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Abstract

In this work we study the use of superquadrics and superquartics for grasp-
ing and contact detection. We include an overview of the different formu-
lations that have been derived from the superquadrics, and we group all
these under the denomination of supersurfaces : superquadrics, superquar-
tics, hyperquartics, superfigures, deformed superquadrics and combination
of superquadrics. The focus of this work is in the formulation of superel-
lipsoids and supertoroids, with derivations for their differential geometric
properties and distance formulations. We apply this to grasp synthesis and
to formulations for the contact between objects.
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1. Introduction

Many robotics actions require the knowledge of the shape, position, and
dynamic properties of objects found in the robot’s environment.

Accurate grasping of possibly unknown objects is one of the main needs
for robotic systems in unstructured environments. In order to do so, the
robotic system has to go through multiple costly calculations. The object
of interest needs to be defined, which includes segmentation, obtaining the
suitable surface impression of the object, and identifying the position of the
object. Then the grasp needs to be synthesized by calculating the set of points
on the object where the fingers can be placed and the preferred approach
directions. Typical robotic grasping methods focus on the optimization of
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stable grasp metrics. Finally, a safe path of the hand towards the object
must be planned.

For all these applications, different approaches have been tested for ge-
ometric modeling fitting; among others, implicit polynomials [57], spherical
harmonics [41], but mostly simple shapes such as spheres or cylinders [17],
[34]. The aim is always to find a model similar enough to the targeted objects,
while computationally simple.

Complexity increases when the objects are deformable. In this case, the
selected modeling method has to allow for large global or small local defor-
mations, which occur when forces are applied on it.

Here we focus on the use of supersurfaces to model the shape and position
of objects. The term supersurfaces is used to encompass results that include
superquadrics, superquartics, surpershapes, superformula and hypersurfaces,
as well as their deformed variations.

Superquadrics and hyperquadrics can adapt to a variety of shapes. Early
work on superquadrics includes [6], [27], [11]; [30] shows their application for
shape and pose recovery. Early work on hyperquadrics can be found in [42].
Superquadrics are being used to capture point cloud geometry in combina-
tion with neural networks [39], or to create virtual environments [44]. The
inherent symmetry of superquadrics can be overcome by adding coefficients
that allow the streching and deforming of the surfaces [32]. Objects with
holes, common in human environments, can be modeled using supertoroids
[5], which are derived from quartic equations.

In Section 2, a review on the methods for modeling objects for grasping
is presented. Section 3 shows some of the existing formulations and reviews
the literature on modeling objects with supersurfaces.

We focus then on superquadrics and superquartics to gather, in Section
4, different methods for fitting supersurfaces, and to show the use of radial
distance on different formulations. In Section 5, we apply superquadrics and
superquartics for the grasping of objects with different types of grippers.
Section 6 presents some results on the use of superquadrics for identifying
contact between objects and modeling the contact forces.

Overall, the mathematical description of supersurfaces and their geomet-
ric properties, some techniques for finding pose and shape of objects, and the
results of some applications, are presented and discussed.
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2. Grasping

Out of the subtasks that compose a grasping action -identification of
the object or area to grasp, grasp synthesis and robot’s path planning-, we
present here a brief review of the first two.

A considerable amount of work exists in the area of computer vision
for identifying objects and computing feasible grasping points on known or
novel objects. Initial efforts used 2D images [52]. The extensive use of RGB-
D cameras allows 3-D object identification from point clouds and derived
parameters.

Within the explicit methods, the strategies for identifying the objects or
areas to be grasped can be classified as model-based identification, geometric
modeling of objects, and model-free grasping surface identification. Geomet-
ric modeling is also used for segmentation or as a first step for model-based
systems, or within machine learning algorithms [54], [61].

When a finite, known, and well-defined set of objects is to be encoun-
tered, a database of these objects with their corresponding preferred grasps
can be used. Earlier efforts in this direction can be found for instance in [19].
Databases of objects may include optimized grasping points as a part of the
features of the object ([12], [40]). As the environment becomes less struc-
tured, the system has to explore and evaluate an increasingly large number
of objects and grasps, and observing a novel object may be common. In these
cases, a methodology for grasping unknown objects may be preferred.

Model-free grasping surface identification can be found on [43] and [4].
They rely on geometry and certain grasping heuristics, but the information
about the object to be grasped is lost.

Different methods have been utilized for geometric model of objects, from
blob models [53] and detection of symmetries [60] to implicit polynomials [58]
and spherical harmonics [31]; however, the most common representations
have used simple geometry, such as generalized cylinders [18] and union of
balls [48].

2.1. Computation of grasping points

Most methods for the calculation of feasible grasping points, on a point
cloud or a mesh, are computationally expensive: a large set of candidate
grasps is generated, and those are evaluated using different methods, such
as convolutional neural networks [26]. Such methods avoid the need for
robust segmentation but cannot assure the assignment of the grasp to a

3



target object. A similar approach [20] uses local topographical information
from the point cloud to calculate antipodal grasps.

A different set of methods use the fitting of object models to the point
cloud to generate smaller or simpler sets of grasp points [22]. Curvature-
based grasping using antipodal points on differentiable curves was studied
in [29]. In [14], a grasping energy function is used to calculate antipodal
grasping points on a local model of the surface.

3. Modeling objects with supersurfaces and combination of super-
surfaces

Superquadrics were used from their early research to model a variety of
closed, symmetric objects without holes. However, superquadrics and su-
perquartics can also be used to model more irregular objects, objects formed
by a combination of supersurfaces, or those objects in which a large local
deformation happens at specific points, similar to the corotational approach
for modeling deformable objects. In addition, other approaches such as hy-
perquadrics or the superformula have also been developed.

3.1. Superquadrics and supertoroids

Quadrics are algebraic varieties of affine spaces that define hypersurfaces
(surfaces of dimension n � 1 in a space of dimension n). When we restrict
ourselves to real affine spaces, quadrics define surfaces with a very specific
property: these can be expressed by quadratic equations,

xT [M ]x+ [N ]x+ P = 0, (1)

or, in homogeneous form,

{
xT 1

} [ [M ] [N ]T/2
[N ]/2 P

]{
x
1

}
= 0, (2)

The general equation of a quadric in the Euclidean three-dimensional
space,

Ax2 +By2 + Cz2 +Dxy + Eyz + Fxz +Gx+Hy + Iz + J = 0, (3)

can be transformed to a normal form with a change of coordinates to its
principal axes. In the case of an ellipsoid, this normal form will have its
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axes centered and along the principal directions of the quadric, to obtain the
simplified equation

x2

a21
+
y2

a22
+
z2

a23
= 1, (4)

and we would obtain similar expressions for the rest of quadrics.
We can also write a parametric expression for quadrics. Consider again

the ellipsoid with its principal reference frame. Each point of the ellipsoid
can be expressed with the following functions, parameterized by angles η and
ω,

f(x, y, z) =


a1 cos η cosω
a2 cos η sinω
a3 sin η.

 (5)

A superquadric can be defined as a generalized quadric, in which the expo-
nents of the implicit representation of the surface are arbitrary real numbers
εi, allowing for a more flexible set of shapes while keeping the symmetry
characteristics of the regular quadric.

The implicit equation of a supersurface of superellipse type could be writ-
ten, in a canonical coordinate system,

j x
a1
jε1 + j y

a2
jε2 + j z

a3
jε3 = 1. (6)

However we will limit our results to some of these supersurfaces.
The pose of the superquadric, considering its canonical frame, with re-

spect to a world frame, is specified by the six parameters that define a rigid
motion, px, py, pz for the position vector and three independent parameters,
such as ρ, ψ, θ, to define the orientation. The total set of parameters that
fully defines a superquadric’s shape and pose is the set fa, ε, px, py, pz, ρ,
ψ, θ g, where a is the vector of parameters defining the dimensions of the
major axes of the superquadric and ε is the vector containing the exponents.

In the expressions presented below, we mostly follow [6] and our work in
[37] and [5].

3.1.1. Superellipsoids

The superellipsoid is the most widely used member of the family of su-
perquadrics, and the object of our study; other figures are the superhyper-
boloid or superparaboloid. A superellipsoid can be obtained as the spherical
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product of two superellipses [51], S1 and S2, to obtain the parametric equa-
tions

fe(η, ω) = S1

(
η)�S2

(
ω) =

{
cosε1 η
a3 sin

ε1 η

}


{
a1 cos

ε2 ω
a2 sin

ε2 ω

}
=


a1 cos

ε1 η cosε2 ω
a2 cos

ε1 η sinε2 ω
a3 sin

ε1 η

 ,

(7)
with η 2 [�π

2
, π
2
] and ω 2 [�π, π].

The coefficients a1, a2, a3 are the scaling factors of the three principal
axes; the real, positive exponent ε1 controls the shape of the superellipsoid’s
cross-section in the planes orthogonal to (x, y) plane, and ε2, also real and
positive, controls the shape of the superellipsoid’s cross-section parallel to
the (x, y) plane.

The total set of parameters that fully defines the superellipsoid’s shape
and pose consists of 11 variables, fa1, a2, a3, ε1, ε2, px, py, pz, ρ, ψ, θ g.
Figure 1 shows the variation of shapes controlled by the exponents,

Figure 1: Superellipsoid shapes for different exponents (ε1 along rows and ε2 along
columns).

In order to obtain the four symmetric quadrants, take cosε1 η = sign(cos η)j cos ηjε1 ,
and similarly for the other trigonometric terms. The parameterized equation
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becomes

fe(η, ω) =


a1 sign(cos η)j cos ηjε1 sign(cosω)j cosωjε2
a2 sign(cos η)j cos ηjε1 sign(sinω)j sinωjε2

a3 sign(sin η)j sin ηjε1

 . (8)

The superellipsoid can also be expressed using an implicit equation in
normal form as

Fe(x, y, z) :

(∣∣ x
a1

∣∣ 2
ε2+
∣∣ y
a2

∣∣ 2
ε2

) ε2
ε1

+
∣∣ z
a3

∣∣ 2
ε1= 1. (9)

It is easy to show that the superquadric is bounded by the planes given by
x = �a1, y = �a2 and z = �a3.

More detailed properties of the surface will be studied in subsequent sec-
tions.

3.1.2. Supertoroids

The toroid is a quartic surface with the particularity that it is also a
surface of revolution. Its interest lies in the fact that, unlike the quadrics,
the toroids have a hole. Topologically speaking, while the quadrics have
genus zero, the toroids have genus one. There are many objects in human
environments with genus one, from objects with handles to rings and frames.

The equation of the torus,

(x2 + y2 + z2 +R2 � r2)2 � 4R2(x2 + y2) = 0, (10)

in which R and r being the major and minor radii, respectively, can be gener-
alized to toroids of different cross-sections, and to more general shapes having
a single hole, if we follow the same approach defined for the superquadrics.
The supertoroids can change their shape according to four parameters for
the lengths along the axes and two exponents, ε1 and ε2.

Supertoroids were already identified in the classic paper by Barr [6], who
worked with both superellipsoids and supertoroids, given the similarity in
their parametric equations. The parametric expression of the supertoroid is
obtained with the spherical product

ft(η, ω) =

{
a4 + cosε1 η
a3 sin

ε1 η

}


{
a1 cos

ε2 ω
a2 sin

ε2 ω

}

=


a1(a4 + cosε1 η) cosε2 ω
a2(a4 + cosε1 η) sinε2 ω

a3 sin
ε1 η

 . (11)
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Here, as with the superellipses, in order to complete the four quadrants we
use cosε1 η = sign(cos η)j cos ηjε1 , and similarly for the rest of trigonometric
variables.

The real positive exponent ε2 controls the shape in the canonical x �
y plane and the real, positive exponent ε1 controls the shape in the cross
sections on perpendicular planes containing the z axis. The coefficients ai
control the dimensions in the x, y, z directions. These intrinsic parameters
form a vector vi = (a1, a2, a3, a4, ε1, ε2). Fig. 2 shows a sample of shapes that
can be accomplished by modifying the exponents, from smaller to larger
values.

Figure 2: Different supertoroid shapes obtained with the same ai values and increasing
numerical values for the exponents ε1 and ε2, from 0.5 to 2.5. [5]

The supertoroid has the implicit equation, in its canonical coordinate
system,

Ft(vi, x, y, z) :

∣∣∣∣(∣∣ xa1 ∣∣ 2
ε2+
∣∣ y
a2

∣∣ 2
ε2

) ε2
2

� a4
∣∣∣∣ 2
ε1

+
∣∣ z
a3

∣∣ 2
ε1= 1. (12)

The supertoroid is bounded by planes x = �(a1+a1a4), y = �(a2+a2a4)
and z = �a3.
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If we consider each radial section by a plane containing the z-axis, we ob-
tain superellipses, which we denote as cross-section superellipse. The center
of all those forms a superellipse fm, called the mean superellipse, which is
located on the x� y canonical plane and has implicit equation

Fm(vi, x, y) : j x
a1a4

∣∣ 2
ε2+
∣∣ y

a2a4

∣∣ 2
ε2= 1, (13)

assuming a4 > 0. The mean superellipse is shown in Figure 3 and its para-
metric equation is

fm(ω) =

{
a1a4 cos

ε2 ω
a2a4 sin

ε2 ω

}
. (14)

Figure 3: The mean superellipse and a cross-section superellipse.

Other interesting geometric parameters include the radius of the mean
superellipse as a function of the angle ω,

R̄(ω) = a4

√
a21 cos

2ε2 ω + a22 sin
2ε2 ω, (15)

in which absolute values must be added whenever necessary. The cross-
section superellipses can be calculated as parameterized by the angle ωπ of
the vertical plane, starting at the x-axis. It is important to realize that
the angle of the parameterized expression at that cross section, ωs, will not
correspond to the angle ωπ of the plane, shown in Figure 9. The relation
between these two angles is given by

tan1/ε2 ωs =
a2
a1

tanωπ. (16)
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The cross-section superellipse fc can be expressed in a local canonical
coordinate frame fx′

, z
′g, whose orientation corresponds to a z-rotation by

an angle ωπ, [Rz(ωπ)].
The implicit expression of the cross-section superellipse in this local frame

is

fc(vi, x, y, z) : j x
′

aωs

∣∣ 2
ε1+
∣∣ z′

a3

∣∣ 2
ε1= 1, (17)

where aωs is given by

aωs =
√
a21 cos

2ε2 ωs + a22 sin
2ε2 ωs. (18)

The change of coordinates to the global frame allows us to express the local
coordinates fx′

, z
′g as

x
′
=
a1 cos

ε2 ωs(x� a1a4 cosε2 ωs)
aωs

+
a2 sin

ε2 ωs(y � a2a4 sinε2 ωs)
aωs

z
′
=z. (19)

This basic formulation is used to calculate surface properties and fitting
algorithms. It is also easy to compute differential geometric properties such as
tangents, normals and curvatures. Even though the surfaces are not regular
for all values of the exponents, if we restric to ε1, ε2 < 2, the analysis can
be performed in patches that are well behaved at seams and stitches. Figure
4 shows the tangent vectors at a singular point for different values of the
exponent. For more details, see [5].

Figure 4: Tangent vector at the seams for a superellipse, depending on the values of ε2
and ε1. Shown are the ε2 > 2 (cusp), ε2 = 2 (singular point), and ε2 < 2 [5].
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3.2. Deformed supersurfaces, hyperquadrics and the superformula

We can extend the range of shapes in which we apply superellipses and
supertoroids if we allow the superquadrics to undergo parametric deforma-
tions. This was developed by Barr [7] and Solina and Bajcsy [55]. The defor-
mations used included bending, tapering, twisting, and cavity deformation;
others can also be defined. In general, the gain in shape diversity implies a
loss of efficiency on the fitting process and the stability of the representation
[9].

These deformed superquadrics have been used in dynamics and analysis
of deformable bodies, by defining a function to relate applied forces to the
shape change.

3.2.1. Tapering, bending and twisting

Some of the equations for tapering, bending and twisting are presented
below. In each case, it leads to an increase in the number of parameters
defining the shape. For instance, tapering along the z axis implies adding
two constant slopes Kx, Ky,

X
Y
Z

 =


(Kx
a3
z + 1)x

(Ky
a3
z + 1)y

z

 , (20)

while bending is accomplished by defining a curvature k,
X
Y
Z

 =

x+ k �
p
k2 + z2

y
z

 , (21)

and the twisting is parameterized by an angle θ = nπ(1 + z
a3
) depending on

the vertical axis, 
X
Y
Z

 =


x cos θ � y sin θ
x sin θ + y cos θ

z

 . (22)

Figure 5 shows tapering applied to a superellipse and a supertoroid.

3.2.2. Local deformation: extended superquadrics, hyperquadrics and the su-
performula

Local deformation may also be desirable, and that needs a different kind of
transformation. One way to accomplish this is using extended superquadrics.
These were developed by Zhou and Kambhanettu [2], see also [10].
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Figure 5: Regular, tapered, bent and twisted superellipsoids and supertoroids

Extended superquadrics generalize the superquadrics in the sense that
the exponents no longer have a constant value. For these exponents, they
use smooth functions of the parameters, ε1 = f1(ω) and ε2 = f2(η), and to
adapt to the desired deformation, cubic splines are considered.

A similar generalization of quadrics is the superformula, which yields su-
perfigures. In this case, the constant values ai are functions of the parameter-
ization angles. The superformula was developed by John Gielis around 1997
[25], for application on botanical modeling. Again, many different shapes,
regular and non-regular, can be accomplished. See also [8].

The parametric expression for the extended superellipsoid and the super-
formula is shown in Eq.(23), where either the exponents or the coefficients
are variable in each case,

fe(η, ω) =


g1(η) cos

f1(η) η g2(ω) cos
f2(ω) ω

g1(η) cos
f1(η) η g2(ω) sin

f2(ω) ω

g3(η) sin
f1(η) η

 , (23)

Another generalization of superquadrics is the hyperquadric. Hyperquadrics
where first defined by Hanson [1] and have the following general expression:

Fe(x, y, z) =
N∑
i=1

jAix+Biy + Ciz +Dijεi = 1 (24)

The sum allows us to create non-symmetric shapes based on the selection of
the coefficients.
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The variety of shapes obtained using these generalizations is very high,
and they are being applied in many areas of science and engineering. How-
ever, their computational complexity increases accordingly. It was shown
early [13] that the measures that are applied to compute distance to regular
superquadrics yield errors and biases on these deformed and general figures.

3.3. Combination of superquadrics

Complex objects can be modeled with a combination of superquadrics,
which provides fast convergence on each superquadric and a diversity of
shapes. For the combination of supersurfaces the total number of parameters
used to define the object will be the sum of the parameters corresponding
to each supersurface. In addition, a graph may be needed to indicate the
connection, as well as the coordinates of the physical connection between
bodies.

In [37] we presented an experiment in which a teddy bear is segmented
and superellipses are fitted for each segmented surface, see Figure 6. After
this step, adding a spherical joint or a passive spring element between any
two connected superquadrics, we obtain an approximation to the behavior of
this object with only a few parameters.

Figure 6: Level decomposition, replication and superquadric fitting on asymmetrical object
[37]

Chevalier et al. [16] proposed a procedure for the automatic creation
of combinations of superquadrics. They perform the segmentation and fit-
ting concurrently by using a split-and-merge procedure, generating several
superellipsoids that can be discarded in the fitting process. They use graph
theory to encode the connection between superellipses.

Bhabhrawala and Krovi [10] segment objects according to concavity, and
fit extended superquadrics to each segmented volume. Fougerolle et al. [23]
use a previously-segmented point cloud and fit superformula’s supershapes.
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R-functions are used to transcribe Boolean information to analytical equa-
tions, to describe models composed of several supershapes. In [64], superellip-
soids, supertoroids, supercylinders and super cones are merged to generate
multiple shapes. Paschalidou et al. [44] , use machine learning to parse
superellipses together in order to obtain the complex shapes using an unsu-
pervised process.

Sircelj and Solina [54] use a two-step process for segmenting and fit-
ting point cloud data to superellipses, using Mask R-CNN. Alaniz et al. [3]
recompose objects using superquadrics as semantic parts, from several 2D
views. Instead of learning algorithms, they use more robust optimization
of the parameters of the superellipse, and compare the rendered 3D view
to the image silohuettes. Liu, Chirikjian et al. [36] iteratively grow su-
perquadric primitives by analyzing connectivity of voxels and perform fitting
with a signed distance function, to obtain an efficient system when tested
on the ShapeNet dataset. Finally, Park et al. [32] use a set of pre-defined
deformable superquadric primitives on point clouds from a single view. A
network is trained for segmentation of the cloud and computation of grasping
points.

Summarizing, many applications are found where supersurfaces are be-
ing used for modeling, and the equations for many of them are presented
here. Current computational methods may favor combination of standard
superquadrics to the extended formulations of their non-symmetric counter-
parts for object reconstruction, while the extended formulations may be more
valid for organic shapes and biomedical data. .

4. Distance to supersurfaces: point cloud fitting

Supersurfaces, and in particular superquadrics, have been extensively
used to fit geometric shapes and poses to point clouds. Some of the early
examples were presented in the introduction. A good review of more recent
applications can be found in [37], where the issues of partial views and noisy
sensors are also discussed.

Here we will focus on finding a metric to assess the proximity of a cloud
to a given supersurface, taking into account the physical meaning as well as
the convergence.
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4.1. Radial distance to a superquadric

The implicit equation of the superquadric defines an inside-outside func-
tion. Consider Fe(x, y, z), the left side of Eq.(9). Then it is true, for any
points (x, y, z),

Fe(x, y, z)


< 1 point inside

= 1 point on surface

> 1 point outside

(25)

It is possible to directly use the inside-outside function for an optimization
procedure. Also the true Euclidean minimum distance between a point and
a superquadric can be calculated using optimization. However here we prefer
a widely used distance, the radial Euclidean distance, in order to calculate
distance between points and the superquadric for fitting purposes [28].

The radial Euclidean distance is defined as the distance between the point
and the superquadric surface along a line through the point and the origin of
the canonical frame of the superquadric [63]. In his work, the non-uniqueness
of the fitting according to different metrics was also studied. Several other
distances have been defined, for instance the Taubin Method [59].

Here we present the radial distance to the superellipsoid. Given a point
of coordinates p0 = (x0, y0, z0) in the superellipsoid canonical frame, consider
a scalar β used to scale vector p0 so that the tip of this vector, ps = βp0,
defines a point on the surface of the superellipsoid. See Figure 7.

This scalar turns out to be easy to calculate using the inside-outside
function on point ps,

Fe(βx0, βy0, βz0) = β
2
ε1Fe(x0, y0, z0) = 1. (26)

We can calculate the scalar β as

β
� 2
ε1 = Fe(x0, y0, z0). (27)

The radial distance,
d = jp0 � psj = jp0jj1� βj, (28)

where j � j denotes a given metric. Figure 7 shows the value of the radial
distance as the module of the vector defined by (1 � β)p0. Notice that the
absolute value is necessary, as β could be greater than one for points inside
of the superquadric, if we want to keep the distance well defined. Using the
Euclidean radial distance,

d =
√

(p0 � ps)2 = kp0k
√

(1� β)2. (29)
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Figure 7: Radial distance to the superellipsoid.

Calculating the radial distance reduces to evaluating the implicit equation
of the superquadric at the given point in order to calculate the parameter β.

4.2. Radial distance to a deformed superquadric

An exact or approximate radial distance may be derived for tapered, bent
or twisted superquadrics. Here we present an approximation for the tapered
superellipsoid with Kx = Ky = K, which does not require a numerical
method but has limited precision.

Consider a point p0, for which we can calculate the vector pes = βp0
that locates the point on the original superellipse, according to Eq.(27). The
original and deformed superellipsoid coincide for z = 0, and we can define
the point pe0 = fe(0, ωs) on the deformed superellipse. We can also calculate
the point obtained applying the deformation in Eq.(20 to point pes, to obtain
point pts.

Now we approximate the tapering so that the line from pts to pes belongs
to the surface, see Figure 8. Then, the vector ps = βtp0 approximately
belongs to the deformed superellipse if

βt =
a3β +Kz0β

2

a3
. (30)
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Figure 8: Point ps lies approximately on the surface of the tapered superellipsoid.

4.3. Meridian radial distance for the supertoroid

Similar to the superellipse, the implicit equation of the supertoroid defines
an inside-outside function,

Ft(vi, x, y, z)


< 1 point inside

= 1 point on surface

> 1 point outside

(31)

Following the radial distance of the superquadrics, in [5] we define a
modification to ensure that the vector intersects the figure.

A point p of the point cloud is projected in the x � y plane of the su-
pertoroid canonical frame (vector pπ). This vector will intersect the mean
superellipse defined previously at a point, which we locate using the vector
Rπ. Create the vector pR such that p = Rπ + pR. See Fig. 9.

We define two ratios, the minor ratio β1 and the major ratio β2. The
major ratio β2 locates the intersecting point on the mean superellipse, and
the minor ratio β1 locates the tip of vector pe on the cross-section superellipse.

The vertical projection plane is located at an angle ωπ from the canonical
x-axis,

tanωπ =
py
px
, (32)

and the value of vector Rπ is found in Eq. 15, taking into account Eq. 16.
The major ratio is the fraction of the projected vector pπ that corresponds
to the length of the mean radius Rπ,

Rπ = β2pπ = β2(p� (p � z)z), (33)
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Figure 9: The vector to a point p is the sum of vector Rπ (intersection of the mean
superellipse with the projection of p on plane x� y) and vector pR. The vector ps of the
closest point on the surface, according to the major and minor radial distance coefficients
[5].

The coefficient β2 can be calculated using the inside-outside function of the
mean superellipse for β2 � 0,

β
�2/ε2
2 = Fm(pπ). (34)

The minor ratio coefficient yields the vector pe as a fraction of the length
of vector pR, pe = β1pR.

The vector pe lies on the plane of the cross-section superellipse, so that,
in local coordinates, Fe(pe) = Fe(β1pR) = 1. Using the transformation to the
coordinates of the supertoroid, we calculate

β
�2/ε1
1 = Fe(pR). (35)

Write the vector ps as

ps = β1p+ β2(1� β1)pπ (36)

The length of the difference of these two vectors is what we call the
meridian radial distance ds = jp� psj.

This distance can be used for regular surfaces of revolution for which the
generatrix is a closed curve. This distance takes a very simple expression as
a function of the minor and major coefficients β1 and β2. Using Euclidean
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distance, the meridian radial distance from a point p0 to the supertoroid can
be calculated as

ds = j(1� β1)j
√
(1� β2)2(p20x + p20y) + p20z. (37)

The fitting procedure consists on minimizing the meridian radial distance
from the point cloud to the supertoroid.

5. Supersurface Grasp Synthesis

For grasp synthesis, both the object to be grasped and the embodiment
of the grasping technology play an important role.

In this section we briefly describe the steps to obtain a good represen-
tation, to then proceed to create quick and robust grasping heuristics for
superellipsoids and supertoroids.

This work focuses on the use of two popular end-of-arm tools: suction
grippers with one suction cup, and two-fingered grippers with parallel fingers.
It is well known that antipodal grasps can be successful in both convex and
concave objects in the presence of friction.

A possible efficient grasping strategy is to create some heuristics for the
grasping, yielding a grasping decision table. It will be dependent on the
supertoroid parameters but also on the type of gripper used.

For the one-cup suction gripper, the key is to find a surface with little
curvature and balancing as much as possible the forces so that no moments
are created. For the two-fingered grippers, antipodal points must be found
with certain properties.

The grasping strategies are defined in the canonical reference frame of
the object, as a set of contact points and directions of approach. Given a
contact point pc in the local frame, it will be transformed as

Pc = [Ti]pc, (38)

where [Ti] is the 4� 4 homogeneous transformation from the world frame to
the principal frame of supersurface i.

5.1. Partial-view Model Identification

When seeing objects with a single RGB-D camera or structured light
sensor, the obtained point cloud represents a segment of the surface of the
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object. We also need to take into account the noise introduced in the sens-
ing. Figure 10 shows the partial cloud generated by adding some noise to a
sampled supertoroid and cutting it by a given plane, as well as a real point
cloud obtained from a simple view of an RGB-D camera.

Figure 10: Partial, noisy point cloud for a supertoroid generated with noisy Pilu-Fisher
sampling [46], left, and real point cloud for a paper roll captured with an RGB-D camera,
right.

In order to identify the camera information with the complete shape of
the object, several strategies may be followed. We could combine the point
clouds of several cameras or several views of a single camera [45], complete
the cloud assuming symmetry ([49], [38] [33]), or we could work with the
partial point cloud.

While having a complete cloud is the ideal outcome, generating several
views increases the time and complexity of operations. The strategies to
complete the cloud assuming some symmetry does not add any additional
information to the fitting of superquadrics or supertoroids, which are indeed
symmetric.

The strategy of fitting the partial cloud obtained from a single view,
skipping the extra step of completing the cloud based on some symmetry
assumption, has been proved successful and quick in our tests.

5.2. Segmentation

It is common that the camera captures several objects on a planar surface.
Usually the dominant table plane is removed using for instance a RANSAC
algorithm [21]. Then a clustering algorithm ([56], [35], [15]) can be used to
separate the objects.
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Once segmented, initial conditions for the fitting are calculated using
PCA and the centroid of the point cloud, which can be pushed toward the
occluded region by using some heuristics.

5.3. Grasping strategies for superellipsoids

The grasping heuristics for superellipsoids are based on minimizing wrenches,
by grasping closer to the centroid of the object, and grasping at the points of
minimum curvature, in order to maximize the contact with fingers or suction
cups. To those we add the constraints given by the dimensions and range of
the robotic gripper and the task-based direction of approach.

In addition, for parallel grippers, the gripper contact points for antipodal
grasping require both minimum curvature and proximity to collinear normals
to the surface at the contact points.

The normal to the surface at the first patch (0 � ω, η � π/2) for both
superellipsoids and supertoroids is

nsurf =
1

mn


a2a3 sin

ε1�2 η sinε2�2 ω
a1a3 sin

ε1�2 η cosε2�2 ω
a1a2 cos

ε1�2 η cosε2�2 ω sinε2�2 ω

 , (39)

with

mn =
(
(a1a2 cos

ε1�2 η cosε1�2 ω sin2ε1�2 ω)2+ (40)

(a3 sin
ε1�2 η)2(a21 cos

2ε1�4 ω + a22 sin
2ε1�4 ω)

) 1
2 ,

and similarly for the rest of patches, with some sign differences. At the seams
and stitches, the normals are only defined for ε1, ε2 < 2, see Figure 4, and
are shown in Table 5.3. In this table the denominators are

mω0 =
√
a21 cos

2ε2�4 ω + a22 sin
2ε2�4 ω

mωπ =
√
a22 cos

2ε1�4 η + a23 sin
2ε1�4 η

mη0 =
√
a21 cos

2ε1�4 η + a23 sin
2ε1�4 η. (41)

From the previous criterion to minimize wrenches, the line of the grasping
points for parallel grippers passes through the origin of the canonical frame,
that is, they are antipodal points. We impose collinearity by minimizing
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Table 1: Normal directions to the surface at the limits of the first patch

ω = 0 ω ω = π
2

η = 0

1
0
0

 1
mω0

a2 sinε2�2 ω
a1 cosε2�2 ω

0


0

1
0


η 1

mη0

a3 sinε1�2 η
0

a1 cosε1�2 η

 nsurf
1

mωπ


0

a3 sinε1�2 η
a2 cosε1�2 η


η = π

2

0
0
1


0

0
1


0

0
1



the angle between the direction of the contact point and the direction of the
normal,

min
ω,η

((f(η, ω) � nsurf )2 � 1), (42)

which will yield the angular values to locate those points in the parame-
terized equation of the supersurface, f(η, ω). Figure 11 shows the normals
for two different sections of a supersurface. Notice that, for some values of
the exponents, there are more solutions for parallel grasping with collinear
normals not passing through the origin, but in general they don’t fulfill the
minimum wrench condition.

In the particular case of a vertical grasping of a superellipsoid, for in-
stance, the angular parameter of the approximate antipodal points in the
plane reduces to

αgrasp = min
η

(
a1a3 cos

2ε1 η sin2ε1 η√
a23 cos

2ε1+4 η sin4ε1 η + a21 cos
4ε1 η sin2ε1+4 η

� 1). (43)

For concave supersurfaces, with exponents greater than 2, the negative
normal curvature along a line helps in making the grasp closed, and antipodal
points are found using the same process.

For convex supersurfaces, or those with negative Gaussian curvature -
such as the superellipsoid-, enforcing the condition of minimum curvature
implies selecting the curvature that needs to be used.

Normal curvatures along any curve can be defined; for us, it is easier to
define them along the coordinate curves. The minimum and maximum nor-
mal curvatures are defined for the principal directions, which do not always
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Figure 11: Normals to the surface of the superellipse for ε1 = 1.5, left, and ε1 = 0.49,
right. Normal lines for antipodal points intersecting the origin (dotted lines). Some values
of ε yield more collinear normals, but they don’t fulfill the minimum wrench condition
(solid line).

coincide with the coordinate curves given by the angles ω and η. Another
option is to use the mean curvature; see [5] for details on this discussion.

With these criteria, [37] presents the selection of grasping points for a
superellipse shown in Table5.3. More complete grasping point selection is
presented in Tables 3 and 4.

Table 2: Position vector to contact points as a function of the length of the semi-axis and
the exponent ε ([37]).

Exponent Dimensions Position vector pc
ε < 1 a1 > a2 pc = (0, a2, 0, 1)

a1 = a2 pc = (a1, 0, 0, 1) or pa = (0, a2, 0, 0, 1)
a1 < a2 pc = (a1, 0, 0, 1)

ε = 1 a1 > a2 pc = (0, a2, 0, 1)
a1 = a2 pc = (a1 cosω, a1 sinω, 0, 1) for all ω
a1 < a2 pc = (a1, 0, 0, 1)

ε > 1 a1 = a2 pc = (a1/
p

2, a1/
p

2, 0, 1)
a1 6= a2 pc(ω) as per Eq.(43)
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5.4. Grasping strategies for supertoroids

The normal lineas and curvature are similar to those of the superellipsoid,
and have been studied in detail in [5]. In many cases, the best grasping points
correspond to seams and stitches of the surface when we divide it in the 16
patches defined by the values of the angles between 0 and π/2. For most
values of the exponent, those points are regular points, see Figure 4, and
their curvature and normal directions can be easily pre-calculated.

The heuristics for grasping supertoroids are based on the following desired
outcomes:

• The grasp must be close to the centroid to minimize moments.

• The contact must be at points of minimum positive curvature to in-
crease the surface of contact.

• For pinching grippers, the separation between contact points must be
less than the width of the gripper

• For pinching grippers, contact points must be such that the normal
directions to the surface are collinear for both fingers.

• For suction grippers, the area around the contact point must be greater
than the area of the suction cup.

In addition, we have the option of internal grasping, and of using the negative
Euler curvature of the surface.

Figure 12 presents the decision tree for the grasping process. Notice that
we assume a1 > a2, which can always be done when we assign local axes to
the superquadric.

The simple criteria presented here are easy to change in order to add or
modify some of the heuristics, or to be transformed into a learning-based
decision tree; other classifiers may be added. When more than one option is
feasible, these can be ranked and prioritized.

Figure 12 directs to several tables, which were developed in [24]. Here we
present Table 3 and 4 as examples of the application of the heuristics for the
two types of grippers considered.
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Figure 12: Decision tree for the grasping process. Coordinates x, y, z of the local super-
toroid frame.
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Table 3: Grasping TABLE 1: Grasping with a parallel finger gripper, approach along x�y
plane

ε1 ε2 a1, a2 Grasping point pc View

ε1 < 1 ε2 < 1 a1 > a2 pc =

a1(1 + a4)
0
0


a1 = a2 pc =

a1(1 + a4)
0
0

,

 0
a1(1 + a4)

0


ε2 = 1 a1 > a2 pc =

a1(1 + a4)
0
0


a1 = a2 pc =

a1(1 + a4)
0
0

,

 0
a1(1 + a4)

0


ε2 > 1 a1 > a2 pc = 2�ε2


a1(1 + a4)

3
ε2
2 a2(1 + a4)

0


a1 = a2 pc =

a1(1 + a4)
0
0

,

 0
a1(1 + a4)

0


ε2 = 1 etc

5.5. Implementation and combined results

The superquadric fitting implementation and grasping can be found in
https://github.com/jontromanab/sq grasp.git, and the supertoroid fitting in
https://github.com/jbadiat/SupertoroidFitting.git. Grasping results for dif-
ferent objects can be found in [37] and [24].

The initial conditions for the extrinsic parameters are obtained using
PCA. For the parameters ai, the eigenvalues are selected as initial values,
while we constrain ε1 and ε2 to be between between 0.1 and 1.9. The pa-
rameters are optimized using several numerical methods, mainly Levenberg-
Marquardt [50].

As the supersurface grasping system does not rely on iteration for finding
grasp to execute, it may provide better results in time efficiency, with of
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Table 4: Grasping TABLE 5: Grasping with a suction cup, approach along the z axis

ε2 ε1 a1, a2 Grasping point pc View

ε2 < 1 ε1 � 1 a1 > a2 pc =

 0
a2a4
a3


a1 = a2 pc =

a1a40
a3

,

 0
a2a4
a3


ε1 > 1 a1 > a2 pc =


0

a2(( �1
21/2

)ε1 + a4)

2�ε1/2a3


a1 = a2 pc =


a1(( �1

21/2
)ε1 + a4)
0

2�ε1/2a3

,
0

a2(( �1
21/2

)ε1 + a4)

2�ε1/2a3


ε2 = 1 etc

maximum force balance and stability.

6. Intersection and contact for supersurfaces

6.1. Contact detection between superquadrics

Superquadrics can also be used for modeling in simulation, including dy-
namic simulation. In this case, it is important to be able to detect contact
between superquadrics. This is the object of study of [47].

They formulate the problem as a nonlinear, constrained optimization
problem and solve it numerically. In order to do so, local coordinates are
transformed to a global frame, and the distance between one point of each
superquadric, rA and rB, is created and minimized,

krB � rAk2 = (XB �XA)
2 + (YB � YA)2 + (ZB � ZA)2, (44)

subject to the exact constraints given by the two implicit equations of the
superquadrics, with the point coordinates transformed to the global frame.
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Then, in order to recognize contact of the minimum point, the dot product
of the difference vector with the normal to the surface is created,

nA � rAB ⋚ 0, (45)

where there is contact when the dot product is less or equal to zero.

6.2. Non-iterative contact approximation

The minimum distance between superquadrics is always between two
points that share a common normal. This can be exploited for collision de-
tection using iterative methods [62] as well as non-iterative approximations.
The main benefit of using non-iterative methods is that their implementation
can be much simpler and compatible with trajectory optimization problem
formulations.

One such approximation that relies on this type of method allows for the
approximation of the contact between a mesh and a superquadric.

For shallow contacts, that is, those in which none of the elements expe-
riences significant deformation, the general shape of the volume shared by
the two objects can be approximated. To do so, the radial distances of the
points of the mesh with respect to the superquadric are calculated. During
this process, a value of ωs is determined for each point by first finding ωπ
and the applying the relation shown in Eq. 16. This can be used to find the
projection of the point on the superquardic, the distance between the two
being the radial distance. Additionally, the normal to the superquadric at
the projected point, n(ωs), is taken as the direction of the contact force. The
normal direction, n(ωs), is defined by the relation in Eq. 39.

If the contact is treated as linearly elastic, the pressure at each point is a
factor of the material properties of the bodies involved and the indentation
of the mesh. In this context, indentation (Ip) is understood as a measure
of how deep a point is in the superquadric. Ip has both a magnitude and a
direction. For our purposes, it can be determined using Eq. 46.

Ip = (�pR � n(ωs))n(ωs) (46)

Thus, the indentation of a point in a superquadric is the vector from the
point to its projection on the superquadric projected on the normal associated
to its ωs. The point of application of the contact force depends on the relative
stiffness of the bodies. If the meshed body is far stiffer than the superquadric,
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the point of application is the point on the mesh. Whereas if the opposite is
true, the point on the mesh plus the indentation can be taken instead.

A graphical representation of the procedure is shown in Figure 13. In it,
the dotted lines are the distance from the mesh points to the center of the
superellipse, the dashed lines are the radial distance to each point, and the
arrows show the magnitude and direction of the indentation of each point.
The cross markers on the superellipse show the points where each normal is
used.

Figure 13: Contact between meshed and unmeshed superellipses. In this case, the meshed
superellipse is considered as much stiffer than the unmeshed one.

The indentation can then be used for calculating a pressure associated to
each point. The pressure on each point multiplied by an area corresponding
to it can in turn be used to compute a set of wrenches acting on the bodies.

By examining the definition of the radial distance it becomes clear that
the closer a point of the mesh is to the surface, the more accurate this ap-
proximation becomes. Reducing the distance between the point in the mesh
to the surface of the superquadric to zero produces an indentation of exactly
zero magnitude and direction perfectly normal to the superquadric. The
error grows as the distance between the two increases, particularly in elon-
gated bodies, in which the directions of n(ωs) and ps � p can be especially
dissimilar.
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7. Conclusions

This work is intended as an overview on the modeling of shapes using
the many variations of superquadrics, originally devised as quadric surfaces
whose shapes could be modified by substituting the original quadratic expo-
nents with somewhat arbitrary positive real numbers. Based on this back-
ground, some new results on the definition and use of superquadrics and
superquartics are presented, for grasping, obstacle and contact detection.
The use of simpler equations limits the shapes that they can model but leads
to closed expressions for some of the basic characteristics of these surfaces,
such as normal lines, curvature and distances to points. These expressions
can be used to create algorithms and heuristics for actions in the interaction
with real objects.
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