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Abstract-The paper compares four analytical models, viz. 
relative permeance (RP), complex permeance (CP), subdomain 
(SD) based on single slot/pole and exact SD, for predicting 
electromagnetic performance of surface-mounted permanent 
magnet brushless machines. The RP model is simple, takes less 
computational time for predicting electromagnetic torque 
although modification is often required to account for fringing 
effect. All analytical models predict the back-EMF and 
electromagnetic torque with high accuracy. The error in flux 
density associated with the CP model has less influence on 
electromagnetic torque but results in large error in cogging 
torque. As for the torque ripple excluding cogging torque, both 
SD models have similar waveforms and tend to underestimate, 
while RP and CP models tend to overestimate. Overall the SD 
models are most accurate for predicting the electromagnetic 
performance although much time consuming for computation. 

 

I. INTRODUCTION 

In this paper, three recently developed analytical models, 
complex permeance model (CP) [1]-[2], subdomain model 
(SD) based on single slot/pole [3]-[5], and exact SD model 
[6]-[7], together with the relative permenace (RP) model [8]-
[11], will be studied and compared for electromagnetic 
performance, such as back-EMF and electromagnetic torque, 
of surface-mounted permanent magnet (SPM) machines, 
while they are evaluated for cogging torque prediction in 
another paper [12]. The analytical models received much 
attention since they have advantage for the initial design and 
optimization of the machine. All analytical models to be 
studied are 2-D models which are much more accurate than 1-
D model [13] in SPM machines due to large effective air-gap 
length. 

Both RP and CP models are derived from the conformal 
mapping. The RP model used a simplified relative permeance 
and only one point in the waveform needs to be calculated by 
the conformal mapping [10], while every point in the 
complex permeance is numerically calculated in the CP 
model [1]-[2]. The imaginary component of the CP makes it 
possible to consider the influence between radial and 
tangential components of flux density due to slotting effect. 
The excellent accuracy of the CP model for air-gap flux 
density and back-EMF waveform was demonstrated in [1]. A 

combined CP model was presented in [14] and is much faster. 
Partially [3]-[4] and completely [5] in polar coordinates, an 
SD model was developed to account for slotting effect, which 
solved the field governing function in each simple SD and 
obtained the final solution by applying boundary conditions 
between SDs. However, this SD model is only for machines 
having radially magnetized magnets and was derived from a 
simplified model which has one slot per pole. This 
simplification approximates the mutual influence between 
slots. The model was extended in [7] for parallel magnetized 
magnets, but the model was only for integer-slot machines. 
Reference [7] also tried to account for the mutual influence 
between slots but with serious mistakes. An exact model was 
presented in [6] for SPM machines of any pole and slot 
combinations accounting for the influence of interaction 
between slots, radial/parallel magnetization, internal/external 
rotor topologies, relative recoil permeability of magnets, and 
odd/even periodic boundary conditions. 

In this paper, the comparison between above-mentioned 
four analytical models, viz. relative permeance (RP), complex 
permenace (CP), subdomain (SD) model based on single 
slot/pole and exact SD model, will be carried out on a 4-
pole/24-slot machine having internal rotor configuration. The 
FE will be performed using python scripting in FLUX 2D to 
provide the reference for comparison. 
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Fig. 1.  Symbols and cross-section of SPM machine. 
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II. ANALYTICAL MODELS FOR ELECTROMAGNETIC 
PERFORMANCE 

A. Relative Permeance Model 
Some assumptions such as infinite permeable iron, linear 

magnet property, and negligible end-effect, are made in all 
analytical models, while the tooth-tip is simplified to be 
straight as shown in Fig. 1. 

The air-gap flux density of SPM machine on open-circuit 
neglecting the slots can be expressed as: 
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for circumferential component, where p is the number of pole 
pairs, r and α are the radius and circumferential position, α0 is 
the rotor initial position, ωr is the mechanical speed, and Brn 
and Ban are magnitudes of the nth order harmonics of radial 
and tangential air-gap flux density and their expressions can 
be found in [8-9]. 

The radial component of PM field on the stator bore 
accounting for slots can be expressed by [10]: 

 
s sr r R mr r RB B     (3) 

where Rs is the radius of the stator bore. The relative air-gap 
permeance λ was given as:  

   1 cos 0 0.8
0.8

1 0.8 / 2

oa
oaf

oa t

r r b
bK

b

   


 

     
  

(4) 
where boa=bo/Rs, bo is the slot opening width, τt is the slot 
pitch angle, β is obtained from the conformal mapping and 
was given in [10], and Kf is the fringing compensation 
coefficient for fringing effect. 

This RP has a predetermined waveform shape with one 
point in the middle of the slot opening determined by the 
conformal mapping. It takes the fringing effect (flux 
focusing) into account by using the compensation coefficient 
Kf. If Kf is neglected, the predicted back-EMF and 
electromagnetic torque tends to be lower than the real value 
depending on the slot opening width. By way of example, the 
RP with/without considering Kf, and RP without fringing, 
together with the accurate relative permeance, of which every 
point is predicted by the conformal mapping, of the 4-
pole/24-slot machine on the stator bore are shown in Fig. 2. 
As seen in the figure, the point of the RP without considering 
Kf in the middle of slot opening is accurate. The fringing flux 
near tooth tips is considered, but underestimated. It is 
increased by considering Kf  to make the average value the 
same as the accurate RP. 
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Fig. 2.  Relative permeance waveforms of 4-pole/24-slot machine, slot 

opening spans between 5-10 Mech. Deg., r=Rs
-. 

Compared with the RP without fringing effect as shown in 
Fig. 2, the fringing coefficient of the RP can be expressed as: 
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1.6t oaRP
f f

o t oa

b
K K

b

 
 


 


 (5) 

where RP  is the main flux predicted by the RP and o  is the 
main flux neglecting fringing. 

With respect to the RP without fringing effect, the fringing 
coefficient of the accurate RP (Fig. 2) can be predicted by the 
conformal mapping [15] and expressed as: 
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where a  is the main flux predicted by the accurate RP and ν2 
satisfies: 
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where g’=g+hm/μr, g is the air-gap length, hm is the thickness 
of magnets, and μr is the relative permeability of magnets. 

Thus, in order to accurately account for the fringing flux, 
i.e. RP a  , Kf1 should be equal to Kf2, then the fringing 
compensation coefficient can be obtained as: 
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The RP can also be expressed as Fourier series: 
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where Ns is the slot number, λ0 and λrc are the average value 
and harmonic magnitude of the air-gap RP, respectively, and 
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By approximating the coil as a current sheet over the slot 
opening, the phase flux-linkage can be predicted based on the 
radial flux density distribution along the stator bore [1, 11]: 
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where la is the active length, N is the number of phase series 
turns, j stands for phase A, B, and C, respectively, αj is equal 
to 0 for phase A, 2π/3 for phase B, and 4π/3 for phase C, αy is 
the coil pitch, i.e. coil span, in mech. radian, 
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when Ns0 is odd: 
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when Ns0 is even: 
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where CI is an integer number. 
Thus, the back-EMF is expressed by: 
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The electromagnetic torque can be calculated by: 

  em a a b b c c rT e i e i e i     (19) 

B. Complex Permeance Model 
By using the CP model, the radial and circumferential 

components of PM air-gap flux densities accounting for slots 
can be expressed by [1]: 
 r mr real m imagB B B     (20) 
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where λreal and λimag are the real and imaginary components of 
the relative CP function introduced for slotting effect, 
respectively, and could be found in [1-2].  

The radial air-gap flux density on the stator bore 
accounting for slots can be given by: 
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where Rs
- is a radius not exactly on but close to the stator bore 

to avoid the singularity. 
Comparing (22) with (3), the CP model is very similar to 

the RP model. Thus, the prediction of back-EMF and 
electromagnetic torque by the CP model is also similar to (9)-
(19). One difference is that the RP is a simplified function 
with a predetermined waveform shape and only one point to 
be predicted by conformal mapping, while every point of the 
CP is calculated by conformal mapping as mentioned earlier. 
Thus, the CP function is more accurate and the fringing 
compensation coefficient Kf employed in the RP model is not 
required in the CP model. Another difference is that the 
tangential flux density is also given in the CP model and 
hence the cogging torque can be predicted by applying the 
Maxwell stress tensor in the air-gap: 
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However, it will be shown that the CP model still has some 
error due to neglecting the deformations of magnets and path 
to predict flux density in the conformal mapping, Fig. 3. 

 
Fig. 3.  Deformation of magnets and path in the middle of air-gap due to 

conformal mapping. Dashed/solid line: geometry before/after mapping. 

 
C. Subdomain Model 

In the subdomain model, the air-gap flux density 
accounting for slots is expressed by [6]: 

cos sinrSD mr Br stator Br stator
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where gBr and gBα are the contribution factors of the scalar 
potential distribution along the stator bore to the air-gap flux 
densities, which are given in [6], and Astator and Bstator are 
cosine and sine components of the scalar potential 
distribution harmonics along the stator bore, respectively: 
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where Cei(m) is the mth order harmonic of the scalar potential 
distribution along the ith slot opening, ηsi and ξsi can be found 
in [6], and Cei=[Cei(1), Cei(2), ..., Cei(mmax)]

T can be calculated 
by: 
 1

ei si siC = Z Y  (28) 

 ˆˆˆ ˆ T T
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where the detail of Zsi, a M×M matrix, is given in [6]. 
According to (28)-(29), the mutual influence between slots is 
neglected and the slots are accounted for one by one. The 
original model [3-5] is a model having one slot per pole as 
shown in Fig. 4 in the calculation of the scalar potential 
distribution along each slot opening. Thus, this SD model [3-
5] is named as the SD model based on single slot/pole. 

In the exact SD model, the scalar potential distribution 
along all slots Cet=[Ce1, Ce2, ..., CeNs]

T is calculated together 
by: 
 1et st stC Z Y  (30) 

 T T  st et st st st stZ W P η Q ξ  (31) 

where the detail of Zst, a MNs×MNs matrix, is given in [6]. 
Based on the foregoing analysis, it can be seen that the 

computation of Astator and Bstator requires to solve Ns sets of M2 
equation sets in the SD model based on single slot/pole or a 
Ns

2M2 equation set in the exact SD for each rotor position. It 
is very time-consuming since such calculation is needed for 
each rotor position. 

By approximating the coil as a current sheet over the slot 
opening, the phase flux-linkage can be predicted by the 
integral of the radial flux density distribution along the stator 
bore: 
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where Brs and Brc are sine and cosine harmonics of radial flux 
density at the stator bore, respectively, Kp is the pitch factor, 
Kso is the slot opening factor, Kdsj and Kdcj are the distribution 
factors of phase j for sine and cosine flux density harmonics, 
respectively. These factors can be given by: 
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where nc is the number of coils per phase, αcs is the position 
of the sth coil of phase j, Cds is equal to 1 or -1 for connection 
with positive or negative polarity for the sth coil of phase j. 

The back-EMF can be calculated by: 
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The expressions of electromagnetic and cogging torque are 
the same as (19) and (23), respectively. 
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Fig. 4.  Approximate one slot/pole model for one slot. 

 

III. COMPARISON OF FE AND ANALYTICALLY PREDICTED 
RESULTS 

The comparison is carried out on a 4-pole/24-slot machine 
whose parameters are shown in Table I. 

TABLE I 
MAJOR MACHINE PARAMETER (DEFAULT UNIT: MM) 

Rated speed (rpm) 400 Tooth tip edge 1 
Stator outer diameter 100 Stator inner diameter 48 
Air-gap length 1 Rotor outer diameter 46 
Slot opening 2 Stator yoke height 8.1 
Axial length 50 Tooth body width 3.1 
Magnet thickness 3 Winding turns / phase 104 
Br (T)/μr 1.2/1.05 Coil pitch (slots) 5 
Magnetization Parallel Rated current (A) 10 

 
A. Air-gap Flux Density 

The analytically and FE predicted airgap flux density 
distributions are compared in Fig. 5, where only a quarter 
cycle is shown for clarity since the machine has integer-slot 
winding. It shows that the RP model without compensation of 
fringing effect predicts smaller results since the fringing 
effect is serious for the machine having a large slot opening 
width. Although the flux density distribution predicted by the 
RP model still has some difference from FE prediction near 
tooth-tips, the fundamental flux density is very close to that 
obtained by FE and hence the predicted back-EMF and 
electromagnetic is expected to be very accurate. The 
subdomain models show the most accurate results, while the 
flux density predicted by the CP model generally has high 
accuracy but has some error in area where the slot opening 
facing the rotor pole transition due to neglected deformation 
(around 0 deg. in Fig. 5(b)) as mentioned earlier. The error 



can result in low accuracy of predicted cogging torque as 
shown in [12] but will be shown to have less influence on the 
back-EMF and electromagnetic torque later. 
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(b) CP 
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Fig. 5.  Analytically and FE predicted radial airgap flux density distributions. 

 
B. Back-EMF, Electromagnetic and Cogging Torque 

Since the RF model without compensation predicts smaller 
flux density, the predicted back-EMF and electromagnetic 
torque are very smaller than FE prediction as seen in Fig. 6. 
The RP model predicts similar waveforms to FE. 
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(b) Electromagnetic torque 

Fig. 6.  Comparison between back-EMF and torque waveforms predicted by 

RP model with/without compensation. 

As seen in Fig. 7, all analytical models predict similar 
fundamental back-EMF and average electromagnetic torque 
to FE, but shows different torque ripples. For the fundamental 
back-EMF and average torque, the SD models exhibits the 
highest accuracy. The CP model also shows high accuracy, 
since the low accuracy part of the predicted flux density 
predicted has less influence on the fundamental back-EMF 
and average torque, but large influence on the cogging torque 
as shown in [12]. Although the flux density distribution 
predicted by the RP model has some difference from FE 
prediction, it also predict high accuracy of fundamental back-
EMF and average torque since the compensation is for 
achieving the same main PM flux. As for the torque ripple, 
the subdomain models have similar waveforms and tend to 
underestimate due to approximating the coil as a current sheet 
over the slot opening, while RP and CP models tend to 
overestimate for this machine. Considering the computational 
time and complexity, the RP model is still a good choice for 
predicting electromagnetic performance of SPM machines. 

As for cogging torque, it is much more difficult to predict 
the cogging torque accurately by using RP model although a 
modified analytical RP model may be employed [16]. Both 
SD models have excellent accuracy, while the CP shows a 
large error in magnitude, 74% with respect to the FE 
prediction. The low accuracy of the CP model is also 
observed in [12]. 
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(c) Cogging torque 

Fig. 7.  Analytically and FE predicted back-EMF and torque waveforms. 

 

IV. CONCLUSIONS 

The paper has compared four analytical models, viz. 
relative permeance, complex permeance, subdomain based on 
single slot/pole and exact subdomain, for predicting 
electromagnetic performance of surface-mounted permanent 
magnet brushless machines. The RP model is simple and 
takes less computational time although modification is often 
required to account for fringing effect. The investigation 
shows that all analytical models predict the back-EMF and 
electromagnetic torque with high accuracy. The error in flux 
density associated with the CP model has less influence on 
electromagnetic performance but results in large error in the 
cogging torque. The SD models exhibit the highest accuracy 
for the fundamental back-EMF, average torque, and cogging 

torque. As for the torque ripple, the SD models have similar 
waveforms and tend to underestimate, while RP and CP 
models tend to overestimate. Overall the SD models are most 
accurate for predicting the electromagnetic performance 
although much time consuming for computation. 
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