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Abstract: This paper investigates a tube-based robust economic model predictive control
(EMPC) strategy for pressurized water distribution networks (WDNs) with unknown but
bounded demand disturbances. The proposed EMPC framework aims to optimize the operation
of water storage tanks by scheduling their filling and emptying through pumps and valves while
considering both the time-varying electricity tariff and the daily water demands. To handle
demand uncertainties, the controller introduces a selection matrix, whose elements indicate
whether each actuator participates in disturbance mitigation. The upper and lower bounds of
the tightened constraints are precomputed based on known disturbance bounds. During online
execution, the robust EMPC employs the nominal system model and simultaneously determines
the optimal actuator scheduling. Meanwhile, constraint tightening is applied over the prediction
horizon to ensure robust feasibility under uncertainty. Finally, the effectiveness of the proposed

strategy is demonstrated through simulation results conducted on a case study.
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1. INTRODUCTION

Water distribution networks (WDNSs), as critical infras-
tructure systems, play an essential role in the large-scale
transmission and delivery. Their performance is closely
related to public health, residential quality of life, and the
efficiency of industrial and commercial activities. Ensuring
the secure, stable, and efficient operation of WDNSs is cru-
cial not only to minimize water losses during transmission
and distribution, but also to guarantee a sustainable water
supply, particularly under growing demand and increas-
ing urbanization. However, with the expanding scale and
structural complexity of WDNs, which are characterized
by numerous interconnected components such as pumps,
valves, tanks, and demand nodes, achieving economical,
efficient and safe operation becomes increasingly challeng-
ing.

Model predictive control (MPC) is an advanced control
strategy that has received extensive research and applica-
tion over the past few years (Nassourou et al., 2020b,a;
Gallego and Puig, 2023; Segovia et al., 2025). Its core
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principle lies in using a dynamic model of the system to
predict future behavior over a finite horizon. At each time
step, MPC solves an optimization problem that determines
the optimal control actions by minimizing a predefined ob-
jective function while satisfying system constraints. Only
the first control input is implemented, and the process is
repeated at the next step in a receding horizon fashion.
Thanks to its ability to handle multi-variable interactions,
operational constraints, and external disturbances, MPC
has been successfully applied in a wide range of domains,
including energy systems (Jamaaoui et al., 2023), trans-
portation (Airaldi et al., 2025) and autonomous driving
(Alcald et al., 2022).

As a key component of urban infrastructure, the optimal
operation of water distribution networks is of great signif-
icance to ensure reliable water supply, improve resource
efficiency, and minimize operational costs. In recent years,
the application of MPC (Zanoli et al., 2022; Putri and
Moazeni, 2025) in the scheduling and control of water
distribution networks has received increasing attention,
especially the economic model predictive control (EMPC)
method (Wang et al., 2017b,a, 2018; Trapiello et al.,
2023) oriented to economic benefits. Different from the
traditional MPC which focuses on tracking reference tra-
jectories, EMPC directly considers economic performance
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indicators. It aims to minimize these costs while ensuring
system constraints are satisfied. In (Wang et al., 2017b),
a nonlinear EMPC strategy is developed with a two-
layer control structure to optimize the operation of water
distribution networks. (Wang et al., 2018) introduced an
iterative method to linearize nonlinear algebraic equations,
enhancing the computational efficiency of solving the non-
linear EMPC problem. In (Trapiello et al., 2023), a two-
phase actuator reconfiguration strategy is proposed for
flow-based networks with backup components, combining
offline identification of minimal admissible configurations
with online mixed-integer optimization to restore perfor-
mance after faults.

In WDNs, pumping stations and valves are the main
source of operational consumption. Their switching strate-
gies, scheduling, and the regulation of tank storage have
a significant impact on system energy consumption and
operational costs. Large-scale water distribution systems
typically involve multiple water sources and numerous
pumps and valves connected to storage tanks and dis-
trict metered areas (DMAS). Reasonable selection of water
sources and the effective scheduling of pump and valve
operations can significantly reduce operational costs to a
large extent. Most existing studies focus on minimizing
operational expenses while ensuring that user demand is
satisfied. In (Nassourou et al., 2020b), it considered to
compensate the demand uncertainties by control inputs,
without addressing which actuators should be activated or
how they should be scheduled to minimize costs. There-
fore, a selection matrix is introduced in this paper, whose
entries indicate whether each pump or valve is utilized
for disturbance compensation. This approach not only
compensates for demand uncertainties but also effectively
reduces the system’s operational costs.

This paper develops a tube-based robust EMPC frame-
work that accounts for unknown but bounded demand
disturbances in pressurized WDNs. A actuator selection
matrix is introduced, enabling the controller to determine
which pumps and valves actively contribute to compensat-
ing for demand uncertainty. The upper and lower bounds
of tightened constraints are computed based on distur-
bance bounds, and integrated into the on-line EMPC opti-
mization to ensure robust constraint satisfaction over the
prediction horizon. The proposed EMPC scheme optimizes
the scheduling of storage tank filling and emptying by
considering both time-varying electricity tariffs and daily
demand profiles, aiming to minimize operational costs
while maintaining system safety. The effectiveness and
robustness of the proposed control strategy are validated
through a case study.

2. PROBLEM STATEMENT
2.1 Control-oriented model

Consider the discrete-time linear WDN in the following
form

x(k +1) = Ax(k) + Byu(k) + Bgd(k), (1a)

0=E,u(k) + Eqd(k), (1b)

where x(k) € R™ denotes the vector of hydraulic heads

of the storage tanks as system states at time instant

k, u(k) € R™ denotes the vector of flows of actuators

(pumps and valves) as control inputs at time instant k,
d(k) € R™ denotes the vector of water demands as system
disturbances at time instant k, A, B,, By, are system
matrices of appropriate dimensions, and E, € R™a*"«,
E; € R"*™ being n, the number of nodes (algebraic
equations in (1b)). (la) describes the system dynamics
described by the mass balance at storage tanks and (1b)
presents the static relations between some system variables
at non-storage nodes. In addition, it will be considered that
each tank provides water to a district metered area (DMA)

Xd, (k) =€y, +Pq, (k) +va, (d(k‘)), dy=1,2,... nz, (2>
where x4, (k) is the hydraulic head of tank [, €4, is the inlet
elevation of the d;"™ DMA , pg, (k) is the inlet pressure

of the d;" DMA and subject to constraint pg,(k) €
P, usually defined by minimum and maximum pressures
pq, (k) € [P, PJ, ¢ is the nonlinear function that computes
the pressure loss from the outlet tank to the DMAs inlet

considering DMAs demand d;(k) and n, < ng.

According to the limits of storage tanks and capacity of
actuators inside the WDN, system variables x(k) and u(k)
are subject to physical constraints as follows:

x(k) € X,u(k) e, Vk € N,. (3)
2.2 Cost function

The operational goals for the management of the WDN
include:

e Economic: Ensuring a reliable water supply at the
required pressure while minimizing operational costs.

e Safety: Maintaining adequate water volume and ap-
propriate pressure in storage tanks to satisfy its un-
derlying uncertain water demands.

e Smoothness: Implementing smooth control actions for
actuators (pumps and valves) in the WDN.

2.8 Cost optimization for water distribution

The main control objective of a water distribution network
is to minimize the water supply costs, which includes both
water acquisition costs and electrical costs particularly
the cost associated with delivering water through pumps.
Since water is delivered through the distribution network
to nodes at varying elevations and hydraulic heads, the
energy consumption of booster pumps can be substantial.
Consequently, the related cost function can be expressed
as:

u(k) £ (a1 + az (k) ulk). (4)
where a; represents a column vector of the static economic
cost of water, determined by the chosen water source, and
as(k) denotes a time-varying vector of electricity prices.
Given the fluctuating nature of daily electricity tariffs,
as (k) varies over time.

2.4 Safety assurance in water storage

Although water demand may vary between two consecu-
tive MPC sampling steps, it is essential to maintain an
appropriate safety head in each storage tank to ensure
water supply. Therefore, this objective is mathematically
expressed in a quadratic form as follows:
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()

where x4 represents the vector of safety heads for all
storage tanks. This cost function can also be formulated
using a soft constraint by introducing a slack variable &,
and can be rewritten as follows

1o (k) 2 €7 (k)E(k), (6)
where x(k) > x, — {(k).

LQ(/{;) £ ||X(k) - XS”%a if X(k') < Xs
0, otherwise

2.5 Smoothness of the control actions

To preserve the operational lifespan of WDN actua-
tors (predominantly pumps and valves), the EMPC con-
troller must generate smooth control actions. Therefore,
to achieve this goal, the corresponding cost function can
be expressed as follows

t3(k) £ 6(k)"
where 0(k) is defined as 6(k) =

o(k), (7)
u(k) — ulk — 1).

3. MODEL PREDICTIVE CONTROL

3.1 Actual Control-oriented model of the water distribution
network

In water distribution networks, water demand serves as
a core factor in both operational scheduling and control.
However, in practical scenarios, water demand often ex-
hibits significant uncertainty. Therefore, it is essential to
account for demand uncertainty in system modeling and
optimization. Based on this, the predicted evolution of the
actual state can be expressed as

%(k+1) = Ax(k) + B, (k) + Bad(k), (8a)
0 = E,u(k) + Eqd(k), (8b)

with
(k) = u(k) + Au(k), (9)

where u(k) is the predicted control inputs and Au(k)
represents bounded uncertainty. Furthermore, according
to the limits of storage tanks and capacity of actuators

inside the WDN, system variables X(k) and u(k) are
subject to physical constraints as follows:
%x(k) e X,a(k) eU, VkeN,. (10)

It is assumed that actual water demands can be decom-
posed into a deterministic forecast component and an
uncertain component. Therefore, the actual water demand

d(k) can be expressed as
d(k) = d(k) + w(k). (11)
Assumption 1. The stochastic demand w(k) for Vk € N

are unknown in practice but bounded in known sets, which
can be formulated as

w(k) e W, (12)
where W = {w(k) € R" | |w;(k)| < A0;,Vi = 1,...,n4},
with w;(k) the i*' component of w(k).

The zonotopic form of w(k) can be represented as
W(k) €0d Hyzg, (13)

where Hy defined as diag(Afy,Afs, ..., Ab,,) is a diago-
nal matrix, and zq € B™ with B = [—1,1]|"4.

3.2 Formulation of the controller and settings of system
constraint

To compensate demand uncertainty, it is essential to de-
sign appropriate control inputs. Although these distur-
bances are known to be compensated for through the
operation of pumps and valves, a key challenge lies in
determining which pumps and valves should be activated
and how they should be scheduled to minimize operational
cost. To address this, a selection matrix M,, € R"u*"d
is introduced following the proposal of (Pereira et al.,
2017), their entries indicate whether each pump or valve
is utilized for disturbance compensation. Then, Au(k) can
be designed as

Au(k) = M, w(k). (14)
Taking into account the uncertainty of demand, we can
decompose the mass balance equation (11) into the deter-
ministic and uncertain part

0 = Eyu(k) + Eqd(k),
0 =E,Au(k) + Egw(k).

(15a)
(15Db)

According to (13), the variation Au(k) is bounded by a
zonotope

Au(k) € 0 ® H, 24, (16)
where H, = M, Hj.
Future states can be computed as
x(i 4 1k) = x(i + 1]k) + Ax(i + 1|k), (17)

where Ax(i41]k) is the uncertain part, which can be given
by
Ax(i+1]k) = > A" (B,Au(jlk) + Baw(jlk))
j=0
=" A"I(B,M,Au(j|k) + Baw(j|k))
j=0
=Y A"IBw(j[k),
=0
(18)
where i = 0,1,...,H, — 1 and B = B,M,, + B;. The
zonotopic form of Ax(i + 1|k) can be represented as

Ax(i + 1|k) € 0 ® H, (1) 2y, (19)

with o o -
H,(i)=[A'H, A'"'H, H,], (20)
where H, = BH, and 2L =[1,2T ... 2], 2y, € B

The zonotopic form of Az(i + 1|k) can be computed
recursively as

x(i+ 1lk) € (21)

@AZ IBW.

Finally, taking into account the uncertainty in demand
forecast and hydraulic heads estimation in pressure equa-
tions of tanks (2), it yields that

Da, (i + 1Ik) = Xq, (i + L|k) — eq, — a,(d(i + 1[K)), (22)

where the relationship 14, () is nonlinear and typically
characterized by an empirical expression, such as the



Xiaohe Li et al. / IFAC PapersOnLine 59-33 (2025) 62—67 65

Hazen-Williams equation. The corresponding pressure
drop 1/)dl( (i + 1]k)) can be computed as

Yay (A(i+1[k)) = ta, (A(i+ 1[k)) + Ada, (A (i +1]k)), (23)
with . .
ba (A(i + 1[k)) = Ry(d(i + 1]k))*%2, (24)
where R; the hydraulic resistance of the pipe from the I*®
tank to the DMAs.

Due to the aforementioned uncertainties in water demand,
the actual pressure drop across each pipe segment, denoted
by A, (d(i + 1|k)), cannot be precisely described. Then,
it can be bounded within an interval of the following form
to account for demand fluctuations

At (Al + 1K) € A6, D, |, (25)
where %dz = Mdl(d(i + 11k)), Ay, & Aty (d(i +

1|k)), and the bounds are computed based on the range of
possible values of the future demand d(i + 1|k),

Ay, = g, (A(i + 1[k) + Ab) — ¢a, (d(i + 1[k)),  (26)
and
Ay, = ta,(d(i+ 1|k) — AGy) — va, (d(i + 1]k)),  (27)

The vector of actual pressures in the network can then be
described as

Pa, (i +1|k) = pa, (i + 1|k) + Apa, (i + 1]k),  (28)
where the nominal part can be represented as

Pd, (Z + 1|/€) = X4q; (l + 1‘]€) —€q, — ¢d,, (d(’L + 1|k)) (29)
Then, the uncertain part can be calculated as

Apg, (i + 1[k) = Axq, (i + 1[k) — Athg, (d(i + 1]k)), (30)

where Axg, (i 4 1|k) is the d;"™
defined in (21).

component of Ax(i + 1|k)

According to the zonotopic representation of Ax(i + 1|k),
the box bounds of the component Axg, (i + 1|k) can be
computed recursively as

Axg, (i + 1K) € [-Ax], Ax]] (31)
where Ax} = ||H,(i);||; and H,(i); denotes the I'" row of
the matrix H, () defined in (19).

Then, combining the actual pressure drop (25), APg4, (i +
1]k) can be explicitly reformulated as

APy, (i + k) € [Ap], Apj| (32)

where &; = —Ax] — Aty (d(i + 1]k)) and Tp; = Axi —
A, (d(i + 1]b).

3.3 Robust optimization problem

The EMPC strategy typically involves solving a finite-
horizon optimization problem over a prediction horizon
H,,, where the controller minimizes a multi-objective cost
function constrained by predictive model and a class of
system constraints. Considering the disturbances in the
system model (8), the optimal control action u(k) can be
selected by solving the following optimization problem:
H,—1 T

Z > Njk+il k)
u(k|k),.. ,u(k+H —1lk)

=0 j5=0

(33a)

subject to
x(i + 1|k) = Ax(i|k) + Byu(ilk) + B4d(i|k), (33b)
0 = B, u(ilk) + Eqd(i|k), (33¢)
E.M, = —Eg4, (33d)
Pa, (i + 1|k) = xq,(0 + 1|k) — eq, — g, (d(i + 1]k)), (33e)
pa, (i + 1]k) € [£+@E,P—ij =12, nx
(33f)
ui| k) eU oMW, Vie{o,...,N—1} (33g)
x(i+1|k) € X © D ATIBW, (33h)

j=0

where the coefficient \; represents the weighting factor
that quantifies the relative priority among control ob-
jectives, where I' denotes the total number of selected
objectives in the optimization framework. In this case, the
objective function accounts for the water distribution cost
(4), the safety of water storage (6), and the smoothness of
control actions (7), resulting in I = 3.

The feasible control input solutions of the optimization
problem (33) are denoted by
u(k+H, -1 k)"

(k) = [ulk | k) u(k+ 1] k), ...,
(34)

and the first value is applied to be the optimal control
action u(k | k) at time instant k. Finally, the control law
is designed as

u(k)

=u(k | k) + My,w(k). (35)

4. CASE STUDY
4.1 System description

The three-tank water distribution network depicted in
Figure 1 consists of three tanks, six actuators (three pumps
and three valves) and four DMAs. Water is supplied from
two external sources and delivered to the DM As through a
combination of pumps and valves. A discrete-time, control-
oriented model is developed to describe the system dy-
namics, and the matrices of discrete-time control-oriented
model for this three-tank water network can be represented

as
100 000110
At At
A= [010,Bu [000001]
Sa {001 Sa (001000
100 0
A
B,— 2|0 01 0]
Sa |00 0 -1
and

0-100}|"
where At is the sampling time of 24 hours (3600 seconds)
and Sy, is the cross-sectional area of the d,th tank, the
value are chosen as S; = [64.8074,42.4264,164.3167]7.
The inlet elevation of the DMAs in (2) is selected as
eq, = [30,30,30]7. The system constrains are given as
Xmax = [87.2522, 102.6274,98.8659]7, xmin = [50, 50, 50]7,
Pmax = [40740740}:’17 Pmin = [10;10; 10]T’ Umax
[1.297,0.05,0.12,0.015,0.0317,0.022]7, and u, = [0,0,0,
0,0,0]7.

Eu=[1 -1-10 0 —1]’Ed:[0 0 00}
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Fig. 1. Three-tank water network

To account for the uncertainty in DMAs water demand,
we model it as unknown but bounded disturbances, which
are assumed to lie within a known uncertainty set W.
Accordingly, the uncertain water demand can be expressed
as

A6y 0 0 O

NI
Ho=10 0 A, 0 |-
0 0 0 Af,

where Af; are assumed to be 0.05 x max(d;),i = 1,2, 3,4.

In the EMPC optimization problem, the priority weights
are assigned to different control objectives to balance
economic performance, safety requirements, and control
smoothness. Specifically, the weight for the economic ob-
jective is set to 100, the safety objective to 10, and the
smoothness objective to 1.

4.2 Simulation results

Head [m]

L L L L M| L A L 198 |
0 10 20 30 40 50 60 70 80 9 100
Time [h]

Fig. 2. The head evolutions of each tank

The simulations are conducted over a 96-hour period (4
days), with a sampling time At of 3600 seconds. Figure 2
illustrates the hydraulic head variations within the storage
tanks of the WDN. As can be seen from the figure, the head

of each tank shows obvious periodic fluctuations, which
reflects the process of adjusting the water storage level of
the system while satisfying the varying water demand.

Figure 3 shows the evolution of the inlet pressure for each
DMA.

o - — - - -1 - - e i B e e iy

—+—pi
35| — — Lower Bound | |
Upper Bound

30 -

25W 7
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Head [m]
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(a)
0F - — = - - - - B e e e S i =

|
——p2
35| — — Lower Bound | |
Upper Bound
30| 8

251
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Time [h]
(c)
Fig. 3. The inlet pressure for each DMA
—d1
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Fig. 4. The demand variation of each DMA

Figure 4 depicts the demand variation of each DMA. The
water flow of each control input are applied as Figure
5. From the simulation graphs Figure 2-5, it can be
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Fig. 5. The flow through each control input

seen that EMPC optimizes pumps and valves scheduling
decision under the influence of time-varying electricity
prices. Water delivery operations are carried out during
periods of lower tariffs, while the frequency of pumps and
valves operation is reduced during periods of higher tariffs,
thus significantly reducing the overall operating costs while
satisfying the water demand of users.

5. CONCLUSION

In this paper, a tube-based robust EMPC strategy for
pressurized WDNs was investigated under unknown but
bounded demand disturbances. A selection matrix was
introduced as a key feature of the controller, enabling
actuator participation in the mitigation of demand uncer-
tainties. Tightened constraint bounds were precomputed,
and a nominal system model was leveraged during on-
line implementation to ensure robust feasibility across the
prediction horizon. The effectiveness of the proposed con-
trol strategy was demonstrated through simulation results
based on a case study.
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