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Abstract— A 5-SPU robot with collinear universal joints is
well suited to handling an axisymmetric tool, since it has 5
controllable DoFs and the remaining one is a free rotation
around the tool. The kinematics of such a robot having also
coplanar spherical joints has previously been studied as a rigid
subassembly of a Stewart-Gough platform, it being denoted a
line-plane component. It was shown that this component has
8 assembly modes corresponding to the roots of a bi-quartic
polynomial. Here we identify a whole family of these 5-SB
robots having only 4 assembly modes, which are obtained by
solving two quadratic equations. This family is defined by a
simple proportionality constraint relating the coordinates of the
base and platform attachments. A geometric interpretation of
the architectural singularities of this type of robots in terms of
conics is provided, which facilitates their avoidance at the design
stage. Parallel singularities obey also a neat geometric structure,
which permits deriving a cell decomposition of configuration
space. Two practical features of these quadratically-solvable Fig. 1. A 5-SRJ parallel robot with aligned universal joints. While the
robots are the large maneuverability within each connected aXis defined by these universal joints is rigidly linked te thase for fixed
component and the fact that, for a fixed orientation of the tool, leg lengths, any tool attached to it can freely rotate.
the singularity locus reduces to a plane.

Index Terms— Parallel manipulators, Stewart-Gough plat-
forms, robot kinematics, kinematics singularities.

location controllable; namely: (1) adding an extra paskge
or (2) restraining the mobility of one of the five remaining
legs. Then, the challenge consists on how to perform any
Over the past half-century, the Stewart-Gough platformgf these two operations so that the resulting robot has 3
has been applied extensively to automate many differeglngiations and 2 rotations. Y. Zhao and colleagues beat
tasks due to its well-known merits in terms of speed, rigjdit e challenge for the first alternative. They proposed to
dynamic bandwidth, accuracy, cost, etc. [1]. There are mamyiroduce a PRPU (Prismatic-Revolute-Prismatic-Rew)lut
important industrial tasks requiring a tool to be perpeuldic passive leg. The properties of the resulting mechanism,
to a 3D free-from surface along a given trajectory. TheYachnically referenced to as a 5-BPPRPU mechanism for
include 5-axis milling, laser-engraving, spray-baset®@d,  opvious reasons, has been analyzed in a series of papers
water-jet cutting, and, in general, any manufacturing fask [4], [5], [6]. More recently, Y. Lu and colleagues opted for
which the tool is axisymmetric. These tasks can be performgfe second alternative. They proposed a 84S parallel
by robots with only 3 translations and 2 rotations;, 5 DOF  pjatform whose static and dynamic properties are studied
(degrees of freedom). Since the Stewart-Gough platform hgs [2] and [3], respectively. Many other examples of 5-DoF
6 DoF, some limited-DoF parallel robots have been designgghraie| robots can be found in literature but they greatly

the structure and the control of the general Stewart-Gougit contain at least 4 UPlegs.

platform but without losing its aforementioned merits.

I. INTRODUCTION

The St +-Gouah platf ists of a b q A parallel robot consisting of a base and a moving plat-
€ ostewart-bough platiorm consists of a basé and g, -onnected by five 8P legs is clearly uncontrollable.

moving platform connected by sixﬁ@D(L.Jni\_/ersaI-Prismatic- [For example, if the universal joints are aligned as in Fig.
Spherical) legs, where the underline indicates that the- Pri1 the moving platform can freely rotate around the axis

mzétlaggmt IS act_ua;tedt.l Thus, 'E'issua"“ rleferers]cec_j to Wefined by these five aligned universal joints. Nevertheless
ﬁ e f’ tﬁr ethlea en 3{ as at d;t ' Pstfa_ € ?(IEDC snlsm." bserve that in this particular case the uncontrolled motio
one of these 1egs Is eliminated fo obtain a >-Uor para irrelevant if the rotation axis is made coincident witke th

robot, two alternatives arise to make the moving platfomgymmetry axis of the tool. This circumstance might even
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to this particular arrangement of five SHegs as aline-
plane componenas it can always be considered as a rigid
subassembly in a standard Stewart-Gough platform [11].

Zhang and Song solved, for the first time, the forward
kinematics of a general Stewart-Gough platform containing
a line-plane component [10]. They showed how the line in
the line-plane component of such a platform can have up
to eight configurations with respect to the plane and, as
a consequence, the platform can have up to 16 assembly ~
modes. The eight configurations of the line correspond to the
roots of a bi-quartic polynomial. Therefore, the existente
an algebraic expression for these configurations as a émcti
of the five leg lengths was proved. Husty and Karger studied
the conditions for this subassembly to be architecturally
singular and found two algebraic conditions that must beFig. 2. Schematic representation of the S-8parallel robot in Fig. 1.
simultaneously satisfied [12]. More recently, Borras and
Thomas studied the role of cross-ratios between the latatio
coordinates of the spherical and universal joints centers -A. Singularity Analysis

which will be referred to asttachmentsn what follows— It has previously been shown [9] that the Jacobian determi-
in the characterization of architectural singularitiesid a nant of a general Stewart-Gough platform containing a line-
insingularity-invariant architectural changes, in lipene ane component factors into two terms: one that vanishes

components [9]. when the sixth leg lies on the platform plane, and the other
Herein we show that, if a simple algebraic relation holdsbeing the determinant of the following matrix:

between the base and the platform attachment coordinates

of a line-plane component, the number of possible assembly wp,  w(p.u— pyw) w(p,v — pyw)
modes drops to 4 so that computing these assembly modes 2 T n
entails calculating the roots of two quadratic polynomials 29 X9 Yo
Moreover, the singularity locus becomes so simple as to T= 23 T3 i
permit its straightforward stratification. 24 o m

The rest of this paper is organized as follows. Section 25 Ts Y5
Il presents the kinematic and singularity analysis of the Pe(paw — patt)  pa(pyw — pav)  —w?
general 5-SB platform, yielding the 8 assembly modes. 121 vi21 1
Section Il introduces a family of 5-8/P robots whose Tozo Yozo 1
forward kinematics can be solved by just computing the 373 Y323 1 1)
roots of two quadratic polynomials. As a consequence, the TaZ4 Yaza 1
number of assembly modes drops to 4 and the singularity T525 Y525 1

structure is greatly simplified, leading to a cell decomposi

of configuration space, as presented in Section IV. Finallyyhich depends exclusively on the 5-legged 5-DoF compo-

Section V points out the extent of the robot family considerenent.

as well as some future research directions. Thus, the singularity locus of the 5-BPmanipulator
studied in this paper corresponds to the root locus of the

polynomial resulting from expanding such determinant, i.e
II. 5-SPU RoOBOT WITH PLANAR BASE AND LINEAR

PLATFORM Crwp, + Cow(p.u — pyw) + C3w(p.v — pyw)+

Let us consider the 5-legged parallel platform appearing Cap:(prw — p2ut) + Cspz(pyw — p2v) — Cow® =0, (2)
In Fig. 2 whose basg and platform gttachments lie on pIaQ/v%ereCi, fori=1,...6, is the cofactor of th€1,:) entry
IT and line A, respectively. Lell coincide with thezy-plane :
of the base reference frame. Thus, the leg attachments in t%feT’ V\./h'Ch depgnds Oh!y on leg attachments.

. ! , Architectural singularities occur when all the cofactors a

base have coordinates = (x;,y;,0)", for i = 1,...,5. )
The pose ofA with respect toll can be described by the zero,C; =0, fori=1,...6.
position vectorp = (p., py,p.)? and the unit vectoi =
(u,v,w)T in the direction ofA. Thus, the coordinates of
the leg attachments in platformy, expressed in the base Similarly to [10], the forward kinematics of our 5-legged
reference frame, can be written b = p + z;i. With this parallel robot can be solved by writing the leg lengths as
notation, the attachments of thieh leg are determined by [/; = ||b; — a;||, for i = 1,...,5. Then, subtracting from the
the three coordinates:;, v;, z; ). expression fol?, i = 1,...,5, the equatiori|| = u? +v?+

B. Forward Kinematics



and

. . . . _ 2
w? = 1, quadratic terms in;, v andw cancel out yielding ~wheren, = — (€1 _C2Cs)
1

Zit = TiPx — YiDy — TiZih — YiZiv 9

(3) m3= _04

1

. . + C1(C2 + CF)(Camg + (C1 + Caws + Csys)z3 + y3Cs)
fori=1,...,5, wheret =p-i.

Subtracting the third equation from the others, quadratic " (CaCs = C5Ca)(E5Ca + BxCs — EaCs — E3Ca))
terms inp;, p, andp. cancel out as well. Then, the resultingmust simultaneously vanish for the forward kinematics ef th
system of equations can be written in matrix form as proposed manipulator to become quadratically-solvable.
Each of the four roots of (10) determines a single value
Trmds o 1 Ys s asEs s Y1z YsEs - (P for p, p,, u, andv through (7) and two sets of values for
T2 =3 Y2 Ys LakamA3Ey Y222 mYsE [Py | andw by simultaneously solvingi|| = 1 andt = p - i.
Ta— T3 Ya—Ys TaZ4a— T3z Yara —YsZ | | U | Thys, up to 8 assembly modes are obtained for a given set

2
1 (CI(C5C5 + C4Cy)
+505 g P+l +yl 2 1) =0,

ITs — X3 Ys — Y3 T525 — T323 Y525 — Y323 v of leg lengths.
(21 — z3)t + Ny Finally, note that, ifCy = Cs = 0, thenns = n3 = 0.
_ | (22 = z3)t + N2 (4) Under this circumstance, the maximum simplification of the
(24 —23)t + Ny |’ forward kinematics of the analyzed robot is obtained: the
(25 — 23)t + N5 maximum number of assembly modes drops to 4. This is
where discussed in the next section where a family of parallel t®bo
1 satisfying this condition is studied in detail.
Ni= (@i +y;+2 — ] —a5—ys — 2 +15).  (5)
2 I11. A FAMILY OF QUADRATICALLY -SOLVABLE 5-SRU
Now, using simple row/column operations, the determinant ROBOTS

associated with the linear system (4) can be written as Let us consider the 5-SPparallel robot whose leg attach-

1 Y1 T121 121 1 ment coordinates arg;, = (z;,v:,0) andb; = p + z;i, with
To Y2 Tazz Y222 1 p = (ps,py.p-) @andi = (u,v,w) as before, and subject to
r3 Y3 X323 Yszz 1, (6) the constraint that

Ty Ya Taza Ysza 1

Ts Y5 T525 Yszs 1

. - . . . , where/ is, thus, a proportionality factor between platform
which - coincides W'thg ! '?l (2). 1t (6) vamséhes,_ e;thedr ttachments and the-coordinates of the base attachments.
Pz, Py, U, OF v, €an De€ Chosen as parameler, INstead G, o556 readability of the equations, we sgt= y; = 0

t, to reformulate the linear system (4). Since for a nong whout losing generality. Thed, z; andy;, i = 1,2,4,5

architecturally singular robot not all cofactors are zeto, are left as parameters that characterize the family of B-SP
can be shown that a non-singular linear system of the for%bots analyzed in this section -

(4) can always be found by choosing eitltep,, p,, u, or
v as parameter. A. Forward Kinematics

Solving (4) by Crammer’s rule yields With the attachment coordinates given in (11), the cofac-

pr = (—Cat + E5)/Ch, tors of the elements of the first row df are:
py = (—Cst + E3)/Ch, ) Cy = (SQF7
u = (7C4t + E4)/Cl, Cy = —53F, (12)
U:(—C5t+E5)/C1, C3 =04 =C5 =Cs =0,
whereE; results from substituting th@—1)th column vector where F' can be written as
of (& by (Nl,...,Ng,)T. 2
From equationu? + v? + w? = 1 and equation (3) for i% ilzl il zl
i =3, it can be concluded that: F=|3 202 2 2 (13)
5 o ) ) I% TalYs T4 Y4
prw” = (1 —u” —v%) T5 T5Ys Ts  Ys
[2(=23t + w3ps + yspy + 23ysv + z373u)  (8)  and the coefficients of polynomial (10) are:
One the other hand, from=p - i, (62 +1)6*F% — 26FE, — EZ
ng =
2 _ 9 §2F2
(pzw) - (t pl’u’ pyv) . (9) — 2E264F2 _ F5(E4E2 + E5E3) _ E5(E2E5 _ E3E4)
Equating the right hand sides of equations (8) and (9), the' — SO F3
following polynomial int is finally obtained: o — (E3 + B3 +15(E3 + B3))F?0" — (BaBs — EaF)®
- 551 ’

n4t4 + n3t3 + n2t2 4+ nit +ng =0, (10)
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Fig. 3. An attachment should not be located on the conic defiyetthe other four attachments and the point at infipity as the platform would then

become architecturally singular. In this example the attactisnarea; = (—2,1), ap = (—1,—2), as = (1, —2) andas = (2, 2), with corresponding
— 1o fori=1 5 §=41

zi = g fori=1,..., i.e. 2).

Then, polynomial (10) becomes quadratic and, as a coand
sequence, its two roots can be simply expressed as:

By
02F
t= ! i= #r . (17)
3F(20FEy + E2 — (0% + 1)0°F?)
2 2
- [6*F?Ey — 6F(BE>Ey + E5Es) (14) T Ak i

+ E5(EsE, — EyEs) = VA,
B. Singularity Analysis
where the discriminant is
Substituting the values of the cofactors (12) into (2), the
A =6F(E% + E? — 5*F?) singular configurations of the studied 54$PBlatform are the
[26*F2Ey12 + 03 F(E212 + E2) + 6F(E2 + E2) solutions of the following equation
— (62 + 1)6°F312 4+ 2F3(FyEs — E4E3)).
(15) S2wF(6pyw — (ud — 1)p.) = 0. (18)

Each of the two above roots, say andt,, determines a
single value fomp,, p,, u, andv through (7) and two sets of
values forp, andw by simultaneously solvindi|| = 1 and
t = p -i. The resulting four assembly modes are explicitl

Observe that, except far, all other design parameters are
embedded inF', whereas the robot pose appears only in the
>;emaining two factors. Thus, if" = 0, the manipulator is
architecturally singularj.e., it is always singular indepen-

given by: dently of its leg lengths. In turn, non-architecturally githar
S3Ft, 4+ By manipulators will reach a singular configuration whenever
o F the other factors nullify. Below we give a geometric inter-
o pretation of these two types of singularities, architeatand
p= 57F ) (16)  parallel.
(Ba—6F)5° Fti+E4Fa+FsEs Any set of five points on a plane defines a conic; the one

2F\[o1 2 —E2—E} defined by the five base attachments can be expressed, in



homogeneous coordinatés,y,s y, as:

X2 xy Y sx sy
3 oz yi T
2 2
xr Tr2Y2 Y T2 Y2
C= 0y "7 0 0 o
l‘i T4Y4 yi T4 Y4
x% T5Ys5 y? T5 Ys

Then, F = 0 if and only if poo = (0,1,0)g € C. In
other words, if the poinp., belongs to the conic defined by
the five base attachments, the parallel robot is architakyur
singular. As a consequence, it is possible to assign angvalu

to y,;, for i = 1,...,5, provided that each; = (xz;,1;) ‘ | ‘
w L
| u | u

"\

=0y. (19)

U
&

o gy

does not lie on the conic formed by the other four base w w

attachments angd,, (see Fig. 3). ‘
In particular, if any four base attachments are collinear, wu

the parallel robot would be architecturally singular besgau

the fifth one andpoo would define a second line, and two Fig. 4. Reprgsentation of the sphere of orientations fohte'[g_asitions

intersecting lines can be seen as a degenerate conic. 2(r)c|)(L)1rr;c.i the origin. The four connected components are markibdhifierent
Let us now turn to the cask # 0, and study the parallel

singularities of non-architecturally singular manipolat A

singular configuratiorp, i € R? x S%, with p = (p., py, p) IV. CELL DECOMPOSITION OFCONFIGURATION SPACE

andi = (u,v,w), is that satisfying eithero = 0 or The singularity locus of the 5-&Probots studied consists

(bwp, — (du — 1)p,) = 0. The first condition holds for N 5 . )
configurations where the platform is parallel to the ba38f two hypersurfaces iR x S —the robot configuration

plane, while the second relates platform position cootéma Space (C-space)-, namely:
=, D~) to orientation coordinate&u,w) through the slope 1
g;u:’iit)ypz/px =w/(u—1/5). b ) 9 P w=0 and wp, — (u— g)pz =0. (22)
Note that singularities can also be expressed in joint spaceyte that, since, andv do not appear in the hypersurface
R® by using the discriminant (15), whose expression onlgqgyations, they do not need to be taken into account when
depends on the leg lengtls i=1,..., 5. WhenA = 0 the  gnalyzing the topology of singularities. C-space can theis b
two solutions (14) coincide, yielding a singularity. Not&t  gchematically represented by drawing the sphere of orenta

A4 a2lso consists of two factors, the first o€ + E§ —  tions in each point of the plang,p.. Furthermore, only the
6" F = 0 corresponds to the condition = 0 and the other rgjection of the sphere in the direction of theaxis needs
is equivalent to(dwp, — (du — 1)p.) = 0. to be displayed. Figure 4 shows such representation fot eigh

An interesting practical consideration is that, if we fix thepositions around the origin in the plapgp., for the case =
orientation of the tool, singularities define a plane in foBi 11 Opserve that only the relatign /p, is relevant, therefore
space. each disk stands for all positions in the half-line startig

c1pe + cap. = 0, (20)  the origin and having the same /p, value. Color encodes
where the region lies in relation to the two hypersurfaces.
For example, yellow points (the brightest grey level ones)
are those wherev < 0 andwp, — (u — 1/8)p. < 0. Lines
separating two colors correspond to the two hypersurfaces.

Hence, the two singular hypersurfaces divide C-space

0ps +p. =0. (21) into four connected components, corresponding to the four
. . . assembly modes in (16) and (17). Note that the symmetry
) It follows from the above smg_ularlty analy3|s_that, for An these equations shows up neatly in the figure. It is worth
fl_xed value of4, the whole_famlly of non-architecturally mentioning that for platform positions in the first quadrant
s!ngular_ 5-SP robots considered have exactly the Samﬁamely wherep, > 0 andp. > 0, all the hemisphere of
singularity locus. In other words, given a member of th rientations withw > 0 is reachable. Similarly, there is a

fami[y,'one can freely move its Ieg attachments _Withou\tlvhole hemisphere reachable in the other quadrants.
modifying the singularity locus, provided two constraiate By exploiting the C-space symmetry mentioned above,

me:;rlt;;uned,_namel)é_:he pg’portt'ﬁnf“w tl’e;\N%narT_? dzi’ together with the simplicity of the singular hypersurfaces
and e conics condition above that preciudes arch I;zurait is easy to derive a cell decomposition of C-space. Without
singular leg arrangements. In the next section, the common

structure of the singglarity locus is studied, and the infb€e 111 casess < 1 ands > 1 follow easily from this one, as we will
of § on its topology is analyzed. sketch at the end of this section.

with ¢; = dw? andc; = w(1 — ud). For example, if the
tool is orthogonal to the base plane, i(e, v, w) = (0,0, 1),
then the robot will reach a singularity when its positioe, i.
(pz, py, p2), satisfies:



going into details, let us just refer to Fig. 5 where a diagramn the base, whose forward kinematics can be solved by
of cells for a single connected component is shown. Theomputing the roots of two quadratic polynomials, yielding
5D cell is bounded by patches of the two 4D singulabnly 4 assembly modes. This important complexity reduction
hypersurfaces, which intersect at two types of 3D patchewith regards to a general such 5{$Platform is attained
(w = 0,u = 1) and (w = 0,p, = 0). The former by imposing a simple proportionality relation between the
corresponds to a fixed orientation afperpendicular to the coordinates of the base and platform attachments.

plane p, = 0 in addition to parallel toll (3 translational The presented analysis of the 5t$Robot is useful for the
DoFs), while the latter corresponds Aolying onII (3 DoFs study of 6-S®J Stewart-Gough platforms that contain a line-
in the plane). Two such 3D patches in turn intersect at a 2plane component satisfying the mentioned proportionality
cell corresponding ta\ lying on IT and being perpendicular relation. The kinematics of such a 6-DoF platform becomes
to the planep,, = 0 (2 translational DoFs). Finally, a 2D cell greatly simplified, having a total of 8 assembly modes. A
is bounded by a 1D cell where, in addition to the precedingell decomposition of its singularity locus can be readily

conditions,p,, = 0.

5D
P _ _w |
i pe  u—1
Pz
4D
- w=20
pz:O
Pz
3D
w =10
e Pz w=
p.=0
p
Py ’ 2D
w =20
z u=1
Pz =
i
] e, = 0
Dy 1D

Fig. 5. Diagram showing the relative position &fandII in each C-space
cell.

The four C-space connected components are glued t9s
gether through some of the lower-dimensional cells, so that
the cell decomposition has in total four 5D, six 4D, six 3D,

two 2D and one 1D cells.

Let us remind that this decomposition is fde= 1. Those
for 0 < 1 and¢é > 1 can be easily derived by noting that their
C-space representations differ only slightly from that ig.F

4. The four skew line segments standing for the singular

hypersurface(v — 1/6)p, — wp, = 0 maintain the same
slopes, while their positions vary as a functionépfso that
they intersect hypersurface = 0 atp, = 0 andu = 1/6

for 6 > 1, and only atp, = 0 for 6 < 1. Consequently, the
cell decomposition in the former case has in total four 5
eight 4D, eight 3D, two 2D and one 1D cells, while in the

latter case it reduces to four 5D, six 4D, two 3D and on([a1

2D cells.

V. CONCLUSIONS
This paper has presented a family of 5tSplatforms,

Diay)

derived from that obtained in Section IV, by just considgrin
the additional singular hypersurface corresponding to the
platform attachment of the 6th leg lying on the base plane.

This work has also a direct application to the design of
reconfigurable robots. It suffices to place base attachments
on actuated guides, so as to enlarge the usable workspace
or increase platform stiffness, while maintaining the same
well-behaved singularity structure.
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