 .
8u§0) 8u§0) 8u§0)
Thus, rank Hj , = 3 implies that rank Ag) =8 =n+mif rank Hy3 = 5.
Hence, if Hj , is involutive, with rank Hj, = 3, and rank Hy3 = 5, the
system (3.1)) is P?-flat with minimal prolongation j = (0, 1,2). The flat outputs
Y1, y2 are the solutions of the system of PDE’s:

<(¥2(j),dyi> =0
0 0 0
(0) . (0) u( )

or, equivalently, the flat outputs y;,y. must be independent of u; ™, uy ’,
and must be the solution of the system of PDE’s

<H{72,dyi> = 0.

Again, by the Frobenius theorem, there exists y1,y2 independent solutions
of this system of linear partial differential equations since, by assumption, H {’2
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is an involutive distribution. Finally, the third flat output y3 can be obtained

as an independent function of y;, yo satisfying the system of PDE’s:
(G, dys ) =0

or, equivalently, y3 must be independent of u§°), uéo)

of the system of PDE’s

and must be the solution

(g1, dy:) = 0. |

Remark. It was also proven in [20] that any controllable driftless system of codi-
mension 2 (that is to say, with m inputs and m+2 states) is differentially flat if, and
only if, the system is controllable. Hence, the importance of the above mentioned
results relies on the fact that we prove that the system is flat by pure prolongation
to deduce the differential flatness of the system.

3.3. Example

Consider the following example, borrowed from [22]:

1 —% 0 —%xz
) 0 %1 %11
xr3 | =up 1 + usg 0 + us 0
T4 0 1

s 0 0 1

It is easy to check that this example fits into the hypothesis of Theorem [ since
[91,92] € Ho2 = {g1,92} and the rank of Hy 3 is 5. Therefore, the system is flat
by pure prolongation by adding an order one prolongation of uz. The flat outputs
Y1, Y2, Y3 are the solution of the system of PDEs:

<H072, dy1> = O
A possible solution for this system is
Y1 =55 Y2 = 2x1 + T35 Y3 = 222 + T4.

To illustrate the definition of differential flatness, it is a straightforward com-
putation that, after differentiating the above equations, one can write:

Y3
Tl = —,
U1
Y2
To = ——,
Y1
U3
xr3 = Y2 — 2-77
Y1
(0
Tyg = Y3 + .72a
U1

Is = U1
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which proves that all the states can be written as function of the flat outputs and
their derivatives. The inputs ui,us,us are obtained by differentiating the above
equations for z3,z4 and x5 once. Hence, the system fulfills the definition of differ-
ential flatness given in the background section (see (2.3)).

4. Generalization to Driftless Systems with m Inputs and 2m — 1
or 2m States

Consider the m-input system
m
T = Z gilu; (41)
i=1

with x € X a smooth manifold of dimension 2m — 1 or 2m.

We set

Hoo = {g1, .- Gm-1},

Has = {91, 9m: [9m> 91), -5 [9ms Gm—1, [9m [9m> 1]l - - - [9ms [Gms Gm—1]]}
Hi2 2 {91, 9m—1,[9m  01)s -5 [9m> gm—1]}

Hiy 2 {91, 9m=1,9m: (G 1) - (G Gm—1]} - (4.2)

The results from the previous section for m = 3 can be extended to systems
with an arbitrary number of inputs and 2m or 2m — 1 states. Based on the findings
in Theorems [3] and [4] we propose and prove the following theorem:

Theorem 5.

(1) Forthe case n = 2m—1, if Ho 2 is involutive and the rank of Hj o is 2m—1, the
system is P?-flat and the minimal prolongation order is j = (0,...,0,1).
Moreover, the flat outputs y1, - - . Ym can be computed such that their differentials
annihilate Hop .

(2) For the case n = 2m, if Hygo is involutive, Hy o is involutive and of rank
2m — 2 and Ha 3 is the full space, the system is P?-flat and the minimal
prolongation order is j = (0,...,0,2). Moreover, the flat outputs yi,...,Ym
are m functions differentially independent such that the differentials of yi1,ys
annihilate Hy 2 and the differentials of ys, ..., ym annihilate Ho .

Proof.

(1) After adding an order one prolongation of w,,, the drift and the input vector
fields of the prolonged system are:

. 0
g = (91 @) + -+ ugn(@)) + 0D~
Ol
) A (4.3)
9 =—, Vi=1..m-1 G = :
aug ) ouly)
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We compute the distributions (3.3) for £ = 0,1, 2:

: 9 . .
FE)J) = { (1) } FEJ) = FE)J)v i=1,2,
O

5 0 0
AY — - ,
’ {a“§0) 8“52)—1 }

(4.4)
. 0 0
A(J): 77...777917"'79'"171 )
1 {augo) au(mO)
. o 0
A(J): ’__,777g17,_,,gm,[gm,gl],---y[gmagM*l] :
2 {8u§0) ou'Y

Note that, due to the involutivity of Hy 2, Agj) is also involutive, while Aéj)
has rank 3m — 1 given the hypothesis that H {’2 has rank 2m — 1. Therefore,
the sufficient conditions for P2-flatness stated in Theorem [2] are satisfied:

(i) [Ag), A,(cj)] C A,(cj) and rank Ag) locally constant for all k£ =0,1,2,
(i) TW, A9 c AY for all k =0,1,2,
(ifi) rank AY =n+m =3m—1.

Hence, the system is P2-flat with an order one prolongation of u,,. In
order to compute the flat outputs, the Brunovsky controllability indices are

computed:
r 2l oW >k} =3, VEk=1,...,m.
and, therefore, the flat outputs yi, ...,y are the solutions of the system of
PDE’s:
<G§j)7 dy¢> =0
or, equivalently, the flat outputs y1, . . . , ¥, must be independent of ugo), . ,uﬁ,‘?

and must be the solution of the system of PDE’s
(Hoz2,dy;) =0

which can be solved thanks to the involutivity of Hg o by application of the
Frobenius theorem.
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(2) Let us consider now the case n = 2m. The distributions (3.3)) for £ =0,1,2,3

are

G _ o
rd = {5}
() _ o s}
FIJ - {Bugf) ? ouly) } ’

9 —rd =23,

G _ 9 a
AN T a0 (0

m—1

9
L) au(rs)laglw"?gml}a

9 9
A(J) - {3u§0) PR m>gla oy 9m—1, [gM7gl]? ey [g'm’gm—l]} I
AY — ) o g g
3 8u(lo)w"aau(mo)v 1y-++-9yYm,
[gm;gl]a ey [gmagm—lh [gma [gmaglﬂa cey [gm; [gm7gm—1]] } .

Hence, Agj) is involutive thanks to the involutivity of Hy s, Aéj) is involutive
due to the involutivity of H o, and Agj) has rank 3m since, by hypothesis, H> 3
has rank 2m. Summarizing, the conditions for P2-flatness given in Theorem
are fulfilled.

Let us compute again the Brunovsky controllability indices:

=4, vk=12 &V =3 Vk=3,... m

So, the flat outputs y1,yo are the solutions of the system of PDE’s:
(G, dy:) =0

or, equivalently, they must be independent of the inputs and their differentials
must annihilate H; 2. On the other hand, the flat outputs ys, ...
independent of the inputs uy,...,u,,_1 and their differentials must annihilate
Hp . Again, this system of equations can be solved due to the involutivity of
HO,Q and HLQ. O

, Ym must be

5. Conclusions

A sufficient condition has been established for determining whether a three-input
driftless system with five or six states is flat by pure prolongation. This condition
requires verifying the involutivity of some distributions along with certain rank
conditions. For the six dimension case, since these sufficient conditions differ from
existing ones, our results not only provide criteria for a system to be flat by pure
prolongation but also expand the class of systems known to be differentially flat.
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The results derived for the three-input case have been extended to m-input
systems with 2m or 2m — 1 states. Once again, the conditions remain relatively
lenient, requiring only the verification of the involutivity of certain distributions
and specific rank conditions. These findings provide sufficient conditions for an m-
input system to be flat by pure prolongation, and consequently, they also serve as
a sufficient condition for differential flatness.

Future work may explore general systems with drift or systems with an arbitrary
number of inputs and states.

Appendix A: Proof of Theorem

Proof. For every k, we compute the distributions for all j up to k:ij), the
index at which the rank of A,(j) reaches n + m.

We start proving the result in the first case , namely if the largest involutive
subdistribution of Hy 3 is, up to a suitable input permutation, Hy i.e.

Hyo = Hyo, Hoz# Hps
that corresponds to j; = jo =0 and j3 > 1.

k =0: For all j3 > 1,

5 9 D) 9 9
W — LA = 2 2 U
: {augm} : {au@ au;°>}

Aéj) is involutive, rank Aéj) =2 and [ng), Aéj)] ={0} C Aéj).
k—1: Ifjs =1

i) 9 i) o 9 90
r - 3 A = ) ) yd1,92 ¢ -
' { 8ugl) } ' { 8u§0) aug(” aug))

Agj) is involutive if, and only if, Hpo is involutive, rank Agj) = 5 and
I, aP) = {0} c AP,
If js > 2

G_)_ 9 9 w_) o9 90
r - ) : ) A - ) » 91,92 ¢ -
1 {augjs) auéj;’.—l) } 1 {augo) auéo)

Again, Agj) is involutive if, and only if, Hp > is involutive, rank Agj) =4
and [TY AW = {0} c AY.
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k=2 Ifjs=1

9 —{] aP-
(0) (0)

{ 0y =0, =2 g1, g2, 93, uS (92, 1] + ul [gs, 1], u [91,gz]+ug0)[gs,gz]}-

0) 0) 0)»
6u§) aué) Bué)

Ag) is involutive if, and only if, H; 3 is involutive with 4 < rank H; 3 <5
(condition (3.8)) implies that rank Hy 3 > rank Hy 3 > 4), in which case

A(J) = ) ) » 91,92, 393, [g3vgl]a [93792] = A(J)a 7 < rank A(J) < 8;
? {8u§0) augo) 8u§0) ? ?

and [, AP = {0} c AY.
If j3 =2

r9 -y 9 0
Ougf) 8u§)1)

5 0 0 0
A(J) = ) ) agl7g27u(0)[g2agl] +U(0)[93,91],U(0)[91,92] +u(0)[g3792] .
? {augo) augo) 8u§0) ? ’ ' ’

Agj) is involutive if, and only if, H; » is involutive with 3 < rank H; 5 < 4
since, Hy o being involutive, rank Hy o = 2 would yield [g3, 91], [93,92] €
Hj > and then every other bracket generated by g1, g2, g3 would also belong
to Hp,, which would contradict the strong controllability condition (iii).

We thus get
j 0 0 0 NO)
A(J) = ) ) aglvg27[g3agl}7[g3792] = A(J)a
? {8u(10) 8ué0) 8u§,0) ?

6 < rank Agj) <7, [Féj), Aéj)} ={0} C Aéj)'
If js > 3

@) 9 9 0
3,“:(5]3) auéjs—l) auéjs—Q)

; 0 9]
Ag) = (0)’ Wvghg%uéo) (92, 1] + u:())o) [93791]&&0) [91, 92] + ugo) 93, 92] ¢ -
Ouy’ Ouy
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Again, Agj) is involutive if, and only if, H; o is involutive with 3 <
rank H; 2 <4, in which case

AY = {aua‘m’ ﬁﬂlag% (93, 91], [93792]} =AY, 5 <rank AY <6
1 2

rs, a9 = {0} € A7,

: If js =1 we have proven so far that, for j = (0,0,1), A?’ is involutive

if, and only if, Hy o is involutive, with rank Agj) = 5, and that Ag) is
involutive if, and only if, H; 3 is involutive with 4 < rank H; 3 < 5.

AY = {aua(lo) ; 81?(20) ; 8120) s 915 92, 93, (93, 1), [93792]} =AY,
7 < rank Aéj) <8, and [I‘gj),Ag)] ={0} C Agj).

But the involutivity of Hy 2 and H; 3 clearly implies that all the brackets
(9, [9¢, 9r]], Py g, 7 = 1,2,3, are in Aéj) = Agj). Therefore Ag) = Aéj) for
allkESand?ﬁrankA,(Cj) <8 <n-+m=29 for all k> 3. Hence j3 > 1.

If js = 2, we have proven so far that, for j = (0,0, 2),

j 0 0
A(‘]) — ’ )
’ {au§°> aué‘”}

i 0 0
A(J) = o0y <~ o 91,92 ¢
! {8u§0) 8ué0)

: ) 0 9
A(’]) = ) y 791792’[93791]’[93’92] :
: {8u§°) ou” ouf)

are all involutive if, and only if, H; > and Hyo are involutive with 3 <

rank H; 2 <4 and rank Agj) <T.
Moreover, we have

r —p@,

i 0 0 0
AY = ; ) 91, 92, 93,93, 911, (93, 92, (93, [93, 91]], [93. [93, 92]] ¢ -
3 {8u§°) PRCPWOR 3,193, 91, [93, 921, [93, [93, 9111, [93, [93, 92]]

Thus, if rank H; > = 4, which implies that rank Aéj) = 7, we get

rank Aéj) =9=n+m.
Hence, j = (0,0, 2) is such that

rd =19, AP =AY wk>3=rY

and Ag) is involutive with constant rank and invariant by I‘g) for all k,
which proves that, if (3.8) holds true, H; 2 and Hp o are involutive with
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rank Hy o = 4, the system (3.1]) is P?-flat with minimal prolongation j =
(0,0,2). Moreover, it is easily verified that

0,0,2 0,0,2 0,0,2 0,0,2

and

(0,0,2) 0,0,2) _ 4

Ky =4, Klé mgO’O’Q) =3

b

which proves that the equivalent linear system is

y](_4) = 1, y§4) = V2, yz(),g) = U3. (Al)

We now prove the result in the second case (3.9)), namely if the largest invo-
lutive subdistribution of Hy 3 is, up to a suitable input permutation, Hy i, that
corresponds to j; = jo = 0 and j3 > 1.

k=0: Forall jo >1, jg>1,

£y’ = ?‘)7 (?') A= 8(0) '
ous® " Ouy® Ouq

A(()j) is involutive, rank A(()j) =1and [Féj), A(()j)] ={0} C A(()j).
k=1: Iszzl, J3:1

@) 9 9 @) o 9 9
F e s 5 A — 5 9 ’ g .
! { 3uél) 3ug1) } ! { 3u§0) auéo) auéo) '

Agj) is involutive, rank Agj) =4 and [ng), Aﬁj)} ={0} C Agj).

Ifjo=1, jz > 2

(i) 9 9 9 ) 9 0
r = ) ) ; ) A =Y 0 < o091
! { (‘3uél) 8ué]3) 6u§371) } ! { 8u§0) 8uéo)

Agj) is involutive, rank Agj) =3 and [ng), A(lj)] ={0} C Agj).

If jo > 2, jzs > 2

: 0 0 0 0 ; 0
F(J) = ) - ) ) - 9 A(J) = , g1 .
! {aug”) 8u§271) 8u§j3) augﬁ“*” } ! 8u§0)

Agj) is involutive, rank Agj) =2 and [ng), Agj)] ={0} C Agj).
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k =2: Ifj2:]_7 j3:1

Fg) _ 0 0
au(zl) ﬁugl)

. 9 0 0
A(J) = 3 ) >gl792;g3au(0)[927gl] +u(0)[gg,g1] .
© lodd” 0l oul) : ’

A;j) is involutive if, and only if, H; 3 is involutive, with rank H; 3 = 4. To
prove the latter claim, recall that jo = 1 corresponds to the assumption
, so that [g2, g1] and [g3, g1] are not elements of Hy 3. But since Hy 3 is
not involutive and its rank is 3, at least one Lie bracket [g2, g1] or [g3, 91]
must belong to H; 3, which proves that rank H; 3 = 4.

Thus
9 9 9
{au(lo) ) 8u§°) ) au:(;()) » 91,92, 33, [927 91]}
G) _ NG)
AQ‘] = or — A2.] ,
9 a9 g
{8u§°) ' 50 5l » 91,92, 393, [937 91]}
and

rank Aéj) =1, [Féj),Aéj)} = {0} C Aéj)'
Ifjo =1, jzs =2

O S
> = a5 a0 |
0 0 0
A(J) = ) ’ a917927u(0
2 { ﬁugo) 3u§0) 3u§0) ?

(g2, 1] + 0 [gs,gl]} -

Agj) is involutive if Hj , is involutive, with rank Hi, = 3 (recall that
J2 = 1 corresponds to the assumption with Hy 2 non-involutive which
implies that g¢1,g2 and [g2,g1] are independent and thus that [g5,¢1] €
{91, 92, [92,91]}), in which case

A(J) = 5 ) » 91,92, [92791] = A(J)7 rank A(J) = 63
2 { 8u§0) 8u50) 6u§0) 2 2

rs", a8) = {0}y c A",



20 Reading

November 19, 2025 15:13 WSPC/2972-4589 354-GM 2540012

22 J. Lévine & J. Franch

Ifjo=1, js >3

gy 9 9 0 0
3uél) 8ug]3) ﬁuéjs_l) 8u§33_2)

. o 0 0) (0)
AéJ) — { —, 01, G2 us (92, 91] + vy (93, 91] ¢ -
0)° 0)’ ) » 2 ) 3 ’
ou”” ul”

As in the previous case, we deduce that

. 9 9 — .
A(J) = 5 » 91,92, [92791] = A(J)7 rank A(J) = 53
2 {81;50) 6ug0) 2 2

Irs", a9%) = {0y c A",

Ifjo =2, js=2

F(2j) _ 0 0 0 0
auéz) 8uél) 3u§)2) 6u§1)

. o 0 0
AW — , , cg1,uS (g2, 91) + ul” g3, 9] ¢ -
2 {augo) 8ug0) 8u§0) 2 3

Ag) is involutive if, and only if, H; ; is involutive, with rank Hs; = 2, in
which case

AéJ) = {8 0)’ 9 (0)° o (0) » 91, [92agl}7 [93791]} = Aéj)v rank AéJ) = 53
uy’ Ouy’ Oug

5", A7) = {0} ¢ A,

Ifjo=2, js >3

o f o o o B) B
’ ou? " ous? ou§? oulr Y ou§ T [

; 0 0
A%]) = {8(0)7 Waglaugn [92791] + ui(’,O)[g5’gl]} :
Uq Uqg

As in the previous case, we deduce that Agj) is involutive if, and only if,
H, ; is involutive, with rank H; ; = 2, in which case

A(J) = s oy 91, [927 gl]u [93791] s — A(J)7 rank A(J) = 47
2 {augo) (‘3u§0) ? ?

rs", a9) = {0} c A",
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Ifjs > j2 >3

o[ o ) ) ) 9 B
2 ou (J2)’ ou (J2 1)’ 3’11,5]‘272)’ 3uéj3) ’ augjsfl) ’ augj3*2) ’

; 0
AY) = {(O),gl,ug‘” [92. 91 + ug” [gg,gﬂ} :
ou
1

As before, Aéj) is involutive if, and only if, H;; is involutive, with
rank H;; = 2, in which case

A%]) = {6(0)7917 [92791]7 [93791]} = Agj)7 rank Agj) =3
Uy

with [[§), AY] = {0} c AY

: If jo =1, js =1, we have proven so far that, for j = (0,1,1), and (3.9)),

i 0
8u§0)
i 0 0 0
A(J) = ) ) ’g )
! {3u§0) 8u§0) 8u§0) '

o 9 9
{au(lo) ) 8ug0)’ 3u§0) » 91,92, 93, [92791]}
A(‘i) _Jor
2

o) 9 9
{6u50) ) 8ugo>7 8u'(so) » 91, 92, 93, [93791]}

are all involutive if, and only if, H; 3 is involutive with rank H; 3 =4 and
we have rank Aéj) =T.

Since H; 3 is involutive, it is easily verified that all the second-order
brackets [g,, [gq,g,]] € Hy 3, for all p,q,r = 1,2, 3, which proves that AY) =
AQJ , hence rank Aj O = rank A(J = 7. Taking account of the fact that
Y =1 =¥ we deduce that AY = AY and rank AY =7 < ntm =
9 for all k > 3, which contradicts the strong controllability condition (iii).
Hence we must have j3 > 1.

If jo = 1, js = 2, we have proven so far that, for j = (0,1, 2),
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; 0 0
A(J) = y oy 91 (s
! {au§0> 8ué0)
; 0 0 0
A(J) = ; 5 7917927[92791]
2 {8u§0) 8ugo) (‘3u:(30)

are all involutive if, and only if, Hj, is involutive with rank Hj, = 3.

Moreover, we have rank Agj) = 6 and we have

) — W)

; 0 0 0
AP = 7 , , 915 92, 93, [92, 91, (93, 92], (93, [93, 91]]; [93, [93, g2]] ¢ -
3 { au(lo) au(20) 8u§0) 1 2 3 2 1 3 2 3 3 1 3 3 2

Thus, rank Hj , = 3 implies that rank Agj) =9 =n+m if rank Hy 3 = 6.
Hence, j = (0,1,2) is such that
Y =1y, AV =AY wvk>3=4Y

and Ag) is involutive with constant rank and invariant by Fg) for all k&,
which proves that, if (3.9) holds true, if Hj , is involutive, with rank Hy , =
3, and rank Hs 3 = 6, the system (3.1)) is P?-flat with minimal prolongation
j=1(0,1,2).

Moreover, it is easily verified that

p(()o,1,2) —3 p§0,1,2) —3 péo,u) —3 péO,l,Q) _3
and
H(10,1,2) —4 Hé0,1,2) —4 Hio,m) _3

which proves that the equivalent linear system is

W =v, =, v =us (A2)
Since there are only two possible initialization cases (up to input permutation), the
theorem is proven. O
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