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Abstract—In this paper, the problem of designing a robust
unknown input observer (RUIO) for quadratically inner bounded
(QIB) one-sided Lipschitz (OSL) nonlinear systems considering
noise and unknown inputs is addressed. The RUIO is formulated
as a convex optimization problem when parameter uncertainty
and noise are considered. Sufficient conditions for observer gain
synthesis are shown to be equivalent to solving finite sets of
Linear Matrix Inequalities (LMIs) and Linear Matrix Equalities
(LMEs). Two illustrative examples (a bioreactor for biomass
production from substrate consumption and a robot manipulator)
are used to test the effectiveness of the approach in the presence of
unknown inputs, parameter uncertainty and measurement noise.

Index Terms—Unknown Input Observer, One Sided Lipschitz,
Quadratically Inner Bounded, Robust Observer design

I. INTRODUCTION

State estimators, or observers, are usually designed to re-
duce the cost associated with physical sensors, or to measure
highly complex variables [1]. Observer design requires a
mathematical model to predict part of the behavior of the
system, hence an imperfect knowledge of this model can affect
the quality of the estimation due to unmodeled inputs (also
known as unknown entries) and uncertain parameters (time-
varying parameters or errors in their numerical identification).
Thus, in the literature there are several studies focusing on
reconstructing the state of a system from known inputs and
outputs in the presence of unknown inputs, all the while being
robust against parameter uncertainty. Such a task involves
the synthesis of Unknown Input Observers (UIO) and Robust
Observers (RO). With regard to the design of UIO and RO,
several contributions can be found in the literature for linear
systems (see [2], [3], [4]). However, the design of UIO and RO
for nonlinear systems (NLS) might become more challenging,
since the validity of linear systems can only approximate the
dynamic behavior of NLS in a region close to the equilibrium
point.

Nonlinear Lipschitz systems are a particular class of NLS,
for which there are several contributions related to the design
of UIO and Robust UIO (RUIO) (see [5], [6], [7]). The
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UIO synthesis problem for nonlinear Lipschitz systems is
formulated in the Linear Matrix Inequality (LMI) framework,
obtaining sufficient conditions to guarantee the convergence of
the error dynamics. Another family of systems, which is less
restrictive than the Lipschitz one, is the family of Quadratically
Inner Bounded (QIB) One-sided Lipschitz Nonlinear Systems
(OSL). This type of systems has attracted the attention of
the scientific community due to the fact that the bounding
condition of the derivative must only be satisfied in the growth
rate, and negative constants can be included in order to obtain
a better description of an NLS, making it less conservative than
conventional Lipschitz systems. In particular, NLS Lipschitz
can be described with one positive constant, and increasing
and decreasing rates are bounded [8]. Different approaches
for the design of RO-UIO for QIB-OSL systems can be found
in the literature (see [9], [10], [11], [12], [13], [14], [15]),
ensuring robustness and rejecting the effect of the unknown
inputs in different conditions. However, the design of RUIO
for QIB-OSL systems with parametric uncertainty has not been
addressed considering the uncertainty of the parameters and
the fact that the measurement noise is independent of the
unknown input.

In this paper, an RUIO is designed using an LMI approach
for QIB-OSL. From a methodological point of view, the
main contribution consists in the reformulation of the UIO
synthesis problem for QIB-OSL nonlinear system as a convex
optimization problem, while minimizing the impact of the
noise and parameter uncertainty. This fact allows to solve
the UIO synthesis problem for QIB-OSL and formulate the
observer synthesis problem as a convex optimization problem
by combining LMIs and LMEs. Using this approach, it be-
comes clear that sufficient conditions for UIO synthesis are
identical to the one considered for classical observer synthesis
using LMIs (as considered for instance in [16]) combined
with decoupling conditions between the observer error and
the unknown input.

The structure of the paper is the following: In Section 2,
the problem statement is presented. Section 3 describes the
RUIO design procedures without and with noise. Section 4
shows the obtained results applying the proposed approaches
using illustrative examples. Finally, Section 5 draws the main
conclusions and points several future research paths.

II. PROBLEM FORMULATION

Consider the following dynamical system subject to time-
varying terms, which are used to model the effects of uncer-
tainties in the linear and nonlinear part:



i = (A+ AA)z(t) + Bu(t) + Dy f(Hz) + Do(t), (1)
y = Cz(t) + Rh(t),
f(Hz) = fo(Hz) + 0f(Hz),

where z € R" is the state, u € R™ is the input, y € RP
is the output, v € RP is an unknown input, h € RJ
is the measurement noise, and A € R"*", B ¢ R"*™,
C € RP*" Dy € R, H € R**" and R € RP*J are
the system matrices. On the other hand, matrix AA and the
term 0f(Hzx) are time-varying, and are used to model the
parameter uncertainty [15]. Both elements are assumed to have
the following properties [15]:

AA = M F(t)Ny, )
10F(Ha)|| < 0]j«]], 3)

where 6 is a positive scalar, My and N; are known and
constants matrices of appropriate dimensions, and F'(¢) is a
time-varying matrix that satisfies F'(t)TF(t) < I [9]. The
nonlinearity’s nominal term fo(Hz) is assumed to fulfill the
OSL and QIB conditions that are summarized below [17]:

Condition 1: The nonlinearity fo(Hz) satisfies the OSL
condition if the following inequalities are fulfilled:

< fo(Hz) — fo(HZ), H(z — &) >< p||H(z — 2)||>. (4

Using Af = fo(Hz) — fo(HZ) and e = z — &, Eq. (4) is
equivalent to:
AfTHe < pe’ HT He, 5)

where p € R is the OSL constant.
Condition 2: As in Condition 1, the following inequalities
are formulated to state the QIB property:

fo(Hz) — fo(Ha)||* < Bl H (2 — &) |*+ (6)
v{fo(Hz) — fo(HZ), H(z — &)),
AfTAf < e’ HTHe + veT HAY, @)

and the scalars v, 8 in (7) are the QIB constants.

It should be noted that every vector function that is locally
Lipschitz satisfies the one-sided Lipschitz property, but the
inverse is not true [17]. For instance, the scalar function
f(x) = —a? is locally Lipschitz but not globally Lipschitz
[18]. However, by applying (5) it is possible to conclude that
the condition is fulfilled with p = 0, and thus the system
is OSL. From the above, it can be inferred that the OSL
condition encompasses a much larger family of dynamical
systems than the classical Lipschitz condition. Hence, the
design of an observer with this property could estimate the
unmeasurable state of a wide variety of systems (more than
including classical Lipschitz property).

To guarantee an implementable design of an observer, it is
of vital importance to guarantee robustness against parameter

uncertainty and noise in the measurement since these can
deteriorate the performance of the observer. Therefore, the
goal of this work is to propose a formulation of an observer
that is robust to parameter uncertainty and noise. The im-
plementation of an observer characterized by these features
becomes interesting for real-time state estimation and filtering
applications.

In order to present the results obtained in this paper, the
following preliminary definitions and lemmas are necessary:

Definition 1. (Exponential Observer) [19]: An observer I is
an exponential observer of x with convergence rate o and
overshoot Q) if the following inequality holds for all t > 0:

() = 2(t)]| < Ql2(0) — 2(0)]le™". ®

Definition 2. (Continuous time robust observer) [19]: An
observer T of x with Lo gain p is said to be robust with
respect to perturbation v, if :

/000 e(s)Te(s) — p2v(s)Tv(s)ds < oo, )

where e(s) corresponds to the error of estimation (Z(s) —
(s))-

Lemma 1. Young inequality [15]: For real matrices of appro-
priate dimensions X,Y, and F(t) fulfilling F(t)TF(t) < I,
it is possible to define the expression below [15]:

XFO)Y +YTFT)XT <e ' XXT +eYTY.  (10)

Lemma 2. Schur complement [15]: Given real matrices of
appropriate dimensions X,Y,Z, where X = X7, Y =YT >
0 then X — ZY ~1Z < 0 if and only if

X 7
7T vy
III. ROBUST UIO DESIGN FOR UNCERTAIN AND NOISY
QIB-OSL NONLINEAR SYSTEMS

A. RUIO design, noiseless case (R =0)

This section will address the design of an UIO when the
measurement is noise-free, i.e., R = 0. Initially, let us consider
the following UIO structure [17]:

(1)

i =Nz+TBu+ Gy+TDjfo(Hz),

& =z— By, (12)

where z is the auxiliary variable and 2 is the estimation of the
system state. The matrices N, J, L, F and T' = I,, + EC are
the observer gains. In the following equations, the observer
gains are stated as functions of other matrices (P, @, .S) that
will be used as matrix variables in LME and LML

E =P71s,
K =P71Q,
N=TA-KC, (13)

G=K+ KCE—-TAE.



The subtraction between the estimated state and the real
state of the system allows to define the estimation error:

e=rx—T=x—z2+FECe=Tx— 2
T=(I,+EC)

(14)

Taking the time derivative of (14), the error dynamics can
be deduced:

¢ =Ne+TD;Af — (NT +GC — TA)z

+TDv+TD;0f(Hz) + TAAz. (15)

Once the error dynamics are obtained, the UIO can be
synthesized [20].

Theorem 1. If there exist matrices P >~ 0, S and Q, and
positive scalars Ty, T, T3, A1, Ao, €1 and p for which the
following constrained convex optimization problem can be

solved:
min pu+e€ — 73

AT (16)
s.t. [FT Q}~<O,
PD+ SCD =0, (17)
w1 af 0
A= aq 727’2.[774 0 s
0 0 o

wi = PN+ NTP+ (2rp+ 2mB8)HT H + 731,
o] = D?a{' — ’7'1H+T2’YH,
o= XNN{Ny — e,

alDf a1M1 0
r=1| 0 0 0],
0 0 I,

oI, —pl]).

Then observer (12) is a robust observer of system (1), and
its gains are given by (13).

Proof. By assuming PD + SCD = 0, and since P is
invertible, it follows that D + P~1SCD = 0. Moreover, since
P~1S = E, (I + EC)D = 0, it follows that TD = 0.
Furthermore:

0= dzag ([7)\1]—”

NT+GC ~TA=N+ NEC +GC —TA
— —KC+ NEC +GC
= NEC + (KCE — TAE)C
= (N+KC —TA)EC
= 0.

With the above considerations, the following simplified
error dynamics are obtained:

¢ = Ne+TD;Af +TD0f(Hz)+ TAAz.  (18)

Considering the error dynamics (18), the quadratic Lya-
punov function (LF) V' = eT Pe is proposed. Taking the LF
derivative, the following expressions are found [15]:

V = 2T Pe, (19)

PTDy = PDy+ SCDy = a1 Dy, (20)

V =2e"PNe+2eTa,DsAf 1)
+2e¢Ta; D0 f(Hz) 4 2¢T a1 A Az,

V =2¢"PN +2eTa; D Af (22)

+2¢Ta1 D0 f(Ha) + 2¢¥ay My F(t) Ny .

Applying Lemma 1 to (21) and the properties (2)-(3), the
following inequalities are obtained:

QeTalDfo(Hx) < )\fleTalDfD?ale + M0zTz, (23)

QeTalMlF(t)le < /\Q_leTalMlMlTalTe + /\ngNlTle.
(24)
As a first step towards obtaining a satisfactory performance
against the parametric uncertainty of the nonlinear part, the
substitution \;# = p~! is performed. Pre-multiplying OSL-
QIB properties by the positive scalars 27; and 273, and
considering (23)-(24), an upper bound for the LF derivative
is found:

Vv < Al_leTalDfD?alTe + /flex
+ )\gleTalM1M1Ta1Te + )\ngNlTle
+2¢"PNe + 2" a1 Dy Af — 21 AfTAf
+2mBe’ H He + 2myveT HAf
—2nAfTHe + 2T1p6THTH€.

(25)

Equation (25) allows to add the £, gain €; in order to mini-
mize the impact of parametric uncertainty on the performance
of the UIO.

o0
/ (r3ele — eyxa)dt < oo, (26)
0

€1 = T3l 27)

Defining the variable ¢? = [eT AfT :UT] , Eq. (29),
together with the addition of (26), can be rewritten as the sum
of the terms A and ®:

a1 =Dja] — 1 H + 7pvH, (28)

w1 af 0
A= a7 _27-2111 0 s
0 0 o
o0 =MNIN, —el,,
ar(\'DgDT + X' MiM{T)al 0 0
o= 0 0o 0 |,
0 0 u'I,
V < ¢T(A+ D)o (29)



Notice that (29) corresponds to a nonlinear matrix inequality
(NMI), hence convexity cannot be ensured. However, matrix
® can be decomposed to transform the NMI into an LML
Defining matrices I' and W, ® can be rewritten as:

d =T1or’, (30)
(LlDf a1M1 0
r=1| 0 0 0f, (31)
0 0o I,
U =diag([-M "I, —X\'L, —p L) ="' (32

Given equations (31) and (32), the Schur complement
lemma is used to rewrite the NMI problem A + I'WUI'" < (
into the following semidefinite programming (SDP) form, in
order to find a robust performance for the UIO:

min pu+€ — T3
AT (33)
s.t. [I‘T Q} < 0.
The optimization problem (33) concludes the proof of
Theorem 1. O

B. RUIO design, noisy case (R # 0)

In this section, the case when the measurement is corrupted
with noise is considered, i.e., R # 0. Using the measurement
equation y = C'z + Rh (1), the modified error dynamics can
be obtained:

é = Ne+ TDfAf + TDfo(Hat)
+TAAz — (GR + NER)h + ERh.

(34)

Theorem 2. If there exist matrices P > 0, S and Q, and
positive scalars T, To, T3, A1, g, €1, €2, €3 and p for which
the following constrained-convex optimization problem can be

solved.:
min pu+4e€ +e+e—7

Ay Ty (35)
s.t. [I‘zT 92} 0,
PD+ SCD =0, (36)
T = T3+ T4 + Ts,
wo of 0 -QR SR
(5] *27—2]n O O O
A2 = 0 0 g 0 0 )
—RTQT 0 0 —el, 0
RTST 0 0 0 —es3l,

wy = PN+ NTP + (2rp+2mB)H  H + 71,
0= MN[IN —el,,

alDf a1M1 0 0 0
0 0 0 0 O
Ib=| 0 0 I, 0 0},
0 0 0 0 0
0 0 0 0 0

Qy = diag([-MIn —Aeln —pln, I, I.]).

Then observer (12) is a robust observer of system (1) consid-
ering noise and parameter uncertainty, and its gains are given
by (13).

Proof. Considering the error dynamics with noise given by
Eq. (34), the quadratic Lyapunov function (LF) V = e Pe is
proposed. In a similar manner as in Theorem 1, the following
LF derivative is obtained:

V =2e"PN +2¢Tay Dy Af 4 2¢Ta1 D0 f(Hz)
+2¢Tay MyF(t) Ny — 2¢TQRh + 2¢T SRh.

(37

Using equations (23) and (24), and the OSL-QIB properties
(5)-(7), an upper bound for the LF derivative subject to noise
can be found

1%4 < vV + )\fleTalDfD}Fa{e + u_la:Tx
+ A;leTalMlMlTalTe + )\ngNlTNlcc
— 27’1 AfTHe
+2mpel H' He — 2y AfTAf

+2mB8eTHY He 4 2m0veT HAF. (38)

Defining (37), the L, gains €1,€z,€3 can be added to
minimize the impact of the noise, its derivative, and parametric
uncertainty on the performance of the UIO

/ (T3€T€ — ela:Ta:)dt < 00, €1 =T33, (39)

0

/ (rse"e — eah™h)dt < o0, € = Tap3,  (40)
0

/ (rseTe — e2hTh)dt < 00, €3 = T3 (41)
0

Adding equations (39)—(41) to (38), and defining the vari-
able ¢©' = [T KT AT], the set of matrices that define the
upper bound of LF derivative are defined:

wa af 0 —-QR SR
(&3] _2T2In 0 0 0
Ay = 0 0 o 0 0 |,
—RTQT 0 0 —el, 0
RTST 0 0 0 —es3l,

0= MNIN —el,,

ar(\'DgDF + X' MyMT)al 0 0 0 0

0 0 0 00

Dy = 0 0 p 'L, 0 0
0 0 0 00

0 0 0 00

V <€A + 05)¢. (42)

Applying the same methodology as in Theorem 1, it is
possible to find the matrix decomposition (43) for the NMI
(42)

By = ToW,I'T, (43)



alDf a1M1 0 0 0

0 0 0 00
Iy=1| 0 0 I, 0 of, (44)

0 0O 0 00

0 0 0 00
Uy = diag([-\ 'L, —\'I, —p7', I, I,))=9Q3"
(45)

Using (43), it is possible to state the SDP that minimizes the
Lo gains po and pg, with the aim of robustifying the observer
against noise, its derivative and parameter uncertainty

min p+e€ +e€+€3—7T

A2 FQ
s.t. [F2T 92} < 0.

(46)

The optimization problem (46) concludes the proof of
Theorem 2. O

IV. APPLICATION EXAMPLES

Two simulation cases are used to illustrate the effectiveness
of the proposed approaches. The first one is a bioreactor
for biomass production from substrate consumption, and the
second one is the robot manipulator system. The use of these
two common industrial applications to test the observers is
appropriate, since they are OSL-QIB in the region of study.
Moreover, they are characterized by different nonlinearities,
thus demonstrating the adaptability of the RUIO to diverse
situations that can occur when designing the proposed state
estimation scheme.

To measure the performance of the RUIO in each situation,
the Integral of Squared Error (ISE) is proposed:

t
ISE :/ || e(t) ||? dt. (47)
0

A. Bioreactor for biomass production

Bioreactors are used in the chemical and food industry to
generate a large number of products. One of the disadvantages
faced by the manufacturers and operators of these processes
is the online measurement of the process variables that ensure
successful operation, among which concentration stands out
as very costly and difficult to measure [21]. Concentration
measurement sensors are expensive, hence its estimation is
relevant and adjusts to the current chemical industry needs.

According to the above ideas, the estimation of the concen-
tration is an interesting application to test the ability of the
QIB-OSL RUIO to reconstruct the unmeasured variables. The
goal will be that of reconstructing the biomass concentration
from the substrate measurement in a continuous flow bioreac-
tor. The mathematical model and a schematic representation
of the process are based on [22]:

X =-DX +uX, (48)

I
X/s

S = DSy — DS —

X, (49)

Fig. 1. Bioreactor for biomass production from substrate, taken from [22]

_ /’[’ma;ES
H= Ks+ S

where D = 0.05h~! is the dilution rate, fi,,q, = 0.089R!
is the maximum growth rate, Yx,5 = 0.03mgX/mgS is
the biomass yield, Sy = 6000mg/l is the substrate input
concentration and K¢ = 25mg/![ is the saturation coefficient.

The QIB-OSL constants can be computed using the ap-
proach proposed by [23], yielding p = —1.8, v = 30 and
£ = 0.05. Moreover, the following matrices are obtained:

y=S wu=D, (50)

0.04 012 121 1.21
A= [1.66 4.09] , M= [1.21 1.21] S
Ny=[01 01] Dj=H=1, B=1[0 0", (52
0 T
D:M R=C=D", (53)
@)= [5] - 4= (54)

according to which the observer (12)-(13) was constructed
using conditions stated in Theorem 2.

The scenario considers a simulation time of 300h. More-
over, at t =50k an unknown input, i.e., a second substrate
flow is added to increase the limiting reagent availability, i.e.,
F5; = 0.05DS),. Furthermore, at ¢ =100h, the dilution rate
is decreased to a value of D = 0.01h~! to recreate condi-
tions close to batch production. The parametric uncertainty
contemplates a value of 0.8537,1.3Yx,s obtained from its
nominal values, and the initial conditions are x(0) = z(0) =
[179 32} mg/l.

The performance of the RUIO is depicted in Figure IV-A.
The results show that the observer has a satisfactory perfor-
mance under the conditions considered, since neither the noise,
nor the parametric uncertainty nor the unknown input affect
error convergence significantly. Figure IV-A also shows that
the difference between the estimated and the true value of
the variable is less than 0.5mg/l, being this a small error for
biomass estimation.
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Fig. 2. RUIO performance for biomass estimation (/SE = 64)

B. Flexible robot

The second example is taken from [14], where a flexible
robot is considered. The dynamics of this system are given by
the following equations:

O = Wi, (55)
ok By K.
Wm = Jm (91 em) Jm W + Jm u, (56)
0, = wi, (57)
.k Mgh .
w; = E(el O:m) 7 sin(6;), (58)

where 0,,, w.,, 0; and w; are the motor and link positions and
velocities, respectively. The parameter .J,,, = 3.7x10"3kg/m?
is the motor inertia, J; = 9.3x 10 3kg? is the link inertia, m =
2.1 x 107 kg is the pointer mass, B, 5 = 4.6 x 1072 NmV !
is the viscous friction coefficient, K; = 8 x 107 2NmV !
is the amplifier gain and & = 1.8 x 10"*Nmrad~! is the
torsional spring constant. To compute the gains for the RUIO
QIB-OSL from Theorem 2, the following set of matrices are
proposed in [14] based on the mathematical model given by
Egs. (55)-(58)

0 1 0 0 0
—486 0 486 0 21.6

A=l 0 0 o 1" B=]o | O
195 0 —195 0 0

Dy =diag([0 0 0 —1]), H=diag([0 0 1 0]),

(60)

0.01

1000 0.01
C{o 10 o} Mi=1o01] D)

0.01

1
N=M! R=C, D= g , (62)
4
0
f@= (63)

3.33sin(6;)

The QIB-OSL constant values are p = 3.33, v = 11.2
and 6 = 0 [14]. On the other hand, the scenario
used to test the performance of the RUIO QIB-OSL
considers a simulation time of 40s, a high frequency
input v = sin(50t), a parameter uncertainty of 1.3.J,,,
0.8J;, 1.2m, 09k, 0.7B,¢, an unknown input v =
[2.55in(100t) 7.5cos(80t) 3.5sin(80t) 5.5cos(100t)],
and a measurement contaminated by noise (normal distribution
with 0 mean and standard deviation 1).

Figure IV-B presents the results of the simulation, allowing
to measure the performance of the RUIO QIB-OSL. It can be
observed that the observer is able to minimize the estimation
error and reconstruct all variables despite the presence of
parameter uncertainty and noise. The ISE reported value
shows that, despite parameter uncertainty and the presence of
noise and a high frequency input, the observer is capable of
reconstructing the states with a very low error. Moreover, high
simulation times and sampling periods could be contributing
the most to the I.SE value. In conclusion, the RUIO QIB-
OSL can be used to estimate the velocities of the flexible
robot while presenting interesting robustness properties.

“m.est

“o 10 20 30 40 0 10 20 30 40
Time(s) Time(s)

0 10 20 30 40 0 10 20 30 40
Time(s) Time(s)

Fig. 3. RUIO QIB-OSL applied over the flexible robot (ISE = 10.22)

V. CONCLUSIONS

This paper shows the design of a robust unknown input
observer for quadratically inner bounded and one-sided Lips-
chitz nonlinear (RUIO QIB-OSL) systems. Based on Lyapunov
stability theory and LMI tools such as the Schur complement



lemma, S-procedure and Young inequality, convergence condi-
tions for the RUIO QIB-OSL were developed and summarized
in Theorems 1-2. To the best knowledge of the authors,
the proposed mathematical formulation is novel in that no
robust UIO for QIB-OSL systems existed considering in a
decoupled manner the error in the measurement and parameter
uncertainties that can affect the state variables.

Analysis of the results reveals that the observer is robust
to unknown inputs, parameter uncertainty, modeling errors
and measurement noise, making it an attractive mathematical
algorithm for state estimation and noise filtering applications.
In this respect, future research directions will consider the use
of the observer in other applications, such as fault detection
and observer-based controller design.
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