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Abstract

presentation of this theory is given and applications
to mechanisms and robot manipulators are reported.
Any possible twist of a rigid body partially
constrained by a wrench is characterized by the
reciprocity condition, that is, the work generated
by any twist against any wrench must be zero and
the term kinestatics refers to this dualistic relation
between the statics and the instantaneous kinematics
of rigid bodies. The concept of reciprocity was
established for the fist time in [1] and mathematical
frameworks of differential and projective geometry
have been both used to describe this condition, also
called duality. Paradoxically, as clearly pointed out in
[3], the well established concept of reciprocity between
twist and wrench spaces of partially constrained rigid
bodies has been ignored in many works and confused
with the concept of orthogonal complement.
In this paper we gain a deeper understanding
of the projective approach to the kinestatics of
robot manipulators with arbitrary topology using
the formalism of the Grassmann-Cayley algebra,
extending the method presented in [4] for the
kinestatic analysis of serial and parallel manipulators
by introducing over the graph of kinematic constraints
of the manipulator the delta-wye transformation
which permits the analysis of those configuration that
cannot be carried out with only series and parallel
reductions.
It will be shown that the Grassmann-Cayley
algebra permits the mathematical representation of all
the basic concepts of screw theory. In particular, twist
and wrench spaces of partially constrained rigid bodies
can be described using the notion of extensor of this
algebra and the reciprocity relation between them is
reflected by its inherent duality.
Kinestatic analysis of manipulators requires the

In this paper an analytic formulation of the
statics and the instantaneous kinematics of robot
manipulators based on the Grassmann-Cayley algebra
is presented. The notions of twist, wrench, twist space
and wrench space are mathematically represented by
the concept of extensors of this algebra and the
reciprocity relation between twist and wrench spaces
of partially constrained rigid bodies is reflected by its
inherent duality. Kinestatic analysis of manipulators
implies the computation of sums and intersections of
the twist and wrench spaces of the composing chains
which are carried out by means of the join and meet
operators of this algebra when the linear subspaces
involved in the kinestatic analysis of manipulators
are represented by extensors. The importance of the
Grassmann-Cayley algebra in kinestatics is that it has
an explicit formula for the meet operator that gives
analytical expressions of the twist and wrench space of
robot manipulators with arbitrary topology.

1

Introduction

The theorems of Chasles and Poinsot state, respectively, that any instantaneous velocity of a rigid
body can be described as a twist on a screw and that
any set of forces and moments that act on a rigid
body can be described by means of a wrench on a
screw. Relevant references about screw theory are [1],
in which a comprehensive work on this subject was
presented for the first time, and [2], where a modern
∗ This work has been partially supported by the K. U. Leuven’s Concerted Research Action GOA 99/04 and by the Spanish CICYT under contract TIC2000-0696
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computation of sums and intersection of the twist
and wrench spaces of the composing kinematic chains,
operations that can be implemented by means of
the join and meet operators of the GrassmannCayley algebra when these spaces are represented
by means of extensors. In particular, the problem
of the intersection of linear subspace arises in the
statics of serial manipulators and in the instantaneous
kinematics of parallel manipulators. While analytic
formulations of the instantaneous kinematics of
parallel manipulators have been derived [5, 6] an
analytic formulation of both statics and instantaneous
kinematics of manipulators with arbitrary topology is
not present in the literature.
The importance of the Grassmann-Cayley is that
it has an explicit formula for the meet which
gives analytical, coordinate-free expressions for the
intersection of linear subspaces involved in the
kinestatic analysis of robot manipulators. This is
a clear advantage with respect to common linear
algebra-based techniques that give only algorithmic
relations between the basis vectors of two linear
subspaces and the basis vectors of their intersection
which, therefore, are coordinate-dependent.
The results of the kinestatic analysis of general
kinematic chains can be directly applied to the
analysis of rigid body interactions once the kinematic
chain instantaneous equivalent to the contacts
between a moving object and a static environment
has been determined. In [7] the Grassmann-Cayley
algebra has been applied to the analysis of rigid
body interactions for compliant motion tasks. A
comprehensive study of the possible applications of the
Grassmann-Cayley algebra and other methods derived
from invariant theory to robotics is [8].
The next section reviews the most relevant
properties of a concrete version of the GrassmannCayley algebra based on the Plücker coordinates of
linear subspaces of a given vector space and those of
their duals, also called dual Plücker coordinates. In
Section 3 the representation of generalized forces and
velocities in the Grassmann-Cayley algebra setting is
explained. In Section 4 a method for the kinestatic
analysis of kinematic chains with arbitrary topology
is presented. It is based on series and parallel
reductions and delta-wye transformations of the graph
that represents the kinematic constraints of the
robot manipulator. Another operation, the deltawye transformations, is introduced for the study of
those cases that cannot be solved using only serial
and parallel reductions. Finally, Section 5 contains
the conclusions.
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2

The Grassmann-Cayley Algebra

In this section we report the most relevant
properties of a version of the Grassmann-Cayley
algebra that involves Plücker coordinates. Further
details can be found in [9].
The Grassmann-Cayley algebra is essentially the
Grassmann algebra without scalar product and can
be also viewed as the exterior algebra with duality.
In [10] the representation of generalized forces and
velocities using the exterior algebra is introduced and
this formalism is applied to the study of the statics
of bar-and-joint frameworks and the instantaneous
kinematics of articulated panel structures.
The
work [11] is a comprehensive survey of the abstract
properties of the Grassmann-Cayley algebra while
[12] emphasizes the practical approach to it. In
[9] some possible applications of this algebra to
robotics are outlined, including the analysis of singular
configurations and the instantaneous kinematics of
manipulators.
If x = (x1 , x2 , . . . , xm )T is a point in Rm given
in terms of Cartesian coordinates, the vector x =
(x1 , x2 , . . . , xm , 1)T is defined to be its homogeneous
coordinate vector. If we allow points with the last
coordinate 0 for representing projective points at
infinity, the standard m-dimensional projective space
that includes Rm is obtained. So, we represent Rm
with points at infinity by a (m+1)-dimensional vector
space V .

2.1

Plücker
Coordinates
Plücker Coordinates

and

Dual

Let U be a k-dimensional subspace of the (m + 1)dimensional vector space V , and {u1 , u2 , . . . , uk } a
basis of it. When these vectors are arranged as rows
of a matrix, we obtain


u1,1 u1,2 · · · u1,m 1
u2,1 u2,2 · · · u2,m 1 
.

···
··· ···
···
· · ·
uk,1 uk,2 · · · uk,m 1
The (j1 , j2 , · · · , jk )-th Plücker coordinate of the
subspace U , denoted by Pj1 ,j2 ,··· ,jk , is the k × k
determinant formed by the k columns of the above
matrix with indices j1 , j2 , · · · , jk . Since we have a
Plücker coordinate for each combination of the k
columns, the total number of Plücker coordinates
is m+1
. The Plücker coordinate vector of the
k
subspace U is the vector PU that contains in some
predetermined order its Plücker coordinates.
U
uniquely determines PU up to a scalar multiple.

The Plücker coordinate vector of the line Λ passing
through points a and b, represented in homogeneous
coordinates by the rows of


a1 a2 a3 1
,
b1 b2 b3 1
is defined as
PΛ = (−P1,4 , −P2,4, − P3,4 , P2,3 , −P1,3 , P1,2 )T =
(b1 −a1 , b2 −a2 , b3 −a3 , a2 b3 −a3 b2 , a3 b1 −a1 b3 , a1 b2 −a2 b1 )T =
(S, r × S)T , (1)
where S = b − a, (r × S) represents the moment of
Λ with respect to the origin, and r is any point on
the line. The vector PΛ is determined by Λ up to a
scalar multiple and, since it will be used to represent
rotations and forces, it is convenient to normalize it
such that S · S = 1.
The point at infinity on Λ has homogeneous
coordinates (b1 − a1 , b2 − a2 , b3 − a3 , 0)T and can be
thought of as infinitely far away in the direction given
by S.
A line at infinity is determined by two distinct
points at infinity, c and d, represented by the rows
of


c1 c2 c3 0
,
d1 d2 d3 0
and its Plücker coordinate vector is
PΛ = (0, 0, 0, c2d3 −c3 d2 , c3 d1 −c1 d3 , c1 d2 −c2 d1 )T =
(0, 0, 0, r × S)T .
Since lines at infinity will be used to represent
translations and moments, it is convenient to
normalize this vector in such a way that (r × S) · (r ×
S) = 1.
The Plücker coordinate vector of the plane Π,
determined by three finite points whose homogeneous
coordinates are the rows of


a1 a2 a3 1
 b1 b2 b3 1  ,
p1 p2 p3 1
is defined as
PΠ = (P2,3,4 , −P1,3,4 , P1,2,4 , P1,2,3 )T = (N, r · N)T ,
(2)
where N is a normal vector to Π and r is the position
vector of any point on Π.
The subspace U can be represented as the subspace
spanned by the k basis vectors or as the intersection
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of (n − k) hyperplanes. This second representation
permits to define for each subspace U a dual subspace
U ∗ as explained in [13, Vol. I, Book II, Chap. V,
Part 5] A line in R3 , for example, can be constructed
in two ways as the join of two points or as the meet of
two planes. Traditionally, the Plücker coordinates of
lines are called ray coordinates while the dual Plücker
coordinates are called axis coordinates of the line.
Thus, the dual Plücker coordinate vector of U is
defined to be the vector that contains the Plücker
coordinates of U ∗ called dual Plücker coordinates of
U . It can be proved that the number of dual Plücker
coordinates equals the number of Plücker coordinates,
the only difference between them being their ordering
and some sign changes. For example, the Plücker and
dual Plücker coordinate vectors of lines in R3 have the
first three and the last three elements interchanged.

2.2

The Join and Meet Operators

Let V be an n-dimensional vector space over
the field R, U a k-dimensional subspace of V , and
{u1 , u2 , . . . , uk } a basis of it. Let us consider the
Plücker coordinate vector of U denoted by
P = u 1 ∨ u2 ∨ . . . ∨ u k .
This
as a vector in the
 vector, that can be regarded
n
(k)
-dimensional
vector
space
V
,
is
called k-extensor
k
or decomposable k-tensor.
The subspace U , also denoted as P̄ , is defined as the
support of the extensor P and the scalar k is defined to
be the step of the extensor. Elements of V (k) that are
not k-extensors are called indecomposable k-tensors
and can always be expressed as linear combination of
k-extensors. The term antisymmetric k-tensor refers
to both decomposable and indecomposable k-tensors
while it is called tensor a linear combination of ktensors having different steps.
Let a1 ∨ a2 ∨ . . . ∨ ak and B = b1 ∨ b2 ∨ . . . ∨ bj be
two extensors of steps k and j, respectively. The join
of A and B is defined as the (j + k)-extensor
A ∨ B = a 1 ∨ a 2 ∨ . . . ∨ a k ∨ b1 ∨ b2 ∨ . . . ∨ b j .
If the vectors {a1 , a2 , . . . , ak , b1 , b2 , . . . , bj } are linearly
dependent, then A ∨ B = 0. If they are independent,
A ∨ B = Ā + B̄ = span(Ā ∪ B̄).

(3)

This means that the join of two extensors represent the
operation of joining the associated vector subspaces.
The joint operator is anticommutative. If A and
B are extensors of step k and j respectively, then
A ∨ B = (−1)kj B ∨ A.

We have defined the join of extensor but, since
each tensor can be expressed as linear combination
of extensors, the join of tensors can be reduced to the
join of extensors by assuming distributivity of the join
over the sum.
The vector space V (k) is closed under the addition
but it is not closed under the join operation. We
combine the vector spaces V (k) into other vector space
over R obtained as the direct sum of the V (k) for
k = 1, 2, . . . , n, which is closed under both operations,
that is,
Λ(V ) = V (0) ⊕ V (1) ⊕ · · · ⊕ V (n) .
The vector space Λ(V ) with the join operation is
known as the exterior algebra over V .
Let A and B be the above two extensors with
(j + k) ≥ n. The meet of A and B is the (k + j − d)extensor defined by
A∧B =

X

sgn(σ)[aσ(1) , . . . , aσ(n−j) , b1 , . . . , bj ]

3

σ

aσ(n−j+1) ∨ aσ(n−j+2) ∨ · · · ∨ aσ(k)

(4)

where the brackets stand for determinants and
the sum is taken over all the permutations σ of
{1, 2, . . . , k} such that σ(1) < σ(2) < · · · < σ(n − j)
and σ(n − j + 1) < σ(n − j + 2) < · · · < σ(k). This
formula, called the shuffle formula. It can be proved
that if A 6= 0 and B 6= 0 and Ā ∪ B̄ spans V , then
A ∧ B = Ā ∩ B̄.

(5)

Also the meet operator is anticommutative. If A and
B are extensors of step k and j respectively, then
A ∧ B = (−1)(n−k)(n−j) B ∧ A.
Another important property of the ∨ and ∧
operators is that they are dual operators. If we
interchange ∨ and ∧ we must interchange V (k) with
V ∗(n−k) . This gives the Grassmann-Cayley algebra
properties analogous to those of a Boolean algebra.
For example, we have that
(A ∨ B)∗ = A∗ ∧ B ∗ ,

(6)

(A ∧ B) = A ∨ B ,

(7)

∗

∗

∗

The usefulness of this framework for the kinestatic
analysis of manipulators comes from the fact that
using the concept of extensor and the operators
Grassmann-Cayley algebra we obtain purely symbolic
expressions for the twist and wrench spaces which are
relative invariants. This means that, if a non-singular
change of basis of determinant ρ is applied, the scalar
coefficients of the terms of the expressions change by a
predictable power of ρ. Since twist and wrench space
are defined up to a scalar multiple we can affirm that
these expressions are coordinate-free.
Of special relevance is the existence of an explicit
formula for the meet operator which can be used to
intersect the linear spaces involved in the kinestatic
analysis of robot manipulators. This represents a clear
advantage with respect to the classical methods for
intersecting linear subspaces [14, Chap. 12] which are
algorithmic, and therefore, coordinate-dependent.

and, if A is a k-extensor,
(A∗ ) = (−1)k(n−k) A.
∗

The Grassmann-Cayley algebra on V is defined as
the vector space Λ(V ) with the operations ∨ and
∧. These operations are both associative, distributive
over addition, and anticommutative.
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Screw Theory
Cayley Algebra

and

Grassmann-

If a and b are finite projective points, we can
express a rotation in projective terms by the extensor
R = a ∨ b. Let us consider, for each point p in space,
the 3-extensor
R ∨ p = a ∨ b ∨ p = (v, p · v)T ,
whose support is the plane defined by a, b, and p,
and whose Plücker coordinate vector is a 4-tuple
expressed by (2). The 2-extensor R, that represents
the line passing through a and b expressed in Plücker
coordinated by (1), is called center or axis of rotation
whereas the free vector S = b − a can be interpreted
as the angular velocity of rotation. We said in
Section 2.1 that it is convenient to normalize the
Plücker coordinate vectors by setting S·S = 1. In this
way a multiplicative coefficient of this vector directly
represents the angular velocity of rotation.
A translation can be described as a rotation
about an axis at infinity with the corresponding
Plücker coordinate vector normalized as explained in
Section 2.1.
With a serial composition of a translation and a
rotations a more general screw motion in space can be
obtained. This motion can be represented by a twist
t = (ω, v)T .
A vector f = (f1 , f2 , f3 )T that represents an
Euclidean force applied at the Euclidean point p =

(p1 , p2 , p3 )T can be represented in the projective
space by the join of the two projective points p =
(p1 , p2 , p3 , 1)T and f = (f1 , f2 , f3 , 0)T , that is, by the
extensor
F = p ∨ f = (f , p × f )T .
If we normalize this vector choosing f · f = 1, a
multiplicative coefficient of this vector represents the
intensity of the force.
If two forces F1 = p ∨ f and F2 = q ∨ g with
f = −g are applied to two distinct points p and
q, the resultant G = F1 + F2 = p ∨ f + q ∨ g =
p ∨ f + q ∨ (−f ) = (p − q) ∨ f is called a couple. Since
p−q = (p1 −q1 , p2 −q2 , p3 −q3 , 0)T is a point at infinity,
a couple can be thought of as a force at infinity. We
normalize the corresponding Plücker coordinate vector
by setting (p × f ) · (p × f ) = 1. The resultant of the
composition of forces in space is a wrench
w = (f , m)T ,
where f and m are a force vector and a moment vector,
respectively.
Twist and wrenches are in general indecomposable
2-tensors. We will represent twists using 2-tensors of
V (2) while wrenches will be represented by means of
the 2-tensors of its dual space V ∗(2) .

3.1

Reciprocity

Let us consider a rigid body, say M , partially
constrained by another, say S. We define the twist
space T of M as the vector space of all possible
instantaneous twists that it can have with reference
to S, and we define the wrench space W as the vector
space of all reaction forces that can be generated in
the interaction between M and S.
In this situation any twist t ∈ T of M must be
reciprocal to any wrench w ∈ W between M and S
because the power generated by t and w must be zero
[3], that is,
ω·m+v·f =0
It is easy to see that this relation is nothing more than
the expression of the pairing of the vector spaces V (2)
and its dual V ∗(2) . Thus, we can say that the twist and
wrench spaces of a partially constrained rigid body are
dual spaces in the sense of Section 2.1.
Now, it should be clear that the kinestatic analysis
of robot manipulators can be done in terms of 2tensors, that is, in terms of the 6-dimensional vector
spaces V (2) and V ∗(2) .
If the twist space of a robot is the entire V (2) , its
end effector has full mobility while, if its wrench space
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is the whole V ∗(2) , it can resist any wrench applied by
the environment without exerting any force or torque
at its joints. In general, since the twist space is a
subspace of V (2) and the wrench space is a subspace of
V ∗(2) , it is convenient to set V (2) = H and work in the
Grassmann-Cayley algebra Λ(H) over this auxiliary
vector space in which 2-extensors of V (2) become 6dimensional vectors.

3.2

Composition
Constraints

of

Kinematic

It is well known that the twist (wrench) space of the
serial (parallel) combination of motion constraints is
the sum of the twist (wrench) spaces of the composing
constraints. Analogously, the twist (wrench) space of
the parallel (serial) combination of motion constraints
is the intersection of the twist (wrench) spaces of the
composing constraints [15]. It is important to point
out that the reciprocity relation remains valid under
serial and parallel combination of motion constraints.
The key point of our approach to the kinestatics is
that once the twist and wrench spaces of the chains
that compose a manipulator are represented by means
of extensors their sum or intersection can be expressed
and computed using the join and meet operators.
These considerations can be re-formulated in
the language of the Grassmann-Cayley algebra for
kinematic chains, for which the centers of motion of
their links are called joint extensors. Indeed, from the
properties (3) and (5) of the join and meet operators
it follows that
• The twist (wrench) space of the serial (parallel)
connection of kinematic chains is the support of
the join of the extensors that represent the twist
(wrench) spaces of the chains, provided that their
twist (wrench) extensors are linearly independent.
• The twist (wrench) space of the parallel (serial)
connection of kinematic chains is the support of
the meet of the extensors that represent the twist
(wrench) spaces of the chains, provided that the
sum of the composing twist (wrench) spaces spans
H (H ∗ ).
In the next section these considerations will be applied
to the kinestatic analysis of robot manipulators with
arbitrary topology.

4

Kinestatic Analysis

For the kinestatic analysis it is convenient to
represent the topology of a robot manipulator using a

PSfrag replacements

directed graph, called graph of kinematic constraints,
whose nodes stand for bodies and, if body Bp is
restricted in its motion with reference to body Bq ,
there will be a directed arc from Bp to Bq labelled
with the extensor Lp,q = −Lq,p .
Given two bodies Bs and Bt of a graph whose
node are called terminals, which in general represent
the basement and the end-effector of the robot,
respectively, our problem is to find the equivalent
constraint between them. This corresponds to reduce
our graph to a single arc graph between the terminal
nodes performing series and parallel reductions, and
delta-wye transformations.

4.1

Series and Parallel Reductions

If the node that corresponds to the body Bi is
a nonterminal node of degree 2 between two arcs
that are labelled with Lp,i and Li,q , we can remove
this node and substitute the two arcs with another
arc whose associated extensor is their join, that is,
Lp,q = Lp,i ∨ Li,q .
Let Rser be a serial manipulator with h ≤ 6
joints having linearly independent joint extensors
L0,1 , L1,2 , . . . , Lh−1,h , whose basement is represented
by the body Bs = B0 and the end effector by the
body Bt = Bh . By applying the series reduction rule
we have that the twist space of Rser is the support of
the h-extensor LRser = L0,1 ∨ L1,2 ∨ · · · ∨ Lh−1,h of
H (h) , that is,
TRser = LRser = L0,1 ∨ L1,2 ∨ · · · ∨ Lh−1,h ,
where Li,i+1 are vectors of H.
The wrench space is its dual, that is, the support
of the (6 − h)-extensor L∗Rser = (L0,1 ∨ L1,2 ∨ · · · ∨
Lh−1,h)∗ = L∗0,1 ∧ L∗1,2 ∧ · · · ∧ L∗h−1,h of H ∗(6−h) , that
is,
WRser = L∗Rser = L∗0,1 ∧ L∗1,2 ∧ · · · ∧ L∗h−1,h .
In this expression, obtained by applying the property
(6), the L∗i,i+1 are 5-extensors of H ∗(5) .
If L1p,q and L2p,q are two extensors that correspond
to parallel arcs between the nodes Bp and Bq they
can be replaced by a single arc whose extensor is their
meet, that is Lp,q = L1p,q ∧ L2p,q .
Let L10,1 , L20,1 , . . . , Lk0,1 be the extensors that
describe the twist spaces of the kinematic chains that
compose a parallel manipulator Rpar , in which Bs =
B0 and Bt = B1 represent the lower and the upper
platforms, respectively. The wrench space of Rpar is
WRpar = L∗Rpar = (L10,1 )∗ ∨ (L20,1 )∗ ∨ · · · ∨ (Lk0,1 )∗ .
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B0 = B s

L3,0 B1

L0,1
L2,1
L1,3

L0,2
B2
L2,3

B3 = B t
Figure 1: Example of a graph that cannot be reduced
with only series and parallel reductions
The corresponding twist space is the support of the
extensor formally obtained dualizing the expression of
L∗Rpar and using the property (7), that is,
TRpar = LRpar = L10,1 ∧ L20,1 ∧ · · · ∧ Lk0,1 .
Since the shuffle formula (4) expresses the twist space
in terms of sum of extensors, in general, it gives rise
to a tensor.
Similar considerations can be repeated for the
wrench space of Rser .

4.2

Delta-Wye Transformations

In some cases it is impossible to reduce a graph
using only series and parallel reductions. This is the
case of the fully connected graph represented in Fig. 1.
In general we also need delta-wye transformations
[16] which consist in removing one nonterminal node
of the graph and relating the nodes sharing an arc
with it by means of a set of equivalent constraints.
Let us suppose that our graph has 4 nodes in wye
configuration as represented in Fig. 2.a, we want to
eliminate the nonterminal node B4 and connect B1 B2
and B3 in delta configuration represented in Fig. 2.b
in such a way that the constraints among them remain
unchanged. So, the following conditions must be
imposed
L1,3 = L1,4 ∨ L4,3
L2,3 = L2,4 ∨ L4,3
L1,2 = L1,4 ∨ (−L2,4 ) = L1,4 ∨ L4,2
If we have three nodes in a delta configuration as
represented in Fig. 2.b and we want to transform it in
a wye configuration, the expressions for the extensors
L1,4 L2,4 and L4,3 cannot be obtained in a unique
way by solving the above system of equations since its
matrix has rank 2. So, we must arbitrarily choose
one of the extensors of the wye configuration, say
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B3

s1

L4,3
L1,4

L1,3

L2,4

B4

s3 z1

B3

B1

B2
(a)

B1

L1,2

L2,3
B2
p1

p2

r3
z0

Figure 2: Wye and delta configurations

L

=L ∧L =

− [L1p L2r L2p L2s,1 L2s,2 L2s,3 ] L1r ∨ L1s,1 ∨ L1s,2 ∨ L1s,3
+ [L1s,1 L2r L2p L2s,1 L2s,2 L2s,3 ] L1r ∨ L1p ∨ L1s,2 ∨ L1s,3
− [L1s,2 L2r L2p L2s,1 L2s,2 L2s,3 ] L1r ∨ L1p ∨ L1s,1 ∨ L1s,3
+ [L1s,3 L2r L2p L2s,1 L2s,2 L2s,3 ] L1r ∨ L1p ∨ L1s,1 ∨ L1s,2
5
X

The extensor L12 describes the twist space of the
subchain of the parallel manipulator composed by the
legs 1 and 2. The twist space of this subchain is
expressed as a function of the joint extensors of the
leg 1. It is the sum of five 4-dimensional subspaces.
The contribution of each subspace to the twist space
of the end effector is weighted by the value of the
corresponding determinant which depends on both the
configurations of legs 1 and 2. Since both L1 and L2
are 5-extensors, we have that L2 ∧ L1 = −L1 ∧ L2 .
Therefore, the expression of the same twist space
as a function of the extensors of the leg 2 can be
obtained simply reversing the order of the operands
and changing the sign of the result.
L12 is expressed as a sum of 4-extensors, so that
12
L ∧ L3 will be the sum of 3-extensors. Since the
meet operation is distributive
over addition we can
P5
3
12
write L = L12 ∧ L3 =
ρ
i=1 i Li ∧ L where, for
example,
3
L12
1 ∧L =

+ [L1p L3r L3p L3s,1 L3s,2 L3s,3 ] L1s,1 ∨ L1s,2 ∨ L1s,3
− [L1s,1 L3r L3p L3s,1 L3s,2 L3s,3 ] L1p ∨ L1s,2 ∨ L1s,3
+ [L1s,2 L3r L3p L3s,1 L3s,2 L3s,3 ] L1p ∨ L1s,1 ∨ L1s,3
− [L1s,3 L3r L3p L3s,1 L3s,2 L3s,3 ] L1p ∨ L1s,1 ∨ L1s,2 .

2

+ [L1r L2r L2p L2s,1 L2s,2 L2s,3 ] L1p ∨ L1s,1 ∨ L1s,2 ∨ L1s,3

=

r2

Figure 3: A parallel manipulator

Consider the parallel manipulator represented in
Fig. 3, where the spherical joints of the upper platform
and the revolute joints of the lower one are both
located at the vertices of an equilateral triangle [17].
The twist space Ti of the leg i of the manipulator
is the support of the extensor Li = Lir ∨ Lip ∨ Lis,1 ∨
Lis,2 ∨Lis,3 , where Lir , Lip , and Lis are, respectively, the
extensors of ri , pi and si , the rotational, prismatic,
and spherical joints of the leg i. The spherical joint
si is modelled as three revolute joints si,1 , si,2 and
si,3 having intersecting axes whose extensors are,
respectively, Lis,1 , Lis,2 and Lis,3 .
The wrench space Wi of the leg i is the support of
the extensor (Li )∗ , dual of Li .
The twist space T of the parallel manipulator is
the intersection of the twist spaces of the three legs.
Therefore, it can be can be expressed as the support
of the meet of the corresponding extensors, that is, as
the support of L = L1 ∧ L2 ∧ L3 . Using the associative
property of the meet operator, we can compute first
L12 = L1 ∧ L2 and then L12 ∧ L3 . The shuffle formula
(4) gives
1

y0

r1

A Case Study

12

x0

The expressions of the other two

L1,4 = L1,2 ∨ L2,3 ∨ (−L4,3 ) = L1,2 ∨ L2,3 ∨ L3,4
L2,4 = L2,3 ∨ (−L4,3 ) = L2,3 ∨ L3,4 .

4.3

s2

p3

(b)

L4,3 = −L3,4 .
extensors are

y1

x1

ρi L12
i ,

i=1

where L12
i is the i-th 4-extensor and ρi is the value of
the corresponding determinant.
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The meet between L12
i , i = 2, . . . , 5, and L can be
computed in a similar way. This means that the
support of L is a 3-tensor and, hence, the moving
platform has three degrees of freedom. Using the same
geometric parameters as in [17] it is possible to deduce
that the upper platform has two degrees of freedom in
orientation and one in Cartesian position.
By duality the wrench space can be easily obtained.
In some cases, given the joint extensors, it is
convenient to compute first L∗ = (L1 ∧ L2 ∧ L3 )∗ =
L∗1 ∨ L∗2 ∨ L∗3 whose support is W and then, by duality,
T.

Other examples of application of the GrassmannCayley algebra to the kinestatic analysis of robot
manipulators can be found in [8].

5

Conclusions

In this paper a unifying framework for the study of
the statics and the instantaneous kinematics of robot
manipulators based on the Grassmann-Cayley algebra
has been presented. It has been shown that the
Grassmann-Cayley algebra permits the mathematical
representation of all the basic concepts of screw theory.
Twist and wrench spaces of partially constrained rigid
bodies are represented by means of extensors and the
reciprocity condition between them is reflected by the
inherent duality of this algebra. Moreover, its join and
meet operator are used to implement, respectively, the
operations of sum and intersection of linear subspaces
in the kinestatic analysis on manipulators. Of special
relevance is the existence of an explicit formula for
the meet operator that permits to obtain analytical
expressions of the twist and wrench spaces of robot
manipulators with arbitrary topology.
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