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Abstract— Two-dimensional slices of robot singularity loci
contain, in general, cusps. This kind of points are important
because their presence indicates the possibility of planning
assembly-changing motions that do not meet any singularity.
The critical points where the number of cusps changes, as the
slice is swept, permit one to decompose a singularity locus into
domains where the obtained slices share common topological
properties. In this paper, it is shown how Catastrophe Theory
provides a solid framework to classify these critical points up
to certain types of equivalence giving precise local models to
describe them. It is also shown how only three possible types
of these critical points exist for generic robots. The presented
results are exemplified on a serial 3R robot.

I. I NTRODUCTION

It is well known that the inverse kinematics of serial
robots and the forward kinematics of parallel robots have, in
general, multiple solutions known asassembly modes. When
two assembly modes coincide (two solution branches of the
kinematics problem meet), the robot is in a singularity. In
one of these singularities the robot becomes uncontrollable
because, roughly speaking, it is impossible to decide which
assembly mode the robot will adopt when getting out of it.
Thus, avoiding robot singularities is critical but, to thisend,
they should be previously characterized. The literature on
identification, avoidance and analysis of robot singularities
is certainly extensive. The interested reader is addressedto
the online database available at [1].

In order to obtain the assembly modes of a particular robot,
it is always possible to manipulate its kinematic equations
to reduce the problem to finding the roots of a univariate
polynomial, known as thecharacteristic polynomialof the
robot. When using this algebraic elimination approach for
obtaining the assembly modes, it is advisable to determine
the sequence of variable elimination that leads to the poly-
nomial with the lowest possible degree. At the end of this
process, one comes up with a polynomial of the form:

f(t, ω1, . . . , ωn) =
n
∑

i=0

ai(ω1, . . . , ωn)t
i = 0, (1)

where the coefficientsai depend on the geometry of the robot
—which is constant for each particular robot instance— and
on the input variablesωi, i = 1, . . . , n. These input variables
are the variables associated with the actuators, when solving
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the forward kinematics of parallel robots, or the variables
defining the pose of the end effector, when solving the in-
verse kinematics of serial robots. For a given set of values of
these input variables, each real root of the above polynomial
in t determines an assembly mode. Since a singularity is
reached when two solution branches meet, the singularities
correspond to values ofωi, i = 1, . . . , n for which (1) has
a double root. This is certainly an oversimplified view of
the problem but this will be enough for the purposes of
this paper whose main goal is to draw the attention of the
reader to some tools developed in the area of Catastrophe
Theory which are of interest in the characterization of robot
singularities.

Equation (1) can be seen as the equation of a hypersurface
in implicit form in the space defined by(ω1, . . . , ωn, t) ∈
R

n+1. To get some insight into the nature of this surface,
we can start by fixing all but two input variables, sayω1

andω2. Then, we can define

G(t, ω1, ω2)
.
= f(t, ω1, ω2, ω

0
3 , . . . , ω

0
n
) = 0, (2)

whereω0
3 , . . . , ω

0
n

correspond to the fixed inputs. Then, the
singularities of the robot in this subspace are the double roots
of (2). In other words, the solutions to the system:

G(t, ω1, ω2) = 0
Gt(t, ω1, ω2) = 0

}

(3)

whereGt denotes the partial derivative ofG with respect to
t. By eliminatingt in the above system, we get the resultant

H(ω1, ω2) = 0, (4)

which can be seen as the equation of a curve, in implicit
form, resulting from projecting orthographically, onto the
plane defined byω1 andω2, those points ofG(t, ω1, ω2) = 0
where the direction defined byt is tangent to the surface.
These curves are calledapparent contours[2] which divide
the subspace defined byω1 andω2 into regions where the
number of assembly modes is constant and, depending on
how these regions are distributed, interesting results can
already be drawn. For example, it has been shown that it is
possible to change from one assembly mode to another one
without meeting any singularity at least in two situations:by
encircling a cusp [3] or by encircling a so-calledα−curve
[4] (see Fig. 1).

Now, let us suppose that we continuously modify one of
the input variables that we have previously left fixed. Then,
the resulting apparent contours can be described in terms of
smooth changes that do not modify its topology, and a set
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Fig. 1. Encircling a cusp (left) or anα−curve (right) allows, under some
circumstances, to change the assembly mode of a robot without trespassing
a singularity. The numbers appearing on the plane defined byω1 andω2

indicate the number of assembly modes.

of critical points that lead to abrupt transitions. A similar
situation arises in Computer Vision when characterizing the
different topological aspects obtained from monocular views
of a 3D object with an algebraic boundary [5], [6].

In what follows, we will assume, without loss of gener-
ality, that the apparent contours are obtained by projecting
onto the subspace defined byω1 and ω2 and we want to
detect the abrupt changes in the topology of this projection
as ω3 is swept in its range, while all other input variables
remain fixed. Then, we can define

F (t, ω1, ω2, ω3)
.
= f(t, ω1, ω2, ω3, ω

0
4 , . . . , ω

0
n
) = 0. (5)

This paper is devoted to the analysis of the structural stable
properties of the orthographic projections of the hypersurface
implicitly defined by (5). To this end, Catastrophe Theory
and its application to the projection of smooth surfaces (see
[7, Chapter 12] for an introduction) is employed. We will see
how this theory provides a solid framework to classify critical
points up to certain types of equivalence giving precise local
models to describe them. The presented results are not new
but they are rather scattered in the literature and most of the
time presented in an exceedingly difficult language to those
unused to it. We make here an effort to present them in an
accessible language to a robotics audience.

This paper is structured as follows. Section II presents
the different types of singularities arising when projecting
a smooth surface. Section III shows how the three types
of critical points arising when projecting a generic smooth
surface —the lips, beaks and swallowtail singularities— bi-
furcate into cusps and how they can be identified analytically.
Section IV uses a 3R spatial serial robot to exemplify these
three bifurcations. Finally, Section V summarizes the main
points presented and those that deserve further attention.

II. A PPARENTCONTOURS ANDSINGULARITY LOCI

Following the description of the problem of computing
the apparent contours of a smooth surface due to Callahan

[8], take a piece of fabric, crumple it and press it on a flat
surface. In general, the sheet can assume three shapes around
a given point [see Fig. 2(left)]: (a) a flat and smooth region,
(b) a fold line, and (c) a point where a pleat is formed,
usually known as a cusp. Some experimentation leads to
the conclusion that other cases are possible (pointd in Fig.
2(left) is a new type, for instance) but they disappear by
any small perturbations in the position of the fabric. For
example, the new shape atd in Fig. 2(left) disappears as
soon as the the bottom fold is slightly pulled [Fig. 2(right)].
Points of typea, b, and c cannot be made to disappear by
small perturbations. Their position can be affected, but not its
presence. The preceding observations amount to an informal
paraphrase proved by Whitney in 1955 [9] in one of the
founding papers of Catastrophe Theory.

a

b

c

d

Fig. 2. Contrarily to what happens with points of typed, those of typea,
b, andc cannot be made to disappear by small perturbations; their position
can be affected, but not its presence. Adapted from [8].

If the projection direction is generic, the apparent contour
is composed of cusps and folds. However, if this direction
is chosen in a special way, one may also obtain some non-
stable singularities. Mathematicians measure degeneracyby
codimension, roughly speaking the number of independent
conditions that need to be imposed to achieve a degeneracy.
Thus, these non-stable singularities are often classified ac-
cording to their codimension. Cusps and folds are referred
to as being of codimension 0. Singularities of codimension
greater than 0 partition the space of all possible projections
into aspects, separated bybifurcation sets. Describing all
possible non-stable singularities —or critical points, as we
call them in the previous section— and how theybifurcate
into stable singularities can be considered straightforward
but it is certainly an error-prone difficult task solved by
several mathematicians at the beginning of the eighties. The
names of Platonova, Shcherbak, Arnold, McCrory, Rieger,
and Kergosien will remain associated with the consecution
of this classification [10], [11], [12], [7]. Next, we give a
concise presentation of its derivation.

It is said that a tangent vector in some point has contact
of order n with a surface when de directional derivatives
of order i of the surface equation in the direction of the
tangent are zero for alli < n, and nonzero fori = n. All
surface points have an infinity of tangents of order 2 in their
tangent plane. By definition, a tangent of order 3 or greater
is called anasymptotic tangent, and its direction at the point
of tangency anasymptotic direction. Elliptic points do not
have asymptotic tangents,parabolic pointshave one, and



TABLE I

THE 9 SINGULARITIES OF CODIMENSION0, 1, AND 2 (THE BUTTERFLY SINGULARITY ENCOMPASSES TWO GERMS)

Codimension Germ Name Geometry Description

0 z = x2 Fold
The t-axis is parallel to a tangent of order 1. The tangency
occurs at a point in an elliptic domain.

z = x3 + xy Cusp
The t-axis is parallel to a tangent or order 2. The tangency
occurs at a point in a hyperbolic domain.

1 z = x3 + xy2 Lips

The t-axis is parallel to a tangent of order 2. The tangency
occurs at a point of a parabolic curve. Two cusps sharing both
branches are created or destroyed when passing through this
singularity.

z = x3 − xy2 Beaks

The t-axis is parallel to a tangent of order 2. The tangency
occurs at a point of a parabolic curve. Two cusps sharing
neither branch are created or destroyed when passing through
this singularity.

z = x4 + xy Swallowtail
The t-axis is parallel to a tangent of order 3. The tangency
occurs at a point of a flecnodal curve. Two cusps sharing a
branch are created or destroyed.

2 z = x3 + xy3 Goose
The tangency occurs at a point of a parabolic curve. Transition
between lips and beaks.

z = x4 + x2y + xy2 Gulls
The tangency occurs at a point of a flecnodal curve where the
t-axis is parallel to a tangent of order 4. The tangency occurs
at a godron. Transition between beaks and swallowtail.

z = x5 + x3y ± xy Butterfly

The tangency occurs at a point of a flecnodal curve where
the t-axis is parallel to a tangent of order 4. The tangency
occurs at a biflecnode. Transition between two swallowtails
that coalesce sharing a cusp.

hyperbolic pointshave two. It can be shown that the line
of projection is of order 2 at a fold point and of order 3
at a cusp. The interesting thing arrives when one realizes
that higher-order non-stable singularities also correspond to
higher order contacts between the line of projection and the
surface. Thus the first step is to classify all surface points
according to the order of contacts of their tangents. The task
gets simplified by realizing that generic surfaces have no
tangents of order greater than 5 [7].

Then, it is possible to classify the points of a generic
surface into the following seven classes according to the

orders of their tangents (Fig. 3) [10]:

(1) Elliptic domain: Open domain of the surface whose
points have no asymptotic tangents;

(2) Hyperbolic domain: Open domain of the surface whose
points have two asymptotic tangents; and

(3) Parabolic curve: A smooth curve embedded in the sur-
face whose points have a unique, but double, asymp-
totic tangent. The parabolic curve divides the surface
into the elliptic and hyperbolic domains [13].

In the closure of the hyperbolic domain we might also
encounter a:



(4) Flecnodal curve: Set of points at which one of the
asymptotic tangents exceeds order three. Moreover,
one may also encounter isolated points of the following
three types [14]:
(5) Godron: A parabolic point at which the (unique)

asymptotic direction is tangent to the flecnodal
curve.

(6) Hyperbonode: A point of self-intersection of the
flecnodal curve (points with two asymptotic tan-
gents of order higher than three).

(7) Biflecnode: A point of the flecnodal curve at
which one asymptotic tangent exceeds order four.

The above seven classes are robust features of a smooth
surface, that is, they are stable in the sense that under a
sufficiently small perturbation they do not vanish but only
deform. It is worth noting that these seven classes were
already known at the end of the 19th century in the context of
the enumerative theory of complex algebraic surfaces [15].

Elliptic points

Hyperbolic points

Parabolic curve

Flecnodal curve

Godron

Hyperbonode

Biflecnode

Fig. 3. Classification of the points in a smooth surface according to the
order of their tangents.

The classes of points of a generic surface appear in the
form of the various singularities of its apparent contours.
If the direction of projection is generic, then by Whitney’s
theorem the only singularities are folds and cusps. However,
if one has chosen the direction of projection in a special
way, one may also obtain certain non-generic projections
of a generic surface. It turns out that all such projections
reduce locally to the projection of one of the nine surfaces
of the form z = f(x, y) along the x-axis onto the(y, z)-
plane, technically known asgerms, that appear in Table I.
In our case, the reduction is obtained through a change
of variables of the form(x(t, ω1, ω2), y(ω1, ω2), z(ω1, ω2)).
Each of these germs have received names chosen for a variety
of reasons and should be treated merely as mnemonics.
Platonova proved that the total number of nonequivalent
singularities of projections of generic smooth surfaces from
all points in 3D space is 14 [10]. This apparent contradiction
with the classification given in Table I is due to the fact that
the missing singularities are not obtained from orthographic
projections but from central projections at very particular
points [16].

On a modification of the surface defined by
F (t, ω1, ω2, ω3) = 0, asω3 varies, at isolated moments the
singularities of codimension 1 will appear. Singularities
of codimension 2 occur only at isolated projecting
directions, and one needs to search for them deliberately.
The singularities of codimension 2 have interest when
considering one more input variable, sayω4. In this
case, singularities of codimension 1 become stable and
singularities of codimension 2 will appear at isolated points
that bifurcate into those of dimension 1 while varying
ω3 and ω4. Clearly, when considering only three input
variables and generic geometric parameters, singularities of
codimension 2 do not need to be considered and we can
limit our analysis to singularities up to codimension 1.

III. T HE THREE SINGULARITIES OF CODIMENSION 1
AND THEIR BIFURCATIONS

Fig. 4. The three singularities of codimension 1 and their bifurcations.
The lips (top), the beaks (center), and the swallowtail (bottom) singularities
bifurcate as depicted. Adapted from [17].

The characterization of the singularities of codimension
1 give essential information on the genesis of cusps. In-
deed, consider the three surfaces and their apparent contours
depicted in the leftmost column of Fig. 4. By properly



modifying the parameters of these surfaces, a lips, beaks
and swallowtail singularities can be obtained, as shown
respectively in the center column. By further modifying these
parameters, two cusps arise in each of the three cases, as
shown in the rightmost column. It is important to realize
that cusps always appear in pairs and that, by locating the
singularities of codimension 1, it is possible to find domains
of the input variables for which the number of cusps is
constant. Next, we give an algebraic characterization of these
singularities.

To obtain a beaks or lips singularity, the projection line
must have a contact of order 3 with the surface,i.e., the point
of contact must be a point of a parabolic curve. This can be
expressed by the following system:

F (t, ω1, ω2, ω3) = 0
Ft(t, ω1, ω2, ω3) = 0
Ftt(t, ω1, ω2, ω3) = 0
Φ(t, ω1, ω2, ω3) = 0















(6)

where

Φ(t, ω1, ω2, ω3) =F 2
ω1
(Fω2ω2

Ftt − F 2
ω2t

)

+ F 2
ω2
(Fω1ω1

Ftt − F 2
ω1t

)

+ F 2
t
(Fω1ω1

Fω2ω2
− F 2

ω1ω2
)

+ 2Fω1
Fω2

(Fω1t
Fω2t

− FttFω1ω2
)

+ Fω2
Ft(Fω1ω2

Fω1t
− Fω1ω1

Fω2t
)

+ 2Fω1
Ft(Fω1ω2

Fω2t
− Fω2ω2

Fω1t
) = 0

is the expression in the first and the second partial derivatives
of F (t, ω1, ω2, ω3) with respect tot, ω1, ω2 that characterizes
the parabolic curves parameterized inω3 [18].

To obtain a swallowtail singularity, the projection line
must have a contact of order 4 with the surface;i.e., the
point of contact must be a point of a flecnodal curve. This
can be expressed with the system

F (t, ω1, ω2, ω3) = 0
Ft(t, ω1, ω2, ω3) = 0
Ftt(t, ω1, ω2, ω3) = 0
Fttt(t, ω1, ω2, ω3) = 0















(7)

Solving systems (6) or (7) via resultants is, in general,
unfeasible because the resulting polynomial degree is very
high even for simple robots. Continuation or interval-based
methods seem the only alternatives. Nevertheless,ad hoc
simplified algebraic characterizations can be found for some
robots. This is the case the orthogonal 3R serial robot, as
shown in the next section.

Finally, it is worth to mention that, besides beaks, lips
and swallowtail singularities, three more singularities should
be taken into account because they introduce changes in the
topology of the apparent contours though they do not alter
the number of cusps. They areglobal singularities commonly
known astriple points, tangent crossings, andcusp crossings.
Their algebraic characterization can be found in [18].

x

y

z

ρ

r1

r2

r3

d2

d3

d4
φ1

φ2

φ3

Fig. 5. An orthogonal 3R robot and associated notation.

IV. EXAMPLE : THE ORTHOGONAL3R SERIAL ROBOT

Figure 5 depicts a serial 3R robot with mutually orthogonal
joint axes. This robot was analyzed in detail in [19]. In this
case the input variables are the cartesian coordinates of the
end effector,x, y, andz. Due to the symmetry of the inverse
kinematics problem with respect to thez-axis, the input
variables can be chosen to beρ =

√

x2 + y2 and z. The
singularity curves in the plane defined by these two variables
are determined by a polynomial of degree eight inρ2 and
in z2 [20]. Depending on the values of the robot geometric
parameters, 0, 2, 4, 6, or 8 cusps will appear in these curves
[19]. Since the number of input variables is two, these curves
will not contain singularities of codimension greater than
0 for generic values of the robot geometric parameters. It
is certainly possible to modify these parameters to have
a 3R robot containing a singularity of codimension 1, a
swallowtail for instance, but the robot should be deliberately
designed for this purpose. Alternatively, we can consider one
of the geometric parameters, sayd4, also as input variable so
that the input space would be defined byω1 = ρ, ω2 = z, and
ω3 = d4. Then, by locating the singularities of codimension
1, it is possible to find domains for the values ofd4 defining
3R serial robots having the same number of cusps. When
crossing a boundary between two domains, the number of
cusps changes as the singularity curves necessarily bifurcate
as presented in the previous section.

In order to exemplify a swallowtail singularity and its
bifurcation, let us setd2 = 1, d3 = 4/5, r2 = 1/2, and
r3 = 0. For d4 = 3, the robot has no cusps (Fig. 6a). Then,
if d4 is progressively decreased, a swallowtail singularity is
obtained atd4 = 2

5

√
29 ≃ 2.15 (Fig. 6b). If d4 is decreased

further, this singularity bifurcates into two cusps. Ford4 = 1,
these cusps are clearly visible (Fig. 6c). Using the results
presented in [19], it is possible to prove that a swallowtail
singularity is obtained when

(d3 − 1)2(d23 − d24) + r22d
2
3 = 0. (8)

In order to exemplify a beaks singularity, let us setd2 = 1,



d3 = 1, r2 = 1/5, and r3 = 9/10. If d4 = 3/2, the
robot singularity locus exhibits four cusps (Fig. 6d). If
d4 is progressively decreased, two beaks singularities are
encountered atd4 = 1

5

√
26 ≃ 1.02 (Fig. 6e). Then, ifd4

is further decreased, these singularities bifurcate into two
pairs of cusps. Ford4 = 1, the resulting singularity locus
has eight cusps (Fig. 6f). Again, using the results presented
in [19], it can be checked that a beaks singularity is obtained
for a quite simple condition:

r22 + d23 − d24 = 0. (9)

In order to exemplify a lips singularity, let us setd2 = 1,
d3 = 1/2, r2 = 1/5, andr3 = 4/5. For d4 = 1/4, the sin-
gularity locus contains no cups (Fig. 6g). Ifd4 is increased,
a lips singularity is obtained atd4 ≃ 0.33 (Fig. 6h). This
singularity also bifurcates into two cusps whend4 is further
increased. Ford4 = 2/5, these two cusps are clearly visible
in the plots of the singularity locus (Fig. 6i). The algebraic
characterization of the lips singularities for this robot results
in a much more complicated equation, a polynomial equation
of degree 12 in the geometric parameters.

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Fig. 6. Examples of the three singularities of codimension 1 and their
bifurcations in the singularity locus of an orthogonal 3R robot. The value
of the coordinates on the vertical and horizontal axes correspond toz and
ρ, respectively.

Finally, note that, when (8) and (9) are simultaneously
satisfied, a gulls singularity is obtained but this is only
possible if one more geometric parameter, besidesd4, is
taken as variable. Solving (8) and (9) ford3 and d4 yields
d3 = 1/2 and d4 =

√

r22 + d22/4. For example, ifd2 = 1,
r2 = 1/2 and r3 = 0, a gulls will appear whend3 = 1/2
andd4 =

√
2/2.

V. CONCLUSIONS

It has been shown how the use of Catastrophe Theory
and its application to the projection of smooth surfaces is
useful for the study of the structural stable properties of robot
singularity loci and, in particular, to decompose these loci
into domains with constant number of cups. The boundaries
of these domains are determined by the so-called singularities
of codimension 1 which can only be of three types. It has also
been shown how these singularities bifurcate thus providing
valuable information on the genesis of cusps.
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