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Ai andBi of the ith leg (Fig. 1), expressed inOXYZandPX!Y!Z! respectively, the
conÞguration will only bevalid if for i = 1, . . . ,6 it satisÞes

ρ2
i = |ppp+ RRRbbbi " aaai |

2, (1)

ρi # [ρi ,ρi ]. (2)

Often, moreover, each conÞgurationqqq must beforce feasible, in the sense that the
platform must be able to equilibrate any external wrenchöwww acting on it, subject to
lie inside a given six-dimensional regionW $ R6. The signiÞcance ofW depends
on the particular context of application. For example,W may be determined by
the set of allowable inertia forces acting on the platform, or by the set of wrenches
that should be suppliable to the environment. SpeciÞcally,the force-feasibility re-
quirement on a givenqqq implies that for any wrenchöwww # W there must be a vector
fff = [ f1, . . . , f6]T of leg forces satisfying

JJJ(qqq) · fff = öwww, (3)

with
fff # D = [ f1, f1]%. . .%[ f6, f6], (4)

whereJJJ(qqq) is the 6%6 screw Jacobian of the manipulator at conÞgurationqqq, and
[ fi , fi ] is the interval of force magnitudes that can be resisted by the ith leg. In this
paper,W will be a six-dimensional non-degenerate ellipsoid deÞnedby

( öwww" öwww0)TEEE ( öwww" öwww0) & 1, (5)

where öwww0 is a Þxed wrench andEEE is a constant 6%6 positive-deÞnite symmetric
matrix. Also, öwww, öwww0, andJJJ(qqq) will be assumed to be given in a framePXYZcentered
in P and parallel toOXYZ, but any other frame could be assumed if desired.

Now, letC be the set of allqqq# SE(3) satisfying Eqs. (1)-(4) for allöwww# W , which
we will call theforce-feasible C-spaceof the manipulator. Given two conÞgurations
in C , qqq1 andqqq2, the goal of this paper is to provide an algorithm for computing a path
on C connecting them, if one exists, or to determine path non-existence otherwise.
To Þnd such a path, we next deÞne a system of equations that characterizeC .

3 Equations of the force-feasible C-space

Let fff 0 be any vector of resultant leg forces corresponding toöwww0, i.e.,

JJJ(qqq) · fff 0 = öwww0. (6)

By substitution oföwww" öwww0 = JJJ(qqq)( fff " fff 0) into Eq. (5) we realise that, for a given
qqq, the setF of leg forces fff satisfying Eq. (3) for someöwww # W is given by
( fff " fff 0)TBBB ( fff " fff 0) & 1, whereBBB = JJJ(qqq)TEEE JJJ(qqq). Hence,F is an ellipsoid, be-
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causeEEE is symmetric and positive-deÞnite, but this ellipsoid willbe bounded in all
directions, or only in some, depending on whetherdet(JJJ(qqq)) != 0 or not.

Now note that, forqqq to be force-feasible, it must beF " D , which can be
checked as follows. Letvvvi # R6 be a vector satisfying

BBBivvvi = 000 (7)

vvvTi BBB vvvi = 1 (8)

vi,i $ 0 (9)

wherevi,i denotes theith component ofvvvi, andBBBi stands for the matrixBBB with its
ith row removed. Ifdet(JJJ(qqq)) != 0, thenBBB andBBBi are full row rank, and there is
exactly one vectorvvvi satisfying (7)-(9). Using Lagrange multipliers, one can see
that in such a casefff 0 %vvvi and fff 0+ vvvi are the vectors inF attaining the smallest
and largest value along theith coordinate. Hence, whendet(JJJ(qqq)) != 0, F " D iff

f0,i %vi,i $ fi and f0,i + vi,i & fi, for i = 1, . . . ,6. (10)

Whendet(JJJ(qqq)) = 0, it will always beF !" D , becauseF will be unbounded along
some of its principal directions.

Observe that the constraints in (2), (9), and (10) are equivalent to imposing

(ρi %mi)
2+ r2

i = h2
i , (11)

vi,i = s2
i , (12)

f0,i %vi,i = t2
i + fi, f0,i + vi,i = %u2

i + fi, (13)

respectively, wheremi andhi are the midpoint and half-range of[ρi,ρi], andri, si,
ti, andui are newly-deÞned auxiliary variables. As a result,C can be characterized
as the set of pointsqqq that satisfy the system formed by Eqs. (1), (6), (7), (8), and
(11)-(13) for some value of the remaining variables. For ease of explanation, this
system will be written asFFF(xxx) = 000, wherexxx # Rnx encompasses all variables in the
system, including those inqqq.

Let M be the set of pointsxxx that satisfyFFF(xxx) = 000, which is a manifold of di-
mensiond = 6 when no further constraints are imposed onqqq = (ppp,RRR). Note that
such points are in correspondence with the pointsqqq # C because any value ofqqq # C
determines the values for the remaining variables inxxx # M . Thus, sinceqqq1 andqqq2
have corresponding pointsxxx1 andxxx2 on M , and all paths onC are represented in
M , and viceversa, the original problem of computing a force-feasible path inC
from qqq1 to qqq2 can be reduced to that of connectingxxx1 andxxx2 through a path onM .
It is not difÞcult to see, moreover, that for anyxxx # M it will be det(JJJ(qqq)) != 0, so
that any path computed onM will be free of singular conÞgurations. Certainly, if
it were det(JJJ(qqq)) = 0 for somexxx # M , thenBBB would be rank deÞcient, implying
that Ker(BBBi) = Ker(BBB) for somei. Therefore, anyvvvi satisfying Eq. (7) would violate
Eq. (8), which is in contradiction with the fact thatxxx # M .

f0,i

vi,ivi,i

fmin fmax
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causeEEE is symmetric and positive-deÞnite, but this ellipsoid willbe bounded in all
directions, or only in some, depending on whetherdet(JJJ(qqq)) != 0 or not.

Now note that, forqqq to be force-feasible, it must beF " D , which can be
checked as follows. Letvvvi # R6 be a vector satisfying

BBBivvvi = 000 (7)

vvvT
i BBB vvvi = 1 (8)

vi,i $ 0 (9)

wherevi,i denotes theith component ofvvvi , andBBBi stands for the matrixBBB with its
ith row removed. Ifdet(JJJ(qqq)) != 0, thenBBB andBBBi are full row rank, and there is
exactly one vectorvvvi satisfying (7)-(9). Using Lagrange multipliers, one can see
that in such a casefff 0 %vvvi and fff 0 + vvvi are the vectors inF attaining the smallest
and largest value along theith coordinate. Hence, whendet(JJJ(qqq)) != 0, F " D iff

f0,i %vi,i $ fi and f0,i + vi,i & fi , for i = 1, . . . ,6. (10)

Whendet(JJJ(qqq)) = 0, it will always beF !" D , becauseF will be unbounded along
some of its principal directions.

Observe that the constraints in (2), (9), and (10) are equivalent to imposing

(ρi %mi)2 + r2
i = h2

i , (11)

vi,i = s2
i , (12)

f0,i %vi,i = t2
i + fi , f0,i + vi,i = %u2

i + fi , (13)

respectively, wheremi andhi are the midpoint and half-range of[ρi ,ρi ], andri , si ,
ti , andui are newly-deÞned auxiliary variables. As a result,C can be characterized
as the set of pointsqqq that satisfy the system formed by Eqs. (1), (6), (7), (8), and
(11)-(13) for some value of the remaining variables. For ease of explanation, this
system will be written asFFF(xxx) = 000, wherexxx # Rnx encompasses all variables in the
system, including those inqqq.

Let M be the set of pointsxxx that satisfyFFF(xxx) = 000, which is a manifold of di-
mensiond = 6 when no further constraints are imposed onqqq = ( ppp,RRR). Note that
such points are in correspondence with the pointsqqq# C because any value ofqqq# C

determines the values for the remaining variables inxxx # M . Thus, sinceqqq1 andqqq2
have corresponding pointsxxx1 andxxx2 on M , and all paths onC are represented in
M , and viceversa, the original problem of computing a force-feasible path inC
from qqq1 to qqq2 can be reduced to that of connectingxxx1 andxxx2 through a path onM .
It is not difÞcult to see, moreover, that for anyxxx # M it will be det(JJJ(qqq)) != 0, so
that any path computed onM will be free of singular conÞgurations. Certainly, if
it were det(JJJ(qqq)) = 0 for somexxx # M , thenBBB would be rank deÞcient, implying
that Ker(BBBi) = Ker(BBB) for somei. Therefore, anyvvvi satisfying Eq. (7) would violate
Eq. (8), which is in contradiction with the fact thatxxx # M .
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respectively, where mi and hi are the midpoint and half-range of [ρi ,ρi ], and ri , si ,
ti , and ui are newly-defined auxiliary variables. As a result, C can be characterized
as the set of points qqq that satisfy the system formed by Eqs. (1), (6), (7), (8), and
(11)-(13) for some value of the remaining variables. For ease of explanation, this
system will be written as FFF(xxx) = 000, where xxx∈ Rnx encompasses all variables in the
system, including those in qqq.

Let M be the set of points xxx that satisfy FFF(xxx) = 000, which is a manifold of di-
mension d = 6 when no further constraints are imposed on qqq = ( ppp,RRR). Note that
such points are in correspondence with the points qqq∈C because any value of qqq∈C
determines the values for the remaining variables in xxx∈ M . Thus, since qqq1 and qqq2

have corresponding points xxx1 and xxx2 on M , and all paths on C are represented in
M , and viceversa, the original problem of computing a force-feasible path in C
from qqq1 to qqq2 can be reduced to that of connecting xxx1 and xxx2 through a path on M .
It is not difficult to see, moreover, that for any xxx∈ M it will be det(JJJ(qqq)) != 0, so
that any path computed on M will be free of singular configurations. Certainly, if
it were det(JJJ(qqq)) = 0 for some xxx ∈ M , then BBB would be rank deficient, implying
that Ker(BBBi) = Ker(BBB) for some i. Therefore, any vvvi satisfying Eq. (7) would violate
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SYSTEM OF EQUATIONS FOR THE FORCE-FEASIBLE C-SPACE

HIGHER-DIMENSIONAL CONTINUATION FOR EXPLORATIONPlanning force-feasible paths on the Stewart platform 3

Ai andBi of the ith leg (Fig. 1), expressed inOXYZandPX!Y!Z! respectively, the
conÞguration will only bevalid if for i = 1, . . . ,6 it satisÞes

ρ2
i = |ppp+ RRRbbbi " aaai |

2, (1)

ρi # [ρi ,ρi ]. (2)

Often, moreover, each conÞgurationqqq must beforce feasible, in the sense that the
platform must be able to equilibrate any external wrenchöwww acting on it, subject to
lie inside a given six-dimensional regionW $ R6. The signiÞcance ofW depends
on the particular context of application. For example,W may be determined by
the set of allowable inertia forces acting on the platform, or by the set of wrenches
that should be suppliable to the environment. SpeciÞcally,the force-feasibility re-
quirement on a givenqqq implies that for any wrenchöwww # W there must be a vector
fff = [ f1, . . . , f6]T of leg forces satisfying

JJJ(qqq) · fff = öwww, (3)

with
fff # D = [ f1, f1]%. . .%[ f6, f6], (4)

whereJJJ(qqq) is the 6%6 screw Jacobian of the manipulator at conÞgurationqqq, and
[ fi , fi ] is the interval of force magnitudes that can be resisted by the ith leg. In this
paper,W will be a six-dimensional non-degenerate ellipsoid deÞnedby

( öwww" öwww0)TEEE ( öwww" öwww0) & 1, (5)

where öwww0 is a Þxed wrench andEEE is a constant 6%6 positive-deÞnite symmetric
matrix. Also, öwww, öwww0, andJJJ(qqq) will be assumed to be given in a framePXYZcentered
in P and parallel toOXYZ, but any other frame could be assumed if desired.

Now, letC be the set of allqqq# SE(3) satisfying Eqs. (1)-(4) for allöwww# W , which
we will call theforce-feasible C-spaceof the manipulator. Given two conÞgurations
in C , qqq1 andqqq2, the goal of this paper is to provide an algorithm for computing a path
on C connecting them, if one exists, or to determine path non-existence otherwise.
To Þnd such a path, we next deÞne a system of equations that characterizeC .

3 Equations of the force-feasible C-space

Let fff 0 be any vector of resultant leg forces corresponding toöwww0, i.e.,

JJJ(qqq) · fff 0 = öwww0. (6)

By substitution oföwww" öwww0 = JJJ(qqq)( fff " fff 0) into Eq. (5) we realise that, for a given
qqq, the setF of leg forces fff satisfying Eq. (3) for someöwww # W is given by
( fff " fff 0)TBBB ( fff " fff 0) & 1, whereBBB = JJJ(qqq)TEEE JJJ(qqq). Hence,F is an ellipsoid, be-
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platform must be able to equilibrate any external wrench ŵww acting on it, subject to
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with
fff # D = [ f1, f1]%. . .%[ f6, f6], (4)

where JJJ(qqq) is the 6 %6 screw Jacobian of the manipulator at configuration qqq, and
[ fi, fi] is the interval of force magnitudes that can be resisted by the ith leg. In this
paper, W will be a six-dimensional non-degenerate ellipsoid defined by

(ŵww " ŵww0)T EEE (ŵww " ŵww0) & 1, (5)

where ŵww0 is a fixed wrench and EEE is a constant 6 %6 positive-definite symmetric
matrix. Also, ŵww, ŵww0, and JJJ(qqq) will be assumed to be given in a frame PXY Z centered
in P and parallel to OXY Z, but any other frame could be assumed if desired.

Now, let C be the set of all qqq # SE(3) satisfying Eqs. (1)-(4) for all ŵww # W , which
we will call the force-feasible C-space of the manipulator. Given two configurations
in C , qqq1 and qqq2, the goal of this paper is to provide an algorithm for computing a path
on C connecting them, if one exists, or to determine path non-existence otherwise.
To find such a path, we next define a system of equations that characterize C .

3 Equations of the force-feasible C-space

Let fff 0 be any vector of resultant leg forces corresponding to ŵww0, i.e.,

JJJ(qqq) áfff 0 = ŵww0. (6)

By substitution of ŵww " ŵww0 = JJJ(qqq)( fff " fff 0) into Eq. (5) we realise that, for a given
qqq, the set F of leg forces fff satisfying Eq. (3) for some ŵww # W is given by
( fff " fff 0)T BBB ( fff " fff 0) & 1, where BBB = JJJ(qqq)T EEE JJJ(qqq). Hence, F is an ellipsoid, be-
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causeEEE is symmetric and positive-deÞnite, but this ellipsoid willbe bounded in all
directions, or only in some, depending on whetherdet(JJJ(qqq)) != 0 or not.

Now note that, forqqq to be force-feasible, it must beF " D , which can be
checked as follows. Letvvvi # R6 be a vector satisfying

BBBivvvi = 000 (7)

vvvT
i BBB vvvi = 1 (8)

vi,i $ 0 (9)

wherevi,i denotes theith component ofvvvi , andBBBi stands for the matrixBBB with its
ith row removed. Ifdet(JJJ(qqq)) != 0, thenBBB andBBBi are full row rank, and there is
exactly one vectorvvvi satisfying (7)-(9). Using Lagrange multipliers, one can see
that in such a casefff 0 %vvvi and fff 0 + vvvi are the vectors inF attaining the smallest
and largest value along theith coordinate. Hence, whendet(JJJ(qqq)) != 0, F " D iff

f0,i %vi,i $ fi and f0,i + vi,i & fi , for i = 1, . . . ,6. (10)

Whendet(JJJ(qqq)) = 0, it will always beF !" D , becauseF will be unbounded along
some of its principal directions.

Observe that the constraints in (2), (9), and (10) are equivalent to imposing

(ρi %mi)2 + r2
i = h2

i , (11)

vi,i = s2
i , (12)

f0,i %vi,i = t2
i + fi , f0,i + vi,i = %u2

i + fi , (13)

respectively, wheremi andhi are the midpoint and half-range of[ρi ,ρi ], andri , si ,
ti , andui are newly-deÞned auxiliary variables. As a result,C can be characterized
as the set of pointsqqq that satisfy the system formed by Eqs. (1), (6), (7), (8), and
(11)-(13) for some value of the remaining variables. For ease of explanation, this
system will be written asFFF(xxx) = 000, wherexxx # Rnx encompasses all variables in the
system, including those inqqq.

Let M be the set of pointsxxx that satisfyFFF(xxx) = 000, which is a manifold of di-
mensiond = 6 when no further constraints are imposed onqqq = ( ppp,RRR). Note that
such points are in correspondence with the pointsqqq# C because any value ofqqq# C

determines the values for the remaining variables inxxx # M . Thus, sinceqqq1 andqqq2
have corresponding pointsxxx1 andxxx2 on M , and all paths onC are represented in
M , and viceversa, the original problem of computing a force-feasible path inC
from qqq1 to qqq2 can be reduced to that of connectingxxx1 andxxx2 through a path onM .
It is not difÞcult to see, moreover, that for anyxxx # M it will be det(JJJ(qqq)) != 0, so
that any path computed onM will be free of singular conÞgurations. Certainly, if
it were det(JJJ(qqq)) = 0 for somexxx # M , thenBBB would be rank deÞcient, implying
that Ker(BBBi) = Ker(BBB) for somei. Therefore, anyvvvi satisfying Eq. (7) would violate
Eq. (8), which is in contradiction with the fact thatxxx # M .
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but the presented method is applicable to other parameteriza-
tions as well, including those based on tilt-and-torsion angles
or Euler-Rodrigues parameters.

To see the constraints introduced by the mechanical lim-
its on all joints, note Þrst that the prismatic joints usually
have a range of actuation that force the lengthsli to take val-
ues within some intervals[lmin

i , lmax
i ]. These constraints can

be modelled as equalities by deÞningmi = ( lmax
i + lmin

i )/ 2
andhi = ( lmax

i ! lmin
i )/ 2, and imposing

(li ! mi)2 + d2
i = h2

i , (5)

for i = 1, . . . ,6, where thedi are newly-deÞned auxiliary vari-
ables. Observe that, in this way, the values ofli are certainly
constrained to the desired interval, becausemi andhi are the
mid-point and half-range of the interval, and Eq. (5) deÞnes
a circle of centermi and radiushi (Fig. 2).

The passive joints on the base and on the platform also
have mechanical limits constraining the allowable positions
of each leg. To describe these constraints, letjAi be a unit
vector given in the Þxed frame, aligned with the Þxed axis of
the universal joint atAi (Fig. 3). Following [13], we assume
that the mechanical design of such joint restricts the maxi-
mum allowed misalignment betweenjAi and theqi vector to
be of angle$i, which means that, for the platform pose to be
valid, it must be

jAiqi " li cos$i, i = 1, . . . ,6.

ri

hi
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mi %i%i

Fig. 2. Circle constraint of an active-joint limit.
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di

Fig. 3. Elements of a passive joint-limit constraint.

These inequalities can be transformed into equalities by in-
troducing a new variableti for each leg, and writing

jAiqi ! li cos$i = t2
i . (6)

Note thatjAiqi " li cos$i is satisÞed if, and only if, Eq. (6)
is satisÞed for some value ofti . Similarly, for each passive
joint on the platform we deÞne a new variablegi and impose

jBi (R
Tqi ) ! li cos&i = g2

i , (7)

wherejBi is a unit vector along the axis of symmetry of the
joint atBi, expressed in the moving frame, and&i is the max-
imum allowed misalignment in this joint.

In conclusion, the workspaceW of the platform is the
set of all possible tuples

(x,y,z,#, ! , " )

that satisfy Eqs. (1)-(7) for some value of

(l1, . . . , l6, r1,x, . . . , r3,z,d1, . . . ,d6,t1, . . . ,t6,g1, . . . ,g6).

Since Eqs. (1)-(7) form a system of 33 equations in 39 vari-
ables,W will be a six-dimensional set in general, which is
in agreement with the fact that the Stewart platform has six
degrees of freedom.

2.2 Boundary equations
While we could try to ÞndW by solving Eqs. (1)-(7)

directly, it is preferable to compute the boundary ofW in-
stead, because such boundary is a set of lower dimension. A
point lies on the boundary ofW whenever any of the active
or passive joints reaches a mechanical limit of the joint.or, in columnwise form,
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(l1, . . . , l6, r1,x, . . . , r3,z,d1, . . . ,d6, t1, . . . , t6,g1, . . . ,g6).

Since Eqs. (1)-(7) form a system of 33 equations in 39 vari-
ables,W will be a six-dimensional set in general, which is
in agreement with the fact that the Stewart platform has six
degrees of freedom.

2.2 Boundary equations
While we could try to ÞndW by solving Eqs. (1)-(7)

directly, it is preferable to compute the boundary ofW in-
stead, because such boundary is a set of lower dimension. A
point lies on the boundary ofW whenever any of the active
or passive joints reaches a mechanical limit of the joint.

In order to select only the points on the boundary, note
that theith leg reaches its maximal or minimal length, or a
limit angle on its passive joints, wheneverdi , ti , or gi vanish.
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SYSTEM OF EQUATIONS FOR THE FORCE-FEASIBLE C-SPACE

HIGHER-DIMENSIONAL CONTINUATION FOR EXPLORATION
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Ai andBi of the ith leg (Fig. 1), expressed inOXYZandPX!Y!Z! respectively, the
conÞguration will only bevalid if for i = 1, . . . ,6 it satisÞes

ρ2
i = |ppp+ RRRbbbi " aaai |

2, (1)

ρi # [ρi ,ρi ]. (2)

Often, moreover, each conÞgurationqqq must beforce feasible, in the sense that the
platform must be able to equilibrate any external wrenchöwww acting on it, subject to
lie inside a given six-dimensional regionW $ R6. The signiÞcance ofW depends
on the particular context of application. For example,W may be determined by
the set of allowable inertia forces acting on the platform, or by the set of wrenches
that should be suppliable to the environment. SpeciÞcally,the force-feasibility re-
quirement on a givenqqq implies that for any wrenchöwww # W there must be a vector
fff = [ f1, . . . , f6]T of leg forces satisfying

JJJ(qqq) · fff = öwww, (3)

with
fff # D = [ f1, f1]%. . .%[ f6, f6], (4)

whereJJJ(qqq) is the 6%6 screw Jacobian of the manipulator at conÞgurationqqq, and
[ fi , fi ] is the interval of force magnitudes that can be resisted by the ith leg. In this
paper,W will be a six-dimensional non-degenerate ellipsoid deÞnedby

( öwww" öwww0)TEEE ( öwww" öwww0) & 1, (5)

where öwww0 is a Þxed wrench andEEE is a constant 6%6 positive-deÞnite symmetric
matrix. Also, öwww, öwww0, andJJJ(qqq) will be assumed to be given in a framePXYZcentered
in P and parallel toOXYZ, but any other frame could be assumed if desired.

Now, letC be the set of allqqq# SE(3) satisfying Eqs. (1)-(4) for allöwww# W , which
we will call theforce-feasible C-spaceof the manipulator. Given two conÞgurations
in C , qqq1 andqqq2, the goal of this paper is to provide an algorithm for computing a path
on C connecting them, if one exists, or to determine path non-existence otherwise.
To Þnd such a path, we next deÞne a system of equations that characterizeC .

3 Equations of the force-feasible C-space

Let fff 0 be any vector of resultant leg forces corresponding toöwww0, i.e.,

JJJ(qqq) · fff 0 = öwww0. (6)

By substitution oföwww" öwww0 = JJJ(qqq)( fff " fff 0) into Eq. (5) we realise that, for a given
qqq, the setF of leg forces fff satisfying Eq. (3) for someöwww # W is given by
( fff " fff 0)TBBB ( fff " fff 0) & 1, whereBBB = JJJ(qqq)TEEE JJJ(qqq). Hence,F is an ellipsoid, be-
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cause EEE is symmetric and positive-definite, but this ellipsoid will be bounded in all
directions, or only in some, depending on whether det(JJJ(qqq)) != 0 or not.

Now note that, for qqq to be force-feasible, it must be F ⊂ D , which can be
checked as follows. Let vvvi ∈ R6 be a vector satisfying

BBBivvvi = 000 (7)

vvvT
i BBB vvvi = 1 (8)

vi,i ≥ 0 (9)

where vi,i denotes the ith component of vvvi , and BBBi stands for the matrix BBB with its
ith row removed. If det(JJJ(qqq)) != 0, then BBB and BBBi are full row rank, and there is
exactly one vector vvvi satisfying (7)-(9). Using Lagrange multipliers, one can see
that in such a case fff 0 − vvvi and fff 0 + vvvi are the vectors in F attaining the smallest
and largest value along the ith coordinate. Hence, when det(JJJ(qqq)) != 0, F ⊂ D iff

f0,i −vi,i ≥ fi and f0,i + vi,i ≤ fi , for i = 1, . . . ,6. (10)

When det(JJJ(qqq)) = 0, it will always be F !⊂D , because F will be unbounded along
some of its principal directions.

Observe that the constraints in (2), (9), and (10) are equivalent to imposing

(ρi −mi)2 + r2
i = h2

i , (11)

vi,i = s2
i , (12)

f0,i −vi,i = t2
i + fi , f0,i + vi,i = −u2

i + fi , (13)

respectively, where mi and hi are the midpoint and half-range of [ρi ,ρi ], and ri , si ,
ti , and ui are newly-defined auxiliary variables. As a result, C can be characterized
as the set of points qqq that satisfy the system formed by Eqs. (1), (6), (7), (8), and
(11)-(13) for some value of the remaining variables. For ease of explanation, this
system will be written as FFF(xxx) = 000, where xxx∈ Rnx encompasses all variables in the
system, including those in qqq.

Let M be the set of points xxx that satisfy FFF(xxx) = 000, which is a manifold of di-
mension d = 6 when no further constraints are imposed on qqq = ( ppp,RRR). Note that
such points are in correspondence with the points qqq∈C because any value of qqq∈C
determines the values for the remaining variables in xxx∈ M . Thus, since qqq1 and qqq2

have corresponding points xxx1 and xxx2 on M , and all paths on C are represented in
M , and viceversa, the original problem of computing a force-feasible path in C
from qqq1 to qqq2 can be reduced to that of connecting xxx1 and xxx2 through a path on M .
It is not difficult to see, moreover, that for any xxx∈ M it will be det(JJJ(qqq)) != 0, so
that any path computed on M will be free of singular configurations. Certainly, if
it were det(JJJ(qqq)) = 0 for some xxx ∈ M , then BBB would be rank deficient, implying
that Ker(BBBi) = Ker(BBB) for some i. Therefore, any vvvi satisfying Eq. (7) would violate
Eq. (8), which is in contradiction with the fact that xxx∈ M .
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that Ker(BBBi) = Ker(BBB) for some i. Therefore, any vvvi satisfying Eq. (7) would violate
Eq. (8), which is in contradiction with the fact that xxx∈ M .

A. A system of equations defining Csfree

Observe that a conÞgurationq = [ yT ,vT ]T ! C is non-
singular if, and only if, it satisÞes

Φ(q) = 0
det(Φy ) áb = 1

!
(6)

for some value ofb, where b ! R is a newly-deÞned,
auxiliary coordinate. Certainly, the Þrst condition in (6)
imposes q to be a valid conÞguration, and the second
condition holds atq for someb wheneverdet(Φy ) "= 0 .
In other words, (6) constitutes a system of equations that
fully characterizesCsfree. For ease of explanation, (6) will be
written as

F (x) = 0 (7)

herafter, where
x = [ qT , b]T , (8)

and

F (x) =
"

Φ(q)
det(Φy ) áb# 1

#
.

Let M be the set of pointsx that satisfy (7), and deÞne the
functionb(q) = 1 /det (Φy (q)) . Note that the pointsx ! M
are in one-to-one correspondence with the pointsq ! Csfree,
because for eachq ! Csfree only the pointx = [ q, b(q)]T

satisÞes (6). Accordingly, all paths onCsfree are uniquely
represented inM , and viceversa. Thus, the original problem
of computing a singularity-free path onC from qs to qg can
be reduced to that of connecting

xs = [ qT
s , b(qs)]T

and
xg = [ qT

g , b(qg)]T

through some path onM . This reduction is advantageous
because, by letting the path planner operate inM , instead of
in C directly, guarantees that any computed path onM will
have a corresponding path onC lying entirely in Csfree. This
eliminates the need of checking singularity crossings in the
planner, which, as noted in [13], may be difÞcult in some
situations, due to the intricate structure of the singularity
locus.

The correspondence of the two problems is schematically
illustrated in Fig. 3. The horizontal plane at the bottom
representsC, which in this example coincides with the
ambient spaceQ for simplicity, and the singularity locusCs

is represented by two red parabolas in this plane. To con-
struct M , we add a new dimensionb to Q (the vertical
axis in the Þgure), and we lift every pointq ! C to the
point x = [ qT , b(q))]T . Then, M can be thought of as a
new manifold extending inÞnitely in the directionb, as the
projectionq of a pointx ! M approachesCs.

Two important observations are in order regarding the
search for a path. On the one hand, note that the differential
Fx has the block structure

Fx =

$

%
&

Φq 0

! det(Φy )

'

(
) ,

C = Q

M

Cs

Cs

qs

qg

x s

x g

b

Fig. 3. The original problem of computing a singularity-freepath onC
connectingqs andqg is transformed into one of Þnding an arbitrary path
on M connectingx s andx g .

from which we see thatFx is full rank at all pointsx ! M ,
becauseΦy (and henceΦq ) is full rank at such points. By
the Implicit Function Theorem, this implies thatM has the
structure of a smooth manifold everywhere [19], which is
beneÞcial from the point of view of applying a continua-
tion method to exploreM [20], because no bifurcations,
sharpnesses, or dimension changes are expected to be found
along the way, thus simplifying the numerical treatment of
the problem. On the other hand, all of theq coordinates
have known bounds in practice [18], like those derived from
mechanical limits on the joints, and|b| should be maintained
below a given thresholdbmax to guarantee some clearance
from Cs. As a result, the search for a path onM must
be restricted to a given domainD of the x-space, usually
deÞned as the Cartesian product of a number of intervals
derived from such bounds.

B. Exploring M for a path

To determine a singularity-free path connectingxs andxg

we can gradually construct an atlas ofM $ D. An atlas is
a collection of charts where each chartCi deÞnes a local
map between a domainPi % Rd and an open set around a
given pointxi ! M , initially xs. The atlas will be computed
using the higher-dimensional continuation method proposed
in [20]. This method deÞnes the local map for chartCi

usingΨi , an orthonormal basis ofTxi M , thed-dimensional
tangent space ofM at xi . The map is determined by Þrst
selecting ad-dimensional vectorui

j of parameters (Fig. 4-
top), which is used to generate a pointxi

j ! Rn q +1 in the
neighborhood ofxi as

xi
j = xi + Ψi u

i
j . (9)

Then, a pointxj on M is computed by orthogonally
projectingxi

j . This projection is obtained by solving

F (xj ) = 0,
Ψ

T
i (xj # xi

j ) = 0,
(10)

4 O. Bohigas et al.

causeEEE is symmetric and positive-deÞnite, but this ellipsoid willbe bounded in all
directions, or only in some, depending on whetherdet(JJJ(qqq)) != 0 or not.

Now note that, forqqq to be force-feasible, it must beF ⊂ D , which can be
checked as follows. Letvvvi ∈ R6 be a vector satisfying

BBBivvvi = 000 (7)

vvvT
i BBB vvvi = 1 (8)

vi,i ≥ 0 (9)

wherevi,i denotes theith component ofvvvi , andBBBi stands for the matrixBBB with its
ith row removed. Ifdet(JJJ(qqq)) != 0, thenBBB andBBBi are full row rank, and there is
exactly one vectorvvvi satisfying (7)-(9). Using Lagrange multipliers, one can see
that in such a casefff 0− vvvi and fff 0+ vvvi are the vectors inF attaining the smallest
and largest value along theith coordinate. Hence, whendet(JJJ(qqq)) != 0, F ⊂ D iff

f0,i −vi,i ≥ fi and f0,i +vi,i ≤ fi , for i = 1, . . . ,6. (10)

Whendet(JJJ(qqq)) = 0, it will always beF !⊂D , becauseF will be unbounded along
some of its principal directions.

Observe that the constraints in (2), (9), and (10) are equivalent to imposing

(! i −mi)
2+ r2

i = h2
i , (11)

vi,i = s2
i , (12)

f0,i −vi,i = t2
i + fi , f0,i +vi,i =−u2

i + fi , (13)

respectively, wheremi andhi are the midpoint and half-range of[! i , ! i ], andri , si ,
ti , andui are newly-deÞned auxiliary variables. As a result,C can be characterized
as the set of pointsqqq that satisfy the system formed by Eqs. (1), (6), (7), (8), and
(11)-(13) for some value of the remaining variables. For ease of explanation, this
system will be written asFFF(xxx) = 000, wherexxx∈ Rnx encompasses all variables in the
system, including those inqqq.

Let M be the set of pointsxxx that satisfyFFF(xxx) = 000, which is a manifold of di-
mensiond = 6 when no further constraints are imposed onqqq = (ppp,RRR). Note that
such points are in correspondence with the pointsqqq∈C because any value ofqqq∈C
determines the values for the remaining variables inxxx∈ M . Thus, sinceqqq1 andqqq2
have corresponding pointsxxx1 andxxx2 on M , and all paths onC are represented in
M , and viceversa, the original problem of computing a force-feasible path inC
from qqq1 to qqq2 can be reduced to that of connectingxxx1 andxxx2 through a path onM .
It is not difÞcult to see, moreover, that for anyxxx∈ M it will be det(JJJ(qqq)) != 0, so
that any path computed onM will be free of singular conÞgurations. Certainly, if
it were det(JJJ(qqq)) = 0 for somexxx ∈ M , thenBBB would be rank deÞcient, implying
that Ker(BBBi) = Ker(BBB) for somei. Therefore, anyvvvi satisfying Eq. (7) would violate
Eq. (8), which is in contradiction with the fact thatxxx∈ M .
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Planning force-feasible paths on the Stewart platform 7

ppp1ppp2

ppp1

ppp2

239 N

! 158 N

Fig. 4 Top: Two paths computed for the manipulator in [9]. Bottom: Plot of the maximum and
minimum forces supported by each leg along the left path.

form only, obtaining the path in XYZ shown in Fig. 4, right in 90 minutes. The
singularity surface, computed using [2] and shown in the figure, is correctly avoided
by the computed path. It must be noted that these are hard planning queries, since
the workspace in [9] is enormous when compared to typical workspaces arising in
usual platforms. Moreover, once a partial atlas is computed, all planning queries
between configurations covered by such atlas can be solved in a few milliseconds.

6 Conclusions and future work

This paper has presented a path planning method for computing non-singular paths
on the Stewart platform, based on imposing the resolvability of a six-dimensional
set of wrenches at any point on the path. The method has been tested succesfully
on manipulators of various geometries, and computes paths in reasonable times in
realistic situations. The presented approach could be generalized by requiring the
path to fulfill additional constraints, like guaranteeing a certain positioning accuracy
of the platform, or the avoidance of platform collisions. While the former constraints
can in principle be incorporated using dual developments to those herein presented,
the latter require investigating the possibility of randomizing the planner, in the spirit
of [4] or [12], for example.

Z FIXED
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Planning force-feasible paths on the Stewart platform 7

ppp1ppp2
ppp1

ppp2

239 N

! 158 N

Fig. 4 Top: Two paths computed for the manipulator in [9].Bottom: Plot of the maximum and
minimum forces supported by each leg along the left path.

form only, obtaining the path in XYZ shown in Fig. 4, right in 90 minutes. The
singularity surface, computed using [2] and shown in the Þgure, is correctly avoided
by the computed path. It must be noted that these are hard planning queries, since
the workspace in [9] is enormous when compared to typical workspaces arising in
usual platforms. Moreover, once a partial atlas is computed, all planning queries
between conÞgurations covered by such atlas can be solved ina few milliseconds.

6 Conclusions and future work

This paper has presented a path planning method for computing non-singular paths
on the Stewart platform, based on imposing the resolvability of a six-dimensional
set of wrenches at any point on the path. The method has been tested succesfully
on manipulators of various geometries, and computes paths in reasonable times in
realistic situations. The presented approach could be generalized by requiring the
path to fulÞll additional constraints, like guaranteeing acertain positioning accuracy
of the platform, or the avoidance of platform collisions. While the former constraints
can in principle be incorporated using dual developments tothose herein presented,
the latter require investigating the possibility of randomizing the planner, in the spirit
of [4] or [12], for example.
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Navigating the Wrench-Feasible C-Space of Cable-Driven Hexapods 3

2 Problem statement

A cable-driven hexapod consists of a movingplatformsuspended from a Þxedbase
by means of six cables, winding around independent winches (Fig. 1). When all
cables are in tension, which can be achieved by the action of gravity, their lengths
determine a locally unique pose for the platform, so that it is possible to control the
six degrees of freedom of the platform by actuating the winches.

Let OXYZandPX!Y!Z! be Þxed and moving reference frames respectively at-
tached to the base and the platform (Fig. 1). Any conÞguration of the platform can
be uniquely represented by a pairqqq = ( ppp,RRR) " SE(3), whereppp = [ x,y,z]T is the po-
sition vector of pointP in the Þxed frame, andRRRis a 3# 3 rotation matrix providing
the orientation ofPX!Y!Z! relative toOXYZ. However, the entries ofRRRare not inde-
pendent, since they must deÞne an orthogonal matrix of positive determinant. Such
a constraint can be deÞned in a variety of ways, e.g. by establishing appropriate dot-
and cross-product equations on the columns ofRRR, but more intuitive representations
of the orientation are obtained when three-parameter expressions forRRRare adopted.
Due to its attractive properties, we will use here the parameterization provided by
tilt-and-torsion angles [16],!!! = {" ,#,$ }, for which

RRR= RRRz(" ) RRRy(#) RRRz($ $ " ), (1)

but any other parameterization could be used if desired.

P

O
Ai

Bi

%i

XY

Z

X!

Y!Z!

Fig. 1 A cable-driven hexapod. The platform is maintained under a stable position due to the
action of gravity.
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