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a b s t r a c t

This paper proposes a distributed gain-scheduled observer-based technique for the practical state
consensus of linear parameter-varying (LPV) multi-agent systems (MAS). In the proposed approach,
the effects of considering different scheduling parameters for each agent are modeled as an internal
disturbance. By applying the concepts of the Lyapunov theory, sufficient conditions are obtained
for the design of a gain-scheduled observer-based consensus protocol ensuring that the trajectories
of the consensus error converge exponentially to a bounded region, achieving a practical consen-
sus. Numerical experiments illustrate the advantages of the proposed practical consensus over the
non-synchronization-based scenario usually obtained when the LPV MAS is subjected to different
scheduling parameters.
 
 
 
 
 
 
 

 

 
 

 

 

 

 
 
 
 
 
 

 

 
 

 
 
 
 

 

1. Introduction

Influenced by the cooperative behaviors of the natural world,
the study of multi-agent systems (MAS) has enabled significant
advancements in practical applications of several fields, such as
robotics, complex systems, and transportation (Qin, Ma, Shi, &
Wang, 2017). From the control design perspective, consensus,
formation, and flocking control of MAS have been the three major
tasks extensively investigated in recent years. These cooperative
tasks rely on the availability and transmission of local information
among the agents. Consequently, control approaches that effec-
tively address these aspects are crucial to maintaining progress
in these areas (Qin et al., 2017).

Among the possible communication setups, the distributed
approach stands out as it allows a trade-off between the main
advantages of centralized and decentralized structures by limit-
ing the exchange of information to only the agents within the
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05578/2022-7; 141252/2021-9) and FAPEMIG (Grant numbers: APQ-04310-24;
PQ-00528-24). The material in this paper was not presented at any conference.
his paper was recommended for publication in revised form by Associate Editor

Constantino M. Lagoa under the direction of Editor Sophie Tarbouriech.
∗ Corresponding author.

E-mail addresses: ppessim@ufmg.br (P.S.P. Pessim), pedro.coutinho@uerj.br
(P.H.S. Coutinho), m.lacerda@londonmet.ac.uk (M.J. Lacerda),
vicenc.puig@upc.edu (V. Puig), rpalhares@ufmg.br (R.M. Palhares).
same neighborhood (Qin et al., 2017). Meanwhile, when the 
agent’s dynamics are not completely available for measurement,
observer-based protocols can provide a suitable solution to esti-
mate the missing information (Zuo, Defoort, Tian, & Ding, 2020). 
Due to the these benefits, distributed observer-based protocols
have emerged in many scenarios, including MAS with high-
order integrator dynamics (Zuo et al., 2020), double-integrator
dynamics (Li, Du, & Lin, 2011), nonlinear dynamics (Du, Wen, Wu,
Cheng, & Lü, 2020; Zhang, Wang, Sun, Li, & He, 2023), general
linear dynamics (Chen, Wang, Zhao, Lai, & Lyu, 2022; Huang,
Liu, Zhao, Huang, & Zhao, 2024), and linear parameter-varying
dynamics (Rotondo, Ponsart, & Theilliol, 2022; Rotondo, Theilliol,
& Ponsart, 2023).

The modeling and control of engineering applications often
consider the class of linear parameter-varying (LPV) systems to 
extend linear techniques to the case of nonlinear dynamics. Thus,
it is not surprising that this class of model has been considered
in several approaches within the context of MAS (Chen, Huang, & 
Zhan, 2021; Chen, Zhang, Cao, & Chu, 2017; Fu, Zhang, Huang,
Wang, & Yan, 2023; Rehan, Tufail, & Ahmed, 2021; Rehman,
Shi, Wu, Huang, & Zhang, 2023; Rotondo et al., 2022, 2023;
Ugrinovskii, 2014). In Ugrinovskii (2014), the synchronization of
uncertain bilinear systems is investigated by constructing a gain-
scheduling consensus protocol. The output synchronization of
heterogeneous MAS represented by affine LPV models is stud-
ied in Fu et al. (2023). Assuming that Lipschitz nonlinearities
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can be transformed into an LPV representation, the approaches 
n Rehan et al. (2021) and Rehman et al. (2023) design leaderless 
onsensus protocols for MAS under input saturation and switch-
ng topologies, respectively. Fault-tolerant consensus protocols 
re designed in Chen et al. (2017) and Rotondo et al. (2023) 
or continuous-time LPV MAS. Furthermore, the state consensus 
or LPV MAS with communication delays is addressed in Chen 
t al. (2021) considering a gain-scheduled consensus protocol. 
he benefits of the gain-scheduled structure for the state con-
ensus were also explored in Rotondo et al. (2022), where an 
bserver-based consensus protocol is proposed considering that 
oth controller and observer gains depend on the time-varying 
cheduling parameters.
Another interesting discussion performed in Rotondo et al. 

2022), concerns the conditions under which an LPV MAS can 
each a consensus. It was shown that with the proposed con-
ensus protocol, a sufficient condition to achieve an exact lead-
rless state consensus is that all agents that compose the LPV 
AS have equal time-varying scheduling parameters. In this 
ase, the dynamics are entirely homogeneous once the matrix 
ertices of the state–space model are scheduled in the same 
anner in all agents. Moreover, it was also shown that a non-
ynchronization scenario occurs when the designed consensus 
rotocol is implemented with different scheduling parameters. 
owever, while Rotondo et al. (2022) acknowledge this non-
ynchronization scenario, it does not provide an alternative solu-
ion to assess or set bounds on the consensus error within this 
more intricate context. It is important to highlight that in the 
previously discussed works (Chen et al., 2021, 2017; Rotondo 
t al., 2022, 2023), the focus is on the study of fully homogeneous 
PV MAS. Thus, little attention has been given to the more general 
case when the LPV MAS has different scheduling parameters.

Motivated by these limitations in the current literature, this 
aper investigates the practical consensus of LPV MAS with dif-
erent scheduling parameters. Similar to Rotondo et al. (2022), 
ur goal is to design a distributed gain-scheduled observer-based 
onsensus protocol, where the estimated states obtained from 
ocal observers are available for neighboring agents. However, 
nlike the discussed approaches which assume uniform time-
arying scheduling parameters for all agents, we account for the 
ffects of differing parameters as internal perturbations. In this 
ontext, we show that a practical consensus can be achieved 
y guaranteeing the convergence of the consensus error to a 
ounded region, defined with Lyapunov stability arguments. The 
oncept of practical consensus considered in the proposed 
ethod has been mainly employed in approaches focused on the 

eader-following consensus for heterogeneous MAS, where the 
nmatched terms between the leader and follower agents are 
odeled as disturbances (Ding & Zheng, 2017; Visakamoorthi, Yu, 
ubramanian, Chadli, & Trinh, 2023; Yang, He, & Han, 2021; Yang, 

Wang, Xiao, Jiang, & Huang, 2019). Disturbance-like terms are 
also considered in Ding, Zheng, and Guo (2018) and Yang et al. 
(2019) to account for saturation and quantization effects in the 
designed input.

Based on the above discussion, this paper provides the follow-
ng original contributions:

• Sufficient conditions for designing a distributed gain-
scheduled observer-based consensus protocol that ensures
the practical consensus of LPV MAS with distinct time-
varying scheduling parameters.

• Unlike existing techniques, we guarantee that the trajecto-
ries of consensus error, when disturbed by internal
perturbations that arise due to the difference among the
scheduling parameters, converge exponentially to an attrac-
tive bounding region.
2

• A less conservative approach than the existing gain-
scheduled observer-based consensus protocols, providing
the exact consensus for LPV MAS in scenarios where the
existent conditions fail to obtain feasible solutions.

Notation Rn is the n-dimensional Euclidean space; diag(A, B)
denotes a block diagonal matrix whose elements are A and B. For
given vectors xi ∈ Rn, define (x1, . . . , xN ) = [x⊤

1 , . . . , x⊤

N ]
⊤

∈ RNn; 
In represent a n×n dimensional identity matrix; 1 and 0 represent
respectively a column vector of ones and zeros with appropriate
dimension; ∥ · ∥ represent the Euclidean norm for vectors or
Spectral norm of matrices; ∥·∥∞ represent the norm-∞ of vectors
or matrices.

2. Problem formulation

2.1. Preliminaries on graph theory

The communication among the agents is represented by a con-
nected undirected graph G = (V, E), where V is the set of vertices,
and E = {eij = (i, j) ∈ V×V} is the set of edges. The neighborhood
set of an agent i is represented by Ni = {j ∈ V : (j, i) ∈ E}. 
The undirected graph is connected if there is an undirected path
between each pair of distinct vertices. Notice that a path of length
k is a sequence of edges (v1, v2), (v2, v3), . . . , (vk, vk+1).

The elements of the adjacency matrix A = [aij], i, j ∈ V , are
defined as

aij =

{
0, if i = j or eij /∈ E,

1, if eij ∈ E,

and the elements of the diagonal degree matrix D =

diag(d1, . . . , dN ) are computed as di =
∑N

j=1 aij, i ∈ V . Finally,
the Laplacian matrix associated with the connected graph G is 
defined as L = D − A. The Laplacian L can be written in terms
of a spectral decomposition, such that L = TΛT−1, where the 
orthogonal matrix T ∈ RN×N  constitutes the eigenvectors of
L, and Λ = diag(λ1, λ2, . . . , λN ) ∈ RN×N  are the eigenvalues
ordered such that λ1 < λ2 ≤ · · · ≤ λN , with λ1 = 0.

2.2. Agents modeling and consensus error

Consider a MAS composed of N agents in the form 
ẋi(t) = A(ρi(t))xi(t) + B(ρi(t))ui(t),
yi(t) = C(ρi(t))xi(t),

(1)

where xi ∈ Rnx  is the state vector, ui ∈ Rnu  is the control input,
yi ∈ Rny  is the output, and ρi(t) ∈ Rp is the vector of time-
varying scheduling parameters, which are functions of measured
exogenous signals.

The parameter-dependent matrices A(ρi(t)) ∈ Rnx×nx , B(ρi(t))
Rnx×nu , and C(ρi(t)) ∈ Rny×nx  are functions of the scheduling

parameters and belong to a polytopic domain. Then, they can be
written as follows:[
A(ρi) B(ρi)
C(ρi) ·

]
=

Nv∑
h=1

αh(ρi)
[
Ah Bh
Ch ·

]
,

where Ah, Bh, and Ch are the vertices of the polytopic domain,
v is the number of vertices and αh(ρi) satisfies the convex sum
roperty:
Nv

h=1

αh(ρi) = 1, and αh(ρi) ≥ 0, ∀i ∈ V.

he addressed LPV-MAS (1) comprehends N same-order agents
represented by homogeneous LPV models with the same ver-
tices. That is, all agents share the same polytopic domain. How-
ever, it is assumed that each agent has independent time-varying
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scheduling parameters, which can induce heterogeneity among 
the agents. Moreover, also notice that the agents do not share any
common states, being the local open-loop dynamics completely
decoupled. For preliminary discussions on LPV systems and gain-
cheduling control, the reader is referred to Atoui, Sename, Mi-
lanes, and Martinez-Molina (2022) and Rugh and Shamma (2000).

Consider the following gain-scheduled observer-based dis-
tributed consensus protocol 

ui = K (ρi(t))
∑
j∈Ni

(x̂i − x̂j), ∀i ∈ V, (2)

where K (ρi(t)) ∈ Rnu×nx  is the gain-scheduled function to be
designed, x̂i ∈ Rnx  is the estimated state of the local agent, and
x̂j ∈ Rnx  are the estimated states of the agents that compose the
neighborhood Ni. For each agent, the local estimated states are
given by 
̇̂xi(t) =A(ρi(t))x̂i(t) + B(ρi(t))ui(t)

+ L(ρi(t))
(
C(ρi(t))x̂i(t) − yi(t)

)
,

(3)

where L(ρi(t)) ∈ Rnx×ny  is the gain-scheduled observer function
to be designed. The considered gain-scheduled observer-based
scheme is also employed in Rotondo et al. (2022), and it is
realistic since the agents’ open-loop dynamics do not share any
common states. To alleviate the notation, the time dependency
will be omitted hereafter.

Defining zi = x̂i − xi, as the local estimation error, z =

z1, z2, . . . , zN ), and ρ = (ρ1, ρ2, . . . , ρN ), it is possible to write

̇ =

Nv∑
h=1

Nv∑
l=1

(
αhl(ρ) ⊗ Inx

)(
IN ⊗ (Ah + LlCh)

)
z,

here αhl(ρ) = diag
(
αh(ρ1)αl(ρ1), . . . , αh(ρN )αl(ρN )

)
,and Ll are

he vertices of L(ρi(t)). By substituting the consensus protocol (2)
nto (1), we have that

̇i = A(ρi)xi + B(ρi)K (ρi)
∑
j∈Ni

(
(zi + xi) − (zj + xj)

)
.

herefore, the global dynamics of all agents x = (x1, x2, . . . , xN )
can be written as

ẋ =

Nv∑
h=1

Nv∑
l=1

(
αhl(ρ) ⊗ Inx

)(
IN ⊗ Ah + L ⊗ BhKl

)
x

+
(
αhl(ρ) ⊗ Inx

)(
L ⊗ BhKl

)
z,

eing Kl the vertices of K (ρi(t)). Let the consensus error be de-
ined as δi = xi − x̄, being x̄ = (1/N)

∑N
j=1 xj. Then, the relation

etween the global consensus error δ = (δ1, δ2, . . . , δN ), and
he states x is given by δ = Υ x, with Υ = (Ῡ ⊗ Inx ) and

Ῡ = (IN − (1/N)11⊤). Hence, the consensus error can be defined
as

δ̇ =

Nv∑
h=1

Nv∑
l=1

Υ

{(
αhl(ρ) ⊗ Inx

)(
L ⊗ BhKl

)
z

+
(
αhl(ρ) ⊗ Inx

)(
IN ⊗ Ah + L ⊗ BhKl

)
x
}
.

Provided that
(
L⊗BhKl

)
x =

(
L⊗BhKl

)
δ, and x = δ+ (1 ⊗ x̄), it

s possible to write

δ̇ =

Nv∑
h=1

Nv∑
l=1

Υ

{(
αhl(ρ) ⊗ Inx

)(
L ⊗ BhKl

)
z

+
(
αhl(ρ) ⊗ Inx

)(
IN ⊗ Ah + L ⊗ BhKl

)
δ + fhl(ρ, x̄)

}
,

being f (ρ, x̄) =
(
α (ρ)1 ⊗ A x̄

)
.
hl hl h

3

Finally, defining the augmented error systems as e = (z, δ) we
obtain 
ė = Ā(ρ)e + Bω ω, (4)

with

Ā(ρ) =

Nv∑
h=1

Nv∑
l=1

[
Ā11
hl 0

Ā21
hl Ā22

hl

]
, Bω =

[
0Nnx
INnx

]
,

Ā11
hl = αhl(ρ) ⊗ (Ah + LlCh) ,

Ā21
hl =

(
Ῡ αhl(ρ) ⊗ Inx

)(
L ⊗ BhKl

)
,

Ā22
hl =

(
Ῡ αhl(ρ) ⊗ Inx

)(
IN ⊗ Ah + L ⊗ BhKl

)
,

ω =

Nv∑
h=1

Nv∑
l=1

Υ fhl(ρ, x̄).

Remark 1.  Notice that the augmented error system is subject
to an internal perturbation ω due to the difference among the 
time-varying parameters of the agents. From the definition of
(4), it is possible to conclude that e = 0 if and only if ω = 0, 
and x̂i = xi = x̄, ∀i ∈ V . Similarly to Rotondo et al. (2022), an 
exact consensus (or synchronization scenario) can be achieved by 
selecting ρ1 = ρ2 = · · · = ρN . If all agents have the same
scheduling parameters, then Ῡ αhl(p)1 = 0 ∀h, l = 1, . . . ,Nv , 
which is a sufficient condition to ensure ω = 0. For the case 
where the scheduling parameters are different, the trajectories of
w depend on the vertices Ah of the system matrices, on the mean 
of the states x̄, and on the difference time-varying among the 
scheduling functions αhl(ρ). Since in general ω ̸= 0, the exact con-
sensus cannot be achieved, resulting in the non-synchronization
scenario discussed in Rotondo et al. (2022). For this reason, the 
development of a practical consensus approach for LPV MAS is 
the main goal of this work.

2.3. Practical consensus

Defining the ellipsoid
E(P, ϵ) ≜ {e ∈ R2Nnx : e⊤ P e ≤ ϵ},

where P > 0 is a symmetric positive definite matrix, and ϵ > 0
is a given positive scalar, the notion of practical consensus is 
established as follows.

Definition 1 (Ding & Zheng, 2016, 2017). Given any positive scalar
ϵ > 0, the MAS (1) is said to achieve practical leaderless consen-
us if
lim
→∞

d(e(t, e0), E(P, ϵ)) = 0,

here e(t, e0) represents the trajectory of the error system (4) 
with initial condition e0 ∈ R2Nnx , and d(e(t, e0), E(P, ϵ)) represent
the distance between e(t, e0) and E(P, ϵ).

Moreover, we have that

∥ω∥∞ ≤

Nv∑
h=1

Nv∑
l=1

∥Υ fhl(ρ, x̄)∥∞,

from which we can define γ ≜ supt≥0(∥ω(t)∥∞) , that it is 
important for the following analysis conditions.

Lemma 1 (Adapted from Ding & Zheng, 2017; Fridman & Dambrine,
2009).  If there exist positive scalars a > 0, b > 0, and symmetric
positive definite matrices P1 ∈ Rnx×nx  and P2 ∈ Rnx×nxsuch that the
Lyapunov function 
V (e) = e⊤P e, P = diag

(
(I ⊗ P ), (I ⊗ P )

)
, (5)
N 1 N 2
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satisfies 
V̇ (e) + aV (e) − b ω⊤ω < 0, (6)

the trajectories e(t, e0) of the error system will converge exponen-
tially to the attractive region 

X∞ ≜

{
e ∈ R2Nnx : e⊤Pe ≤

γ 2b
a

}
, (7)

with a decay rate of a/2.

Proof.  The proof follows the same reasoning performed in Ding
and Zheng (2017) and Fridman and Dambrine (2009). Therefore,
the proof is omitted.  ■

Considering the previous modeling and definitions, the prob-
lem addressed in this work is stated as follows.

Problem 1.  Given the LPV MAS described in (1), determine
a condition to design both the distributed observer-based gain-
scheduled consensus protocol (2), and the gain-scheduled state-
observer (3) such that the trajectories e(t, e0) of the error system
(4) converge exponentially toward the attractive region (7), and
the practical consensus is achieved.

3. Main results

The LMI-based design conditions of the distributed gain-
scheduled observer-based consensus protocol are presented in
the next theorem. 

Theorem 1.  Consider the closed-loop error dynamics (4) computed
with the LPV MAS (1), the distributed gain-scheduled consensus
rotocol (2), and the gain-scheduled observer (3). Given positive

scalars a, b ∈ R, ξ ∈ R, and the λm non-zero eigenvalues of the
Laplacian matrix L, ∀m = 2, . . . ,N, if there exist symmetric positive
definite matrices P1 ∈ Rnx×nx , ̃P2 ∈ Rnx×nx , matrices X1 ∈ Rnx×nx ,
X2 ∈ Rnx×nx , ̃Kl ∈ Rnu×nx , and ̃Ll ∈ Rnx×ny , such that the following
inequalities hold
Φhh < 0, if h = l, (8)

Φhl + Φlh < 0, if h < l, (9)

Ψhhm < 0, if h = l, ∀ m = 2, . . . ,N, (10)

Ψhlm + Ψlhm < 0, if h < l, ∀ m = 2, . . . ,N, (11)

with

Φhl =

[
−ξHe(X1) ⋆

ξΘ̃⊤

hl + P1 − X1 aP1 + He(Θ̃hl)

]
, (12)

Ψhlm =

⎡⎣ −ξHe(X2) ⋆ ⋆

ξ Γ̃ ⊤

hlm+P̃2−X2 ãP2 + He(Γ̃hlm) ⋆

ξ Inx Inx −bInx

⎤⎦, (13)

Θ̃hl = X1Ah + L̃lCh, (14)

Γ̃hlm = AhX2 + λmBhK̃l, (15)

or all h, l ∈ {1, 2, . . . ,Nv}. Then, the trajectories of the error
dynamics (4) converge exponentially to the attractive region X∞

defined in (7) with a decay rate of a/2. Moreover, the gains of the
consensus protocol (2), the gains of the observer (3), and the matrices
of the Lyapunov function (5) are given, respectively, by Kl = K̃lX−1

2 ,
Ll = X−1

1 L̃l, P1, and P2 = X−⊤

2 P̃2X−1
2 .

Proof.  Firstly by applying a separation principle argument, we
ave that the exponential convergence of (4) to the attractive
egion (7) can be analyzed considering the subsystems

ż =

Nv∑ Nv∑(
αhl(ρ) ⊗ Inx

)(
IN ⊗ (Ah + LlCh)

)
z, (16)
h=1 l=1

4

δ̇ =

Nv∑
h=1

Nv∑
l=1

(
Ῡ αhl(ρ) ⊗ Inx

)(
IN ⊗ Ah + L ⊗ BhKl

)
δ + ω. (17)

otice that the internal perturbation ω does not affect the state-
estimation subsystem (16). Moreover, considering V (z) = z⊤(IN ⊗

P1)z it is possible to compute 
V̇ (z) = ż⊤(IN ⊗ P1)z + z⊤(IN ⊗ P1)ż, (18)

that can be written as

V̇ (z)= 2
Nv∑
h=1

Nv∑
l=1

z⊤
(
αhl(ρ) ⊗ Inx

)(
IN ⊗ P1 (Ah + LlCh)

)
z.

Replacing (14) in (12), and performing the exchange of variables
X1Ll = L̃l, we have Θhl = X1Ah + X1LlCh, and 

Φhl =

[
−ξHe(X1) ⋆

ξΘ⊤

hl + P1 − X1 aP1 + He(Θhl)

]
. (19)

Multiplying (19) by [A⊤

h +C⊤

h L⊤

l Inx ] on the left, and its transpose 
in the right, results in 
Φhl = He (P1(Ah + LlCh)) + aP1. (20)

Considering the convex property of the time-varying parameters,
it is possible to write (20) as
Nv∑
h=1

Nv∑
l=1

αhl(ρ)Φhl =

Nv∑
h=1

αhh(ρ)Φhh

+

Nv∑
h=1

Nv∑
l>h

αhl(ρ) (Φhl + Φlh) ,

rom which it is possible to conclude that the LMIs (8)–(9) are
sufficient to guarantee that V̇ (z) + aV (z) < 0, with V̇ (z) as in 
(18).

Now considering the consensus-error (17), and choosing V (δ)
= δ⊤(IN ⊗ P2)δ, it is possible to compute V̇ (δ) similarly to (18).
Moreover, from the spectral decomposition L, it is possible to 
define the exchange of coordinates ̃δ = (T−1

⊗ Inx )δ. Applying
the exchange of coordinates in (17) and in V̇ (δ), we obtain

̇δ =

Nv∑
h=1

Nv∑
l=1

(̃
αhl(ρ) ⊗ Inx

)(
IN ⊗ Ah + Λ ⊗ BhKl

)̃
δ + ω̃,

here ̃αhl(ρ) = T−1Ῡ αhl(ρ)T , ̃ω = (T−1
⊗ Inx )ω, and

V̇ (̃δ) =2
Nv∑
h=1

Nv∑
l=1

δ̃⊤
(̃
αhl(ρ) ⊗ Inx

){ (
IN ⊗ P2Ah

)̃
δ

+
(
Λ ⊗ P2BhKl

)̃
δ

}
+2̃δ⊤(IN ⊗ P2)ω̃. (21)

eplacing (15) in (13), multiplying (13) on the left by
diag(X−⊤

2 , X−⊤

2 , Inx ) and its transpose on the right, and performing
the exchange of variables ̃Kl = KlX2, and P2 = X−⊤

2 P̃2X−1
2 , we have

Γhlm = X−⊤

2 A⊤

h + λmX−⊤

2 BhKl, and

Ψhlm =

⎡⎣ −ξHe(X−1
2 ) ⋆ ⋆

ξΓ ⊤

hlm + P2 − X2
−⊤ aP2 + He(Γhlm) ⋆

ξX−1
2 X−1

2 −bInx

⎤⎦ . (22)

ultiplying (22) by

⊤
=

[
A⊤

h + λmK⊤

l B⊤

h Inx 0
Inx 0 Inx

]
,

n the left, and B on the right results in 

hlm =

[
He (P2 (Ah + λmBhKl)) + aP2 ⋆

]
. (23)
P2 −bInx
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Finally, performing a dimension adjustment and then multiplying 
23) by ϖ⊤ 

= [δ̃⊤ ω̃⊤
] on the left, and its transpose on the right, 

e obtain

ϖ⊤Ψhlmϖ = δ̃⊤
(
He

(
IN ⊗ P2 (Ah + λmBhKl)

))
δ̃

+ δ̃⊤(IN ⊗ aP2) δ̃ + ω̃⊤ (IN ⊗ P2) δ̃

+ δ̃⊤
(
IN ⊗ P⊤

2

)
ω̃ − b ω̃⊤ω̃.

onsidering the convex property of the time-varying parameters,
and exploring the fact that λ1 = 0 and ̃δ1 = 0 in the transformed
subsystem, it is possible to conclude that the LMIs (10)–(11) are
sufficient to guarantee that V̇ (̃δ) + aV (̃δ) − bω̃⊤ω̃ < 0, with V̇ (̃δ)
as in (21).

Moreover, notice that since P1 and P2 are symmetric positive
definite matrices, we have V (z) > 0 and V (δ) > 0, for all z, δ ̸= 0.
Thus, it is possible to conclude that V (e) = V (z) + V (δ) as in (5)
is positive definite. Furthermore, from the previously performed
steps, it is possible to conclude that if the LMIs (8)–(11) hold,
the derivative V̇ (e) = V̇ (z) + V̇ (δ) satisfies (6). Thus, all the
conditions of Lemma  1 hold and the trajectories of the error
system will converge exponentially to the attractive region (7).
This concludes the proof. ■

Remark 2.  Note that differently from Rotondo et al. (2022), the
observer gains of Theorem  1 are recovered independently of the
Lyapunov function (5). Therefore, in the proposed approach, the
design can be performed without imposing particular structures
on the Lyapunov matrices in (5).

4. Numerical examples

4.1. Example 1

In this example, we present a comparison with the method de-
veloped in Rotondo et al. (2022) to demonstrate the advantages of
the proposed approach. First, we present simulations to illustrate
that the proposed practical consensus approach can improve the
state consensus and reduce the consensus error for LPV MAS with
different time-varying parameters. Moreover, we show that the
observer-based gain-scheduled approach in Theorem  1 achieves
feasible results in cases where the observer-based gain-scheduled
method developed in Rotondo et al. (2022) fails.

Consider the LPV MAS presented in Rotondo et al. (2022).
The system is composed of four agents with a two-vertex poly-
topic representation. For more information about the system and
communication topology, the reader is referred to Rotondo et al.
(2022).

Considering p = 0.49 (the maximum value of p such that the
conditions of Rotondo et al. (2022) are feasible), a = 0.9526,

= 1.6554, and ξ = 0.001, the solution of the gain-scheduled
bserver based practical consensus protocol proposed in Theorem
 is given by:

L⊤

1 =
[
−1.1236 −0.6837

]
, L⊤

2 =
[
−0.3373 −0.2873

]
,

K1 =
[
−2.4882 −0.7343

]
, K2 =

[
−1.0936 −0.2344

]
.

he values of the scalar parameters a, b, and ξ  were defined
by a grid search. Similarly to the non-synchronization scenario
of Rotondo et al. (2022), we perform simulations starting from
the initial conditions x1(0) = [1 1]⊤, x2(0) = [1 3]⊤, x3(0) =

[3 1]⊤, x4(0) = [3 3]⊤, and with different scheduling parameters,
α1(ρ1(t)) = (1 + sin(2t))/2; α1(ρ2(t)) = (1 + cos(0.1t))/2;
α1(ρ3(t)) = (1 + sin(0.5t))/2; α1(ρ4(t)) = (1 + cos(0.05t))/2;
and α2(ρi(t)) = (1 − α1(ρi(t))), ∀i ∈ V . The simulation results are
depicted in Figs.  1–2.

From Fig.  1, it is clear that closed-loop LPV MAS achieves
practical consensus, even in the case of different scheduling pa-
rameters. Notice that the agents are maintaining the practical
 

5

Fig. 1. State trajectories of the closed-loop LPV MAS with the proposed practical
consensus for p = 0.49 — Example 4.1.

Fig. 2. Trajectories of the consensus error obtained with the proposed gain-
scheduled observer-based practical consensus — Example 4.1.

consensus while converging together toward the origin. More-
over, from Fig.  2, it is possible to see the oscillations of the 
consensus error around the zero equilibrium, confirming once
again that the practical consensus is achieved. When the agents
are close to the origin, we have that x̄ ≈ 0. Consequently, the 
internal perturbation that depends on x̄ is also w ≈ 0 even with 
different scheduling parameters.

To illustrate the benefits of the proposed practical consensus,
we will directly compare the norm of the augmented error vector
e(t), which comprises the estimation and consensus errors, with 
the norm of error in the non-synchronization scenario obtained
with the approach proposed in Rotondo et al. (2022). From the 
results presented in Fig.  3, we observe that, as expected, the 
convergence error obtained with the proposed approach in ( ) is 
upper-bounded by the convergence error of the approach in Ro-
tondo et al. (2022) ( ). This result clearly demonstrates the 
superiority of the designed consensus protocol in dealing with the 
presence of different scheduling parameters when compared to 
the current literature. It is important to highlight that, unlike the 
proposed method, the conditions of Rotondo et al. (2022) were 
not designed to deal with this more general case, which makes
clear the contribution and importance of the result in Theorem  1.

Now consider the LPV MAS with p = 1. In this case, the 
pproach in Rotondo et al. (2022) fails to provide feasible solu-

tions. However, selecting by grid-search: a = 1, b = 0.1, and 
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Fig. 3. Norm of the augmented error system considering the proposed approach
) and the method of Rotondo et al. (2022) ( ) — Example 4.1. .

Fig. 4. State trajectories of the closed-loop LPV MAS for the case of p = 1 and
different parameters — Example 4.1.

ξ = 0.001, it is possible, via Theorem  1, to have a solution to
he gain-scheduled observer-based practical consensus protocol,
amely:

L⊤

1 =
[
−1.2200 −0.7220

]
, L⊤

2 =
[
−0.2873 −0.1977

]
,

K1 =
[
−5.2191 −1.0451

]
, K2 =

[
−1.4950 −0.2352

]
.

imilarly to Rotondo et al. (2022), if the scheduling parameters
are equal, we have that γ = 0, and the protocol proposed
in Theorem  1 can achieve the exact consensus. Therefore, it is
possible to conclude that the proposed approach also contributes
to improving the completely homogeneous case, since it proposes
less conservative design conditions, that obtain feasible solutions
for bigger values of p compared to Rotondo et al. (2022). To illus-
trate this fact, Figs.  4–5 depict the state trajectories obtained with
a simulation considering the solution for p = 1, with different
parameters, and with α1(ρi(t)) = (1 + sin(2t))/2, α2(ρi(t)) =

(1 − α1(ρi(t))), ∀i ∈ V , respectively.
It can be seen that practical consensus is successfully achieved

as depicted in Fig.  4, and that exact consensus occurs as depicted
in Fig.  5. Similar to the previous case, when different param-
eters are considered in the simulations, the trajectories of the
agents maintain the practical consensus while converging toward
the origin. This behavior is possible because the combination of
the proposed protocol with different parameters results in sta-
ble heterogeneous dynamics. Meanwhile, when considering the
same parameter for all agents, the closed-loop MAS is completely
homogeneous and the exact consensus is achieved.

4.2. Example 2

Consider an adaptation of the LPV MAS presented in Example 1
of Chen et al. (2017). We assume that the matrices A(η) and
 

6

Fig. 5. State trajectories of the closed-loop LPV MAS for the case of p = 1 and
equal parameters — Example 4.1.

B(η) are kept the same, but the output matrix is replaced by 
C(η) = [1 0]. The system is composed of a four-vertex poly-
topic representation, obtained with the same bounds presented
in Chen et al. (2017). Moreover, consider that the system has N =

10 agents and the Laplacian matrix encompasses the following
neighborhood: N1 = {2}, N2 = {1, 3, 4}, N3 = {2, 5}, N4 = {2, 5}, 
N5 = {3, 4, 6}, N6 = {5, 7, 8}, N7 = {6, 9}, N8 = {6, 9}, 
N9 = {7, 8, 10}, N10 = {9}.

In this example, the complexity of the problem in terms of the 
umber of vertices and agents increases in comparison with Ex-
mple 1. The main computational cost of the proposed approach

is the one required to solve the LMI conditions of Theorem  1.
The complexity of the conditions can be evaluated in terms of
he number of scalar decision variables Nvar  and the number of
MI rows Nrws given by
Nvar = 3nx

2
+ nx + NV (nx(ny + nu)),

Nrws = nx(2 + NV + NV
2) +

3nx(N − 1)(NV + NV
2)

2
.

Notice that Nvar  and Nrws increase with the increment of the 
number of vertices and agents. In the first example, we have
Nvar = 22 and Nrws = 70. Meanwhile, in this example we have
Nvar = 30 and Nrws = 584. Although the complexity is much
higher than in the first example, the proposed design can still
be efficiently performed offline with semi-definite programming
toolboxes.

Selecting a = 1, b = 0.001 and ξ = 0.001, the solution
of Theorem  1 results in the observer-based practical consensus
protocol given by:
K1 =

[
−3.0498 −6.5706

]
, K2 =

[
−3.0663 −6.5793

]
,

K3 =
[
−3.0625 −6.5809

]
, K4 =

[
−3.0829 −6.6023

]
,

L⊤

1 =
[
−1.2118 2.8951

]
, L⊤

2 =
[
−1.2118 2.8551

]
,

L⊤

3 =
[
−1.2118 2.8651

]
, L⊤

4 =
[
−1.2118 2.8251

]
.

To evaluate the effectiveness of the proposed consensus protocol,
we have performed temporal simulations with initial conditions
within the range x1, x2 ∈ [−5, 5]. Similarly to Example 4.1,
we have considered a different trigonometric variation for the 
parameters ηi

1(t) and ηi
2(t) inside its specific bounds. The state

trajectories of the closed-loop LPV MAS, equipped with the pro-
posed distributed observer-based consensus protocol and con-
sidering different scheduling parameters are depicted in Fig.  6.
From the simulation results presented in Fig.  6, it is possible to 
conclude that the practical consensus is successfully achieved.
 



 
 
 
 
 
 
 

 
 
 
 

 
 

 
 

Fig. 6. State trajectories of the closed-loop LPV MAS — Example 4.2.

Fig. 7. Norm of the consensus error with the obtained bound for the attractive
region — Example 4.2.

Furthermore, with the simulated state trajectories, we can com-
pute the internal perturbation ω(t) and γ , for 0 ≤ t ≤ 100. Thus,
an estimate of the attractive region (7) can be performed with
an upper bound r =

√
γ 2b

λmin(P)
 for the norm of the augmented

error system. The trajectory of the norm and the obtained upper
bound r are presented in Fig.  7. Since that exact consensus is not
achieved, the norm of the error system does not converge to the
origin. However, notice that as expected, the norm in steady state
is constrained in the estimated attractive region.

5. Conclusions

This paper has presented a novel distributed gain-scheduled
observer-based approach for the practical consensus of multi-
agent systems represented by LPV models. It has been shown
that, unlike the existing methods in the literature, the proposed
approach provides a bounded practical consensus to deal with the
presence of different scheduling parameters among the agents.
Furthermore, it was illustrated through examples that the pro-
posed protocol improves the design performance in comparison
with the existent gain-scheduled observer-based approaches for
LPV MAS with synchronized scheduling parameters. Future re-
search may consider the presence of a directed communication
among the agents, and the case of completely heterogeneous LPV
MAS.
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