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Abstract— This paper introduces a class of reconfigurable
parallel robots consisting of a fixed base and a moving platfon
connected by serial chains having RRB (Revolute-Revolute-
Prismatic-Spherical) topology. Only the prismatic joint is actu-
ated and the first revolute joint in the chain can be locked or
released online. The introduction of these lockable jointallow
the prismatic actuators to maneuver to approximate 6-DoF
motions for the moving platform. An algorithm for generating
these maneuvers is first described. Then, a motion planner,
based on the generation of a Probabilistic RoadMap (PRM)
whose nodes are connected using the described maneuvers, is
presented. The generated trajectories avoid singularitie and
possible collisions between legs. (See accompanying vigeo

I. INTRODUCTION

Over the past half-century, the Gough-Stewart platform
has been applied extensively to automate many different
tasks due to its well-known merits in terms of speed, rigid-
ity, dynamic bandwidth, accuracy, cost, etc. [1]. Since the
Gough-Stewart platform has 6 DoF (degrees of freedom),
some limited-DoF parallel robots have been designed for
applications which do not require full mobility with the aim
of simplifying the structure and the control of the general
Gough-Stewart platform but without losing its aforemen-
tioned merits.

The Gough-Stewart platform consists of a base and a
moving platform connected by six .8 Universal-Prismatic-
Spherical) legs, where the underline indicates that the- pri
matic joint is actuated. Thus, it is usually referenced as a 6
UPS platform. If a number of these UPS legs is eliminated,
the mobility of as many of the remaining legs must be
reduced by one DoF each, at the same time, to keep the
platform location controllable. The resulting parallel miz
ulator will have a number of DoF equal to the number of the LOCKED
remaining legs. The substitution of the UPS legs witlRRS
legs, where R denotes a revolute joint lockable at any _
time during operation through a brake, is one possibiy fof 1, e reposed patfrm consist of s leos tiached b
implementing this mobility reduction. In fact, each BPS  must be locked at any time to keep the platform rigidly linkecthe base,
will behave as a RPS chain when thg jBint is locked and, it behaves as a reconfigurable 2RRPUFS platform (bottom).
by properly arranging the axis of the revolute joints, as &UP
when it is not. The maximum number of leg eliminations is
three, and as many are the manipulator families that cd@chnique. Table | summarizes the situation. The RIRS
be generated from the Gough-Stewart platform with thignd 4RRPS architectures are of interest because their motion
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TABLE |
THE FOUR POSSIBLEARCHITECTURES FORPARALLEL PLATFORMS
USINGRPS LEGSATTACHED TO THEBASE THROUGHL OCKABLE
REVOLUTE JOINTS

# of legs| # of locked| Architecture Related are the projections of; and P, respectively, onto the line
(DoF) joints referenced  through P, and P.. Thei-th leg length| P, — A; | will be
5 ) 6UPS 2] denotedd;, the magnitude of.the vectqt?, — P;) will be
S 1 20PS + RES 3] denoteda, whereas the magnitudes of the vect(JR;‘_— Bj)_
(recgnfigurable) for j = 3,4 will be denotedr_j. Moreover, the following unit
7 5 5UPS + 2RS 1, 51, vectors and scalar are defined
(reconfigurable) [6]
3 3 3RPS [7], [8] hi:(PZdAl),i:l,...A;
q= (P —Az)
have been used at least in [9], [10], and [11]. | P~ Az |
This paper is organized as follows. Section Il studies Wi = X vy
the kinematics of the proposed platform. Section Il shows W2 = Uz X Vg
how to maneuver to locate the platform in any arbitrary (P, — Py)
pose. Section IV shows how to generate a roadmap in the s =—"_"
configuration space of the platform that permits to obtain q X us
paths, far from singularities and leg collisions, connagti Vs = | q x uz |

two arbitrary poses. Section V describes practical aspects

projections of the corresponding point onto the revolute-
pair axes adjacent to the spherical pair, whdieis the
center. A; and A, are also chosen as centers of the two
universal joints without losing generality. Points, and B,

concerning the implemented prototype. Finally, the main

results are summarized in Section VI.

II. KINEMATICS OF THE 2RPS-2UPS PARALLEL ROBOT

If the leg lengths of the robot in Fig. 1 are fixed, poiits
and P, are allowed to move on circular arcs, whifg and
P, are constrained to move on spheres. The resulting 2R
2US parallel structure is shown in Fig. 2. With referenc
to this figure, pointsP; for i = 1,..
of the spherical pairs. Pointd; for : = 1,...,4 are the

W3 = u3 X V3
by = (B3 — P1)-u3
b4:(B4—P1)'U3

A. Position Analysis

The determination of the actuated-joint variables (leg
§_ngths) for an assigned pose of the platform [Inverse Po-

éition Analysis (IPA)] is straightforward. In fact, onceeth
1 are the centers positions of P, fori =1,...,4, are known, the leg lengths

can be immediately computed since the positions4gf,

for i = 1,...,4, are geometric data linked to the base
reference frame [see Fig. 1(bottom)]. On the contrary, the
determination of the platform pose for assigned leg lengths
[Forward Position Analysis (FPA)] requires the solution of
the 2RS-2US’ closure equations which constitute a non-
linear equation system. This problem coincides with the
one encountered when solving the FPA of the 6-4 fully-
parallel mechanism [4] since that mechanism generates an
2RS-2US structure when the actuated joints are locked [see
Fig. 1(bottom)]. In [4], Innocenti gave the analytical Stidm

of this problem and showed that, in general, up to 32 platform
poses may be compatible with an assigned set of leg lengths.
In the following part of this subsection, the 2RS-2US’ clasu
equations will be deduced in a form slightly different, from
the one reported in [4], which is more appropriate to the
analysis presented in the next subsection. With reference
to Fig. 2 and the adopted notations, the 2RS-2US’ closure
equations can be written as follows:

Fig. 2. Notation associated with the 2RS-2US structure ltisgufrom
fixing the leg lengths and locking the revolute joints cestieat A; and
Asg in Fig. 1(bottom).

(P, — Pp)- (P, — P) = a? 1)
(Ps — Ag) - (P3 — A3) = dj (2
(Py— Ay) - (Py— Ay) = dj 3



where P4 :éldl (u1 X hl)

ba T .
P = A +di(c1vy + s1w1) 4) + f Bada(ug x ho) — 01di(uy x hy)
Py = Ay +ds (CQV? + SQW?) (5) + 6‘3 [U_3 X (P4 — B4)] + 74 [C4V3 + S4W3] (16)
P3 = Py + bsug + r3(c3vs + s3ws) (6) . odo(uy x hy) — 61dy (ug x hy)
Py = Py 4 byuz + rq(cavs + s4w3) (7 us = a (17)
where q :91d1 [(u1 x h1) — (g-w x hi)q] (18)
| Pr — A |
c4 = c3c08(p34) — s38in(p3q) (8) s :q X uz+qx 03— [vs-(qxus+q xua3)]vs
4 = c3sin(¢sys) + s3c0s(¢h3s) 9) |axus | 19)
wherec; ands; fori =1, ..., 4 stand forcos(6;) andsin(6;), Wa =113 X V3 + U3 X V3 (20)
respectively.

Equation (1) is a trigonometric c-s-linear equation thayvhich are obtained by differentiating equations (4)-(heT
involves onlyc;, s, s1 and s. It is the closure equation introduction of (13) and (14) into (10) yields
of the RSSR loop. Equations (2) and (3) involg ¢, c3, ) )
s1, s2 andss. By eliminatinges andss from these equations, o = 0y
the resultant will contaire;, co, s; andsy and can be used
with equation (1) for a further elimination which yield an Relationship (21) fails whens, uz, andh, are coplanar.

dl(u?, suy X hl)

d2(113 U2 X hg) (21)

univariate polynomial equation. The configuration where this geometric condition occurs are
singularities of the internal RSSR loop and, in generaly the
B. Sngularities are singularities of the 2RS-2US structure, too. The intoad

, . tion of (21) into (15)-(20) and of the resultant relationshi
The configurations where the platform can perform eli' to equations (11) and (12) yield a linear and homogeneous

ementary motions, even t.h.OUQh the actL_Jators are locke ystem of two equations in two unknowns which can be
are calledparallel singularities. Parallel singularities are °. .
written as follows:

critical both from the control (the platform pose becomes

no longer controllable) and the statics (some links should mi Mmis 0,

stand infinite internal loads) point of views. Thus, they mus < > < fs > =0
be avoided during operation. When the 2RPS-2UPS platform ) )
is at a parallel singularity, the 2RS-2US structure obiine System (22) admits a non-null solution fér andds (i.e.,

by locking the actuators is singular, too (i.e., the streetu @ singular configuration occurs for the 2RS-2US structure)
is not rigid). Thus, by looking for the 2RS-2US singularif and only if

geometries, the parallel singularities of the associaRES*

2UPS can be found. mi1Mmaz — migmar = 0. (23)

When the 2RS-2US structure assumes_asmgular geometyrpe apove relationship is the analytic expression of the
the platfor_m can pgrform ele_mentary motions thgt mu;'; fumlsingularity condition of the 2RS-2US structure. It is Satid
the fo_IIowmg velocity equations, deduced by differentigt either when the two bi-dimensional column vecters —
equations (1), (2), and (3): (mqs, me;) T, fori = 1,2, are parallel or when at least one of
them, vectors is a null vector. The dimensionless parameters

22
Mo Ma2 (22)

(P2 = P1)-ug =0 (10) o — | _ | my || m; | (24)
Pg-hgzo (11) 1_|m2|’ 2_|m1-m2|
Py -hy=0 (12) can be used to evaluate how far from singularity a con-
figuration is. The farthest-from-singularity configuratids
where the one wherek; is equal to 1 and:, is equal to infinity;

whereas a singular configuration occurs when at least one
of the following conditions occur: (a}; is equal to 0, (b)

],31 :o,ldl(ul X hy) (13) ky is equal to infinity, (c)k, is equal to 1. Based on these
Py =03d3(uz X hy) (14)  values, the following objective function, to be maximized
Py =01d;(u; x hy) during platform motion, can be defined
+ bs [égdg(“g x hy) — éldl(ul X hl)} n = _ + (kg —1). (25)
. (k1 —1)*

+0s [ug_x (s ; Bs)] Such a function goes toward infinity when (k2) goes
+ 3 [cavs + 53w (15)  toward 1 (infinity); and it decreases when eitlhgr(k2) goes



toward zero 0 (1) ok; goes toward infinity. It will be useful
later, when assigning a cost to a path.

I11. M ANEUVERS
Let us assume that we want to generate a trajectory
connectingX, = (LO,‘I>0) = (dV,....,d}, #%,...,99) to .
Xs=(Ly, ®5) = (df cedy, ¢1,...,¢£) whered; is the b;

length of leg: and ¢; is the angle formed by, and the
x—axis of the world reference frame (see Fig. 1). Since the :
robot is not capable, in general, of reaching the final pose LOCKED
directly, it is necessary to introduce an intermediate ane (
via pose) where the lockable joints are switched. The leg
lengths in the via pose, sdy,, can be computed numerically
by setting the released joints to their values in the finakpos
and solving a local optimization problem starting from the
initial pose. This can be efficiently implemented using the
Newton’s method [12]. Then, the proposed maneuver consist
in the four steps detailed in Fig. 3.

Note that there are up to six sets of possible maneuvers
connecting two given poses: one for each possible pair of
locked joints. Once we have a candidate for a maneuver, and LOCKED o
its corresponding via pose, it must be execute by driving the . E—a
robot’s prismatic actuators, as explained above. The sistpl .
driving law is that consisting in linearly interpolatingetteg
lengths fromLg to L, and then fronL, to L. During this
process, it might happen that the system reaches a different
solution from the expected one (remind that the forwardkine
matics problem has no single solution). If so, the generated
maneuver is not valid. This might happen mainly when the
maneuver involves a path close to a singularity. For the sake
of simplicity, in this case the obtained maneuver would ret b ) =
considered as valid, though a more sophisticated driving la e ) e
might connect the initial to the final configuration through =
the obtained via pose.

There is one more reason to reject a candidate for a
maneuver: it leads to collisions or the joints are not kept
within their valid range of motion. A complete test for celli Fig. 3. The proposed maneuvers connecting two configustizn, —
sion detection can be implemented using available C(]ﬂiSiO(Lo,‘Po) with @0 = (¢7, 69,67, ¢7), andXy = (Ly, @), with &5 =
detection packages such as GJK, SOLID, V-Clip, I-Collide(#] . <¢>k,¢l) consists in finding the via posK, = (L, ®,), with
etc. (see [15, p. 201] and the references therein). P, = ( 0. ¢f,¢]). Then, the maneuver is executed as follows: (a)

Once all valid maneuvers are computed, it is reasonable 'f&‘kesz and ) are locked and brakeb and ! are released (19p); (o) the

prismatic actuators are driven frolay to L, (center); (c) brake& and!
choose the one that keeps the platform as far as possiblezaf jocked and brakeisand j released; and (d) the prismatic actuators are
its parallel singularities. Unfortunately, there is no peo driven fromLg to L, (bottom).
distance to a singularity [13]. As a simplification in our
particular design, the quality measure to decide whether

the maneuver is close to a singularity is taken to be (25) ) ) ) ]
evaluated in the corresponding via pose. It is assumed tHiPNd the trajectory. Finally, functioCost assigns a cost

the bigger this value is, the farther the via pose is from ¥ the maneuver based on the objective function (25) to a
singularity. Then, the reciprocal of this value is takentzes t Singularity of the via pose.
cost of a maneuver. It is clear that the above algorithm might fail to find a
The above procedure to find the best maneuver connectipgth mainly when the initial and final poses are far apart
two arbitrary configurations is summarized in pseudocode iin the configuration space of the robot. In these cases, one
Algorithm 1. FunctionCandidate implements the Newton’s alternative is to subdivide the trajectory into segmentsseh
method that computes the leg lengths in the via pose. Fungitial and final poses can be connected using the above
tion ValidPath verifies if the final configuration is reached byalgorithm. Unfortunately, this simple idea might also fail
linearly interpolating the leg lengths, checks if no cadliiss The alternative is to use a motion planner, as described in
arise, and verifies if the joints are kept within their rangehe next section.

LOCKED

—— LOCKED



Algorithm 1 BestViaPos€X;, X;) Algorithm 2 GenerateRoadmap

1: Maneuvers— {[1,2,3,4],[1,3,2,4],[1,4,2,3],[2,3,1,4], 1: for i = 1 to NumPoseslo

2 [2,4,1,3],[3,4,1,2) 22 X; — RandomPosg)

3: /* The first two indices of each 4-tupla correspond to the 3:  Poses— FindNeighborPose¢X ;)
locked joints during the first motion of the maneuver */ 4:  for all X; € Posesdo

4: X, « void 5: X, < BestViaPos¢X;, X;)

5: for all M € Maneuversdo 6 ManMatrix[i,j] <— X,

6:  [i,4, k1] —M 7 CostMatrix[i,j] +— Cost(X,)

7. D, [i] — Dgi] 8: [* Cost(void) returnsoo */

8  D.[j] — Poly] 9: end for

9. D [k] — k] 10: end for

10: [l — P[]

11: L, « Candidate(X,, ®,, M)

122 X, « (L, ®,) the six maneuvers that can be obtained using the procedure
13:  if ValidPath (X, X, X) = TRUE then described above.

14: /* The maneuver is valid */ o

15: if Cost(X,) < Cost(X,) then B. Finding a path

16: [* Cost(void) returnsoo */ If a trajectory —free from collisions and as far as possible
17: X, — X, from any singularity— connectin¥, to Xy must be gener-

18: end if ated, it is firstly necessary to connect these two poses to the
19:  end if previously generated roadmap. That is, the best manewverst
20: end for connect them to their neighbors should be computed. Once
21: return X, the initial and final poses are connected to the roadmap, it

is only needed to find the shortest path connecting them
in terms of costs. Dijkstra’s algorithm is well-suited tdsth
end [17, p. 595]. Finally, when the path is obtained, if one
exists, the corresponding maneuvers —described in terms of

There are many possible approaches for implementing|gg |engths settings and sequences of locked and released
motion planner but those based on Probabilistic RoadMapgyolute joints— can be executed by the robot.

(PRM) [14] have demonstrated their tremendous potential
in many applications [15, Chapter 7]. This approach has V. IMPLEMENTATION

already been successfully applied to ordinary parallebt®b |y order to verify the behavior of the proposed parallel
in [16]. Next, it is adapted to the proposed reconfigurablgshot and the described path planner, a simulator using
robot. Within this approach, the proposed robot would bfATLAB and Simulink whose output is connected to a
subjected to dearning phase where its configuration space \yMRL 3D model of the robot was implemented. Using the
is randomly sampled. These samples are connected to thg§uations presented in Section I, it simulates the motion o
neighbors through the maneuvers, presented in the previgye platform generated by applying the leg lengths settings
section, to generate a roadmap. Then, indbery phase, in  a3nd the sequence of switchings obtained by the path planner.
which a path between two arbitrary poses must be found, thetypical output of this simulator can be seen in the attached
initial and final poses are firstly linked to their neighbats i yjgeo.
the roadmap and, using a graph search algorithm, the bestrhe diameters of the base and the platform arém
path according to a given criterion is found. and 0.2m, respectively. When the legs are extended at half
their maximum extension, the platform is locatedOaim
from the base. This is taken as the home configuration.
The roadmap is built by sampling poses in the configuraFhe generated roadmap has been obtained by taking 100
tion space of the robot. When a sample is chosen, the besinfigurations randomly sampled in a region centered at this
maneuvers to connect it to its neighboring poses previous@pnfiguration withz € [—0.04,0.04], y € [—0.04,0.04],
generated are computed. Two poses are considered to De [0.115,0.125], 6, € [—0.05,0.05], 6, € [—0.05,0.05],
neighbors if the Euclidian norm between their position andndé, € [—0.05,0.05] (where distances are given in meters
orientation components are below a given threshold. If @valand the orientation angles in radians using the roll-pitat
maneuver is found, its corresponding via pose is stored in @onvention). When each of these configurations have been
adjacent matrix together with its associated cost. If rug, t tried to be connected to all others, 2,275 connections fail
stored cost will be infinite. Algorithm 2 gives this descigmt  (out of the 4,950 possible connections) for the six possible
in pseudocode. maneuvers. If an intermediate configuration is added inethes
To increase the density of the roadmap, it is alwaysases, the amount of failed connections drops to 644. Due
possible to add an intermediate configuration when twto these intermediate configurations, the total number of
configurations fail to be connected directly through one ofonfigurations in the roadmap is 3229 and the total number of

IV. PATH PLANNING

A. Generating the roadmap



VI. CONCLUSIONS

By introducing legs of type FRPS, where R stand for
a lockable revolute joint, two novel reconfigurable patalle
robots of reduced mechanical complexity —the,BRS and
the 4R RPS— have been proposed. Moreover, the RIRS
has been studied in depth, and a practical implementation of
it has been presented.

Regarding the 4fRPS, it has been demonstrated that:
(i) its moving platform can be moved in a six-dimensional
operational space by using only four actuators that are
maneuvered so that via poses, where the couple of locked R
pairs is changed, are introduced,; (ii) the parallel singti¢s
can be avoided and the maximum forces in the actuators can
be reduced by suitably managing the insertion of via poses.
Eventually, these theoretical results have been verifietthen
built prototype.
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