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A Novel Unknown Input Observer Design
for Nonlinear LPV Systems

Juan Pablo Arango , Lucien Etienne, Eric Duviella , Kokou Langueh , Pablo Segovia ,

and Vicenç Puig

Abstract—This letter presents the design of an unknown
input observer (UIO) for linear parameter-varying (LPV)
systems, including nonlinearities that are assumed to fulfill
one-sided Lipschitz quadratically inner-bounded (OSL-QIB)
conditions. The proposed approach introduces a novel
extension of conventional LPV frameworks by directly
incorporating nonlinear terms, aiming to improve observer
performance and reduce the modeling errors typically intro-
duced during the transformation of a nonlinear system
into its LPV counterpart. A key contribution of this let-
ter is the development of a UIO design that avoids the
state transformation step, which is often highly com-
plex and only valid under restrictive assumptions such
as a constant unknown input matrix D. By eliminating
this constraint, the proposed observer design significantly
enhances scalability and applicability to a broader class
of systems. The performance and effectiveness of the
approach are demonstrated through both a numerical
example and a well-established open-channel flow bench-
mark: the Corning channel in California, USA.

Index Terms—Fluid mechanics, LPV, material and energy
balances, OSL-QIB, unknown input observer, OCIS.

I. INTRODUCTION

H IGHLY reliable measurements are required to achieve
precise control of a dynamic system and stabilize it

at a desired operating point or region. State estimators, also
known as observers, play a fundamental role in this respect,
as they allow to estimate unknown process variables and
uncertain parameters, and filter sensor noise. Despite these
advantages, there are several factors that can negatively affect
the performance of observer-based control strategies, such
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as the presence of unmodeled exogenous inputs or unknown
inputs. The design of unknown input observers (UIO), i.e.,
observers that are robust to unknown inputs, have been
extensively studied in the literature [1], [2]. Although estimation
approaches for linear systems are well established, it is well
known that they can only approximate the original nonlinear
system close to an equilibrium point. This fact has motivated the
development of UIO for different types of nonlinear systems,
among which Lipschitz nonlinear systems stand as one of
the most widely studied classes. Different types of UIO have
been formulated for Lipschitz systems, and their convergence
is guaranteed upon the fulfillment of linear matrix inequality
(LMI) constraints [3], [4], [5], [6].

An alternative approach to design UIO algorithms for
nonlinear systems is to consider that the nonlinearity is of
one-sided Lipschitz quadratically inner bounded (OSL-QIB)
nature. This alternative way of describing a nonlinear system
is less restrictive than the Lipschitz case for UIO design.
Although both descriptions can be considered qualitatively
equivalent, the constants bounding the nonlinearity can be
positive or negative in the case of OSL-QIB systems, which
gives more versatility during the observer design [7]. There also
exist several different UIO design approaches for OSL-QIB
systems, addressing a variety of settings where the OSL-QIB
nonlinearity is considered together with different situations
that can arise in practice, e.g., delays, measurement noise,
and parameter uncertainty [8], [9], [10], [11]. However, one
important limitation in the previous references is that the UIO
gains were calculated considering a single operating point,
i.e., a constant A matrix [11], a fact that might lead to poor
performance if the system moves away from the equilibrium
point.

UIO design for OSL-QIB systems at multiple operating
points can be extended by including the effect of a time-varying
parameter θ(t) in the matrices. The inclusion of θ(t) causes
the linear part of the OSL-QIB system to vary over time, and
the resulting system is known as a linear parameter-varying
(LPV) system. LPV systems are considered an intermediate
point between a linear and a nonlinear system [12], since
signal relations are considered linear, but the parameters
within the state matrices are functions of a time-varying
signal θ(t) known as scheduling variables [12]. The explicit
consideration of these signals allows LPV systems to describe
time-varying phenomena as well as nonlinearities. As it is
the case for both linear and nonlinear systems, UIO for
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LPV systems are designed to include different features, e.g.,
unknown input reconstruction, robustness against parameter
uncertainty, and discrete LPV systems [13], [14], [15].

Despite the advantages that LPV systems offer, approxima-
tion errors may arise when LPV systems are transformed to
their polytopic form so that the solution can be determined
by solving a finite set of LMIs. These errors can be due to
restrictions on the parametric grid or the linear interpolations
used [16], [17]. Futhermore, the transformation x = T(θ)x is
usually used in the design of UIO for LPV systems [18], where
matrix T(θ) is difficult to determine when D(θ) matrix is char-
acterized by multiple vertices (in the polytopic case), which
poses a scalability problem for systems with many scheduling
parameters [13]. Based on the above arguments, it appears that
certain developments are needed for the OSL-QIB observer
synthesis. First, the gain computation for multiple operating
points should be considered. When using the LPV framework,
all the non-linearities are usually embedded, potentially lead-
ing to an impractical LPV representation requiring a modeling
framework allowing for some non linearity to not be included
in the lpv representation and lastly the modeling error can be
incorporated trough the non linearity

The originality of this letter lies in the design of an
observer for LPV OSL-QIB systems that explicitly considers
the impact of unknown inputs while addressing the approx-
imation errors arising from polytopic representations. Unlike
previous works [11], the proposed approach incorporates both
the nonlinearity and the structure of OSL-QIB systems into
the LPV framework, enabling the computation of UIO gains
at multiple operating points.This dual incorporation represents
a significant advancement over existing methodologies and
enhances the applicability of UIO design to more complex and
realistic scenarios.

The structure of this letter is the following: Section II
introduces the problem of designing UIO for LPV OSL-QIB
nonlinear systems. Section III presents the UIO synthe-
sis design procedure for the considered family of systems.
Section IV presents an illustrative case study, and compares
the results obtained by applying the proposed approach with an
existing UIO OSL-QIB developed in previous research [11],
in order to illustrate performance improvements. The main
conclusions and future research avenues are presented in
Section V.

II. PROBLEM STATEMENT

The OSL-QIB framework provides greater flexibility when
bounding the dynamics of a system compared to Lipschitz
case [7], [8], [11], [19], as a larger number of real-valued
constants that need not be positive can be used. This fact
improves the convergence properties of the estimation algo-
rithms when using the OSL-QIB framework [11]. However,
when either a nonlinear system is expressed in OSL-QIB
form in terms of the linearization error or the A matrix is
constant, the observer gains are calculated at a fixed operating
point, which would lead to poor state estimation performance
under different types of inputs and transients. Additionally, the
existence of a matrix of unknown inputs that is not constant

complicates the determination of convergence conditions, and
even more so when the objective is to include a nonlinearity
in the design of an LPV UIO [13].

In the light of the above arguments, the goal is to design
a UIO such that the computation of its gains contemplates
multiple operating points (adding the effect of the LPV term)
while avoiding scalability problems, and also includes possible
modeling errors that can arise in the polytopic representation
of an LPV system.

Consider the following LPV OSL-QIB nonlinear system:

ẋ = A(θ(t))x + B(θ(t))u + Df f0(Hx, u) + D(θ(t))v,

y = Cx + Rh, (1)

where x ∈ R
n is the state, u ∈ R

m is the input, y ∈ R
q is the

output, v ∈ R
p is an unknown input, h ∈ R

j is the measurement
perturbation, and A(θ(t)) ∈ R

n×n, B(θ(t)) ∈ R
n×m, C ∈ R

q×n,
H ∈ R

n×n, Df ∈ R
n×n, R ∈ R

q×j, D ∈ R
n×q are the system

matrices. The nonlinearity f (Hx) is assumed to meet the OSL-
QIB conditions [8].

Assumption 1: The parameter vector θ(t) consists of N
time-varying parameters θ(t)T = [θ1(t), θ2(t), . . . , θN(t)],
which are smooth enough and bounded, implying that θ(t) ∈
�, where � is a polytopic set, being the simplest case a hyper-
rectangular box defined as follows [13]:

� = {
θ(t) ∈ R

N |θ1 ∈ [
θ1,min, θ1,max

]
, ..,

θN ∈ [
θN,min, θN,max

]}
, (2)

where θi,min and θi,max represents the lower and upper value
of each scheduling parameter, respectively.

Condition 1: The nonlinearity f (Hx) satisfies the OSL
condition if the following inequalities are fulfilled for all x and
x̂ ∈ R

n and all u ∈ R
m:

�f T(
x, x̂, u

)
He ≤ ρeTHTHe, (3)

where ρ ∈ R is the OSL constant, e = x̂ − x is the error of
estimation and �f(x, x̂) = f0(Hx̂) − f0(Hx).

Condition 2: As in Condition 1, the following inequalities
are formulated to state the QIB property for all x and x̂ ∈ R

n

and all u ∈ R
m:

�f T(
x, x̂, u

)
�f

(
x, x̂, u

) ≤ βeT HTHe + γ eTH�f
(
x, x̂, u

)
, (4)

and the scalars γ, β in (4) are the QIB constants.

III. UIO SYNTHESIS FOR LPV OSL-QIB SYSTEMS

A. RUIO Design, Noiseless Case (R = 0)

Initially, let us consider the following UIO structure for
system (1), following [13]:

˙̂x = Ms(θ)x̂ + J(θ)u + G(θ)ẏ + Lu(θ)y (5)

+T(θ)Df f0
(
Hx̂, u

)
,

Ms(θ) = T(θ)A(θ) − Lu(θ)C, (6)

G(θ) = D(θ)(CD(θ))−1, (7)

J(θ) = B(θ) − G(θ)CB(θ), (8)

T(θ) = In − G(θ)C, (9)
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where x̂ is the state estimate, f0(Hx̂) is the OSL-QIB nonlin-
earity, and Lu(θ) is the observer gain. The subtraction between
the state estimate, given by Eq. (5), and the real state of
the system, given by Eq. (1), allows to define the estimation
error as

e = x − x̂. (10)

Taking the time derivative of (10), the error dynamics can
be deduced:

ė = A(θ)x(t) + B(θ)u + Df f0(Hx, u) + D(θ)v − Ms(θ)x̂

−G(θ)ẏ − T(θ)Df f0
(
Hx̂, u

) − Lu(θ)y − J(θ)u. (11)

Once the error dynamics is obtained, the UIO can be
synthesized [3].

Theorem 1: Considering system (1), with relation-
ships (3)-(4) verified, if there exist matrices P � 0 and Pu(θ),
and positive scalars τ1 and τ2 for which the following LMI
feasibility problem can be solved:

α1 = PT(θ)Df − τ1H + τ2γ H, (12)

ω1 = H(PMs(θ)) + (2τ1ρ + 2τ2β)HTH, (13)

PMs(θ) = T(θ)A(θ) − Pu(θ)C, (14)

a1 = PT(θ), (15)

� =
[
ω1 αT

1
α1 −2τ2In

]
≺ 0, (16)

where the term H denotes the Hermitian of a matrix, i.e.,
H(A) = A + AT . Then, observer (5) is a UIO for system (1),
and its gain is given by Lu(θ) = P−1Pu(θ).

Proof: The substitution x̂ = x−e allows to rewrite the error
dynamics as

ė = A(θ)x(t) + B(θ)u + Df f0(Hx, u)

+D(θ)v − Ms(θ)x + Mse − G(θ)ẏ

−Df f0
(
Hx̂, u

) − Lu(θ)Cx − J(θ)u. (17)

Calculating the time derivative of the output as

ẏ = CA(θ)x + CDf f0(Hx) + CD(θ)v + CB(θ)u,

the expanded error dynamics are then given by

ė = A(θ)x(t) + B(θ)u + Df f0(Hx, u) + D(θ)v − Ms(θ)x

+Ms(θ)e − G(θ)CA(θ)x − G(θ)CDf f0(Hx, u)

−G(θ)CD(θ)v − T(θ)Df f0
(
Hx̂, u

) − Lu(θ)Cx

−J(θ)u − G(θ)CB(θ)u. (18)

Considering the error dynamics given by Eq. (18), and fixing
matrices

J(θ) = B(θ) − G(θ)CB(θ)

and

G(θ) = D(θ)(CD(θ))−1,

it is possible to obtain a simplified expression for (18) as

ė = Df f0(Hx, u) + Ms(θ)e

−G(θ)CDf f0
(
Hx̂

) − T(θ)Df f0
(
Hx̂, u

)
. (19)

Setting T(θ) = In − G(θ)C allows to obtain the following
error dynamics for the observer synthesis:

ė = Ms(θ)e + T(θ)Df �f . (20)

The quadratic Lyapunov function (LF) V = eTPe is
proposed to state conditions for the synthesis of the observer
gains. The time derivative of LF is given by

V̇ = eTH(PMs(θ))e + eTH(
PT(θ)Df

)
�f (21)

where H denotes the Hermitian matrix, i.e., H(A) := A + AT .
Multiplication of the OSL-QIB conditions by the scalars 2τ1

and 2τ2 allows to find an upper bound for LF derivative as

V̇ ≤ V̇ + 2τ2� + 2τ1
, (22)

with

� = �f T�f + γ eTHT�f + βeT HTHe > 0 (23)

and


 = ρeTHTHe − �fHe > 0. (24)

Defining the variable φT := [
eT ,�f T

]
, Eq. (22) can be

rewritten as

� =
[
ω1 αT

1
α1 − 2τ2In

]
, (25)

with

α1 = PT(θ)Df − τ1H + τ2γ H, (26)

ω1 = H(PMs(θ)) + (2τ1ρ + 2τ2β)HTH, (27)

PMs(θ) = T(θ)A(θ) − Pu(θ)C, (28)

a1 = PT(θ), (29)

Lu(θ) = P−1Pu(θ), (30)

With Equation (25) and the additional relationships, the proof
is finished.

Remark 1: Considering Assumption 1, and since � is a
convex set, the convexity property allows the conditions of
Theorem 1, which are posed in terms of a parameter θ that
takes infinite values, to be reduced to a finite number of
LMI conditions evaluated at each of the vertices of � [20].
Once the LMIs are solved in the vertices, the values of Pui

can be obtained. Then, Lu(θ) is obtained from the polytopic
interpolation of the values of Lui = P−1Pui .

B. RUIO Design, Noisy Case (R �= 0)

This section addresses the case wherein the measurement is
affected by noise, i.e., R �= 0. Using the measurement equation
from Eq. (1) and the error dynamics given by Eq. (20), the
modified error dynamics can be obtained:

ė = Ms(θ)e + T(θ)Df �f − G(θ)Rḣ − Lu(θ)Rh. (31)

Theorem 2: Considering system (1), with relation-
ships (3)-(4) verified, if there exist matrices P � 0 and Pu(θ),
and positive scalars τ1, τ2, τ = τ3 + τ4, ε1, and ε2 for which
the following semidefinite programming (SDP) problem can
be solved:
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min ε1 + ε2 − τ

s.t. �2 ≺ 0, (32)

�2 =

⎡

⎢⎢
⎣

ω2 αT
1 − PG(θ)R − Pu(θ)R

α1 − 2τ2In 0 0
−RTG(θ)TP 0 − ε1In 0
−RTPu(θ)T 0 0 − ε2In

⎤

⎥⎥
⎦,

then observer (5) is a robust observer of system (1) considering
noise and its derivative, with L2 gains equal to

√
max(ε1, ε2)

min(τ )
,

and its gain is given by Lu(θ) = P−1Pu(θ).
Proof: Considering the error dynamics with noise given by

Eq. (31), the quadratic LF V = eTPe is proposed. In a similar
manner as was done in Theorem 1 (for R = 0), the following
LF derivative is obtained:

V̇ = 2eTPMs(θ)e + 2eTPT(θ)Df �f

−2eTPG(θ)Rḣ − 2eTPu(θ)Rh. (33)

Using Equation (33) and the OSL-QIB properties (3)
and (4), the following upper bound for the LF derivative
subject to noise can be found:

V̇ ≤ V̇ + 2τ2� + 2τ1
. (34)

In order to provide quadratic stability and robustness to the
noise and its derivative, the following L2 gains are formulated:

τ3eTe − ε1hTh > 0, (35)

τ4eTe − ε2ḣT ḣ > 0. (36)

Adding Eqs. (35)-(36) to both sides of Eq. (34), and defining
the variable ξT := [

φT , hT , ḣT
]
, the set of matrices that define

the upper bound of LF derivative are defined as

�2 =

⎡

⎢⎢
⎣

ω2 αT
1 − PG(θ)R − Pu(θ)R

α1 − 2τ2In 0 0
−RTG(θ)TP 0 − ε1In 0
−RTPu(θ)T 0 0 − ε2In

⎤

⎥⎥
⎦,

(37)

with

ω2 = H(PMs(θ)) + (2τ1ρ + 2τ2β)HTH + τ In, (38)

ξTξ = V̇ + τeTe − ε1hTh − ε2ḣT ḣ, (39)

0 ≥ ξTξ, (40)

where ξ depends explicitly on �2, i.e., ξ(�2).
Integrating both sides of (39) leads to

∫ ∞

0
eTe − max(ε1, ε2)

min(τ )

(
hTh + ḣTh

)
< ∞.

Using Eq. (39), the following SDP minimizes the L2 gains
ε1 and ε2, with the aim of robustifying the observer against
noise and its derivative:

min ε1 + ε2 − τ

s.t. �2 ≺ 0. (41)

The optimization problem (41) concludes the proof of
Theorem 2.

Proposition 1: Neccessary and sufficient conditions for (5)
to be a UIO for the system defined by (1) are:

• rank(C) = rank(CD(θ)),
• the pair (A(θ)), C) is detectable, and
• there exist nonzero OSL-QIB constants such that �,�2

are negative definite.

IV. APPLICATION EXAMPLES

In order to measure and compare the performance of
the observer in each of the case studies, the Integral of
squared error (ISE) performance metric is proposed. In each
of the cases, the simulated state will be compared with the
states delivered by the observer in order to calculate the ISE
performance metric, and thus, quantitatively establish the
performance of the UIO. In each of the examples below, it is
assumed that each of the conditions of proposition 1 is met,
in order to guarantee the existence of a UIO in each of the
cases addressed.

A. Numerical Example

The performance of the LPV OSL-QIB observer is first
tested on the polytopic LPV system (1) proposed in [13]:

A1 =
[

0 6
−5 − 2

]
, A2 =

[
0 2

−1 − 2

]
,

D1 =
[

5
6

]
, D2 =

[
1
2

]
,

H = Df =
[

0 0
0 1

]
, f (Hx) =

[
0

3.33sin(x2)

]
,

with

A(θ) = μ1(t)A1 + μ2(t)A2

and μ1(t) = θ(t)−1
4 , μ2(t) = 5−θ(t)

4 and θ(t) = 2 + sin(t).
The first simulation is performed with no nonlinearity (Df =

H = 0), and considering the unknown inputs d1 = sin(5t)
and d2 = 0.1cos(t). The results are presented in Figure 1,
which shows the performance of the proposed observer against
the unknown inputs, together with a comparison of the LPV
observer presented by [13]. The error dynamics suggest that
the proposed observer retains the same characteristics of
the observer presented by [13] when the nonlinearity is not
incorporated.

To test that the nonlinearity is correctly coupled to the
observer, the second simulation considers that the nonlinearity
is active. This means that, in the case of the observer designed
in [13], the effect of the nonlinearity is added to the unknown
inputs. On the other hand, the effect of the nonlinearity is
considered within the term Df = H �= 0 for the LPV OSL-
QIB observer. The magnitude of the error dynamics for this
second case are depicted in Figure 2. The results show that
including the nonlinearity within the model allows the LPV
OSL-QIB observer to reduce the estimation error magnitude
with respect to the LPV observer in [13]. These results allow
to conclude that the OSL-QIB nonlinearity can be correctly
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Fig. 1. LPV OSL-QIB Observer performance vs LPV observer of [13]
(ISELPV = 13.46, ISELPV−OSL−QIB = 13).

Fig. 2. LPV OSL-QIB Observer performance vs LPV observer consid-
ering nonlinearity (ISELPV = 13.46, ISELPV−OSL−QIB = 4).

coupled to the LPV model to improve the performance of the
observer.

B. A Comparison of UIO LPV OSL-QIB vs UIO
OSL-QIB: An Open Channel Case

The previous example showed that the LPV OSL-QIB
observer presents satisfactory results and manages to capture
the nonlinearity of the system whose unmeasurable states
are to be reconstructed. However, it is of great interest to
compare its performance with the OSL-QIB UIO [11] to
determine which algorithm performs better. The selected case
study consists in the first two pools of the Corning channel.
Measurements are assumed to be provided directly by the
nonlinear model, and the polytopic LPV OSL-QIB model is
obtained with the nonlinear embedding methodology [21].

The modeling process is illustrated for a single pool due to
the number of variables that result when larger channels are
to be addressed, but bearing in mind that the state estimation
will be performed in the two pools. Initially, the model for
a single pool is represented by the following set of transient
state matter and energy balances [22]:

Aup1 ẏup1(t) = Q1(t) − Qtr1(t), (42)

Adn1 ẏdn1(t) = Qtr1(t) − Q2(t) (43)

Q1(t) = c1w1u1(t)
√

2g
√

|ys(t) − yup1(t)|, (44)

Q2(t) = c2w2u2(t)
√

2g
√

|ydn1(t) − yf (t)|, (45)

Qtr1(t) = Ktr1 yup1(t)
√

|yup1(t) − ydn1(t) + �z|, (46)

where (42)-(46) c1w1
√

2g = c2w2
√

2g = 20.14 m3/2

s is a
parameter related to gate dimensions and gravity, u1, u2 ∈
[0.3, 1] m are the gate openings, Ktr1 = 7.47 m2

s is the
transition constant, Aup1 = 69887 m2 and Adn1 = 70154 m2

are the upstream and downstream areas, respectively, �z =
1.11 m, and yup1 , ydn1 are the upstream and downstream water
levels, respectively.

The LPV model for the system governed by Eqs. (42)–(46)
is given by:

A(θ) =
[− 1

Aup1
θ1(t) 0

1
Adn1

θ1(t) 0

]

, (47)

B(θ) =
[ 1

Aup1
θ2 0

0 − 1
Adn1

θ3

]

, (48)

θ1(t) = Ktr1

√
yup1(t) − ydn1(t) + �z, (49)

θ2(t) = c1w1
√

2g
√

ys(t) − yup1(t), (50)

θ3 = c2w2
√

2g
√

ydn1(t) − yf (t), (51)

y = [
0 1

][yup1

ydn1

]
, (52)

with 0.44 ≤ θ1 ≤ 1.2, 6.48 ≤ θ2 ≤ 22.1 and 6.63 ≤ θ3 ≤
22.7.

The resulting LPV system is characterized by 23 vertices.
For the case of 2 pools, a system of 5 scheduling parameters
and 32 vertices is obtained.

1) Case 1 (Rainfall and Inflows): The first case considers a
rainfall scenario with the addition of a disturbance flow and the
measurements ydn1, ydn2 contaminated with noise. In order to
avoid overflow, the gates are opened to ensure that water flows
through the entire network, aiming to maintain the level within
a desired interval. Figure 3 shows the result for simulation
case 1. When the performance of both observers is compared,
it is observed that the proposed LPV OSL-QIB formulation
has a better noise-filtering capability and a lower magnitude
for the error dynamics compared to UIO OSL-QIB in [11].

2) Case 2 (Leak and Theft): In order to change the condi-
tions of the first case, the second case considers the injection of
a leak affecting the whole network, and from day 1.5 onwards
there is a theft in the network. This causes the first gate to
open in order to maintain the water supply, and the last gate
closes to retain as much water as possible and avoid drought
situations. Figure 4 shows the results obtained. Similar to the
previous case, the magnitude of the error decreases for the
proposed LPV OSL-QIB observer, showing an improvement
over OSL-QIB UIOs in [11] in terms of error reduction and
noise filtering.
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Fig. 3. Results for the simulation case 1, error magnitude and inputs
ISEUIO−OSL−QIB = 1, ISELPV−OSL−QIB = 0.07.

Fig. 4. Results for the simulation case 2, error magnitude and inputs
ISEUIO−OSL−QIB = 0.09, ISELPV−OSL−QIB = 0.06.

V. CONCLUSION

In this letter, an UIO was designed for a new family of
nonlinear systems named LPV OSL-QIB, and its performance
was compared with previous UIO designs. The results obtained
allowed to conclude that the OSL-QIB LPV UIO is an
interesting alternative to perform state estimation and exhibits
robustness against different situations that may arise in prac-
tice. With the formulation proposed in this letter, it is possible
to perform gain synthesis in different situations, solving the
scalability problem when incorporating nonlinearities. This
UIO design turns out to have a better performance compared
to the observers presented by [11], [18] and an interesting
capability in terms of noise filtering.
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