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______________________________________________________________________________________ 
 
Summary 
In this paper, a nonlinear distributed parameter observer (NDOP) is developed for the estimation of the internal condi-
tions of a proton exchange membrane fuel cell (PEMFC). In particular, the estimation of the internal concentration values 
for different gas species is studied. A novel high order sliding mode (HOSM) estimation technique, based on a distributed 
parameter model of a PEMFC is developed to reconstruct the internal variables. The observer includes the estimation of 
the reaction and water transport terms, which are considered as disturbances of the PEMFC estimation model. Since the 
approach is based on a distributed parameter model representation of the PEMFC, the observer is capable of recon-
struct the full internal profile of the estimated variables. The performance and robustness of the proposed observation 
technique is tested through a simulation example around different operation points. 
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1 Introduction 

Hydrogen as an energy vector and fuel cells are 

key elements in the current development of sus-

tainable energy systems. In this context, proton 

exchange membrane fuel cells (PEMFC) are suita-

ble for mass market applications such as automo-

tive and stationary combined heat and power 

(CHP). 

Degradation and efficient operation are directly 

related with the internal conditions of the PEMFC. 

The physical construction of these devices makes it 

impossible to measure internal variables. However, 

to develop and implement more advanced and 

robust control techniques that enhance the effi-

ciency and life expectancy of the PEMFC, it is nec-

essary that the internal variables are known by the 

control topology. 

Full state estimation of PEMFC-based systems 

can be used to develop advanced control tech-

niques as studied in [1]. Nonlinear state observa-

tion with disturbances and unknown input recon-

struction is a compelling problem in modern control 

theory, as addressed in this paper. Model-based 

observers allow the use of robust control tech-

niques in the estimation procedure. Particularly, 

sliding mode control (SMC) [2] offers the possibility 

to estimate the states with unknown input terms 

using equivalent output injection techniques that 

replace the discontinuous infinite-frequency switch-

ing terms with an equivalent smoth signal to be 

designed [3], as done in this paper. 

In this paper a quasi-two dimensional (1+1D) 

distributed parameter model [4] is used to simulate 

the PEMFC behaviour and to develop the nonlinear 

distributed parameter observer (NDPO). The model 

is discretised to take advantage from the boundary 

conditions of the problem and to represent the full 

profile of the spatial variables. The observation 

model is derived from the aforesaid simulation 

model. Nevertheless, the observation model is 

simplified to improve the convergence time. The 

unmodelled parts are considered disturbances. 

The main contribution of this paper relies on the 

improvement of the disturbance estimation tech-

nique presented in [5], which is applied to a 

PEMFC and based on a super-twisting algorithm. A 

novel high order sliding mode (HOSM) estimation 

technique based on [6] is studied and tested in a 

simulation environment. This proposal includes the 

state and disturbance estimation in the same inte-

grated topology. 

The paper is organised as follows: in Section 2 

the mathematical model is presented. In Section 3 

the state observer with disturbance estimation is 

presented. The simulation results are showed and 

studied in Section 4. Finally some conclusions and 

future work ideas are discussed in Section 5. 

2 Modelling approach 

2.1 Simulation model 

The simulation model is a 1+1D or quasi-two 

dimensional parameters model [4] representation 

of a single channel PEMFC. The schematic repre-

sentation is shown in Fig. 1 and has a z-axis or 

channel length (𝐿) of 0.4 m and a y-axis or channel 

width (𝐿𝑥) of 1 × 10−3 m. The total active area is 

equal to 0.4 × 10−3 m
2
. 

Gas channels, gas diffusion layers (GDL), cata-

lyst layers (CL) and the electrolyte membrane are 

included in the simulation model. As detailed in [4], 

the dynamics of the gas flows are treated as spatial 

partial derivatives which are modelled through 

mass balance equations in the z-direction, coupled 

with the reactions and water transports through the 
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membrane that are described as lumped parame-

ters perpendicular to the gas flows 

 
𝜕𝑐𝑖(𝑡)

𝜕𝑡
= −

𝜕

𝜕𝑧
(𝑣(𝑡)𝑐𝑖(𝑡)) −

𝑛̇𝑖(𝑡)

𝛿
,

𝑣(𝑡) = −𝐾
𝜕𝑝(𝑡)

𝜕𝑧
,                         

𝑝(𝑡) = 𝑅𝑇∑ 𝑐𝑖(𝑡)𝑖 ,                     

  (1) 

 

where subscript 𝑖 stands for the reactant, being 

𝑖 = 𝐻2 the hydrogen and 𝑖 = 𝐻2𝑂 the water at the 

anode side. At the cathode side 𝑖 = 𝑁2 is the nitro-

gen, 𝑖 = 𝑂2 the oxygen and 𝑖 = 𝐻2𝑂 the water. 

Diffusion is modelled using Fick’s second law of 

diffusion which states that 

 
𝜕𝑐𝑖(𝑡)

𝜕𝑡
= 𝐷𝑖

𝜕2𝑐𝑖(𝑡)

𝜕𝑦2 ,    (2) 

 

with 𝐷𝑖 being the diffusion coefficient of the 𝑖-th gas 

species through the GDL. 
The electrochemical reaction takes place in the 

CLs. The molar fluxes are function of the anodic 
and cathodic reaction rate. For the anode side, the 
molar fluxes include H2 and H2O transports along 
the y-axis 

 

𝑛̇𝐻2
𝐴 = 𝑟𝐴,     (3) 

𝑛̇𝐻2𝑂
𝐴 = 𝑛̇𝐻2𝑂

𝐴𝑀 .     (4) 

 
Three molar fluxes are modelled in the cathode 
 

𝑛̇𝐻2
𝐶 =

1

2
𝑟𝐶 ,     (5) 

𝑛̇𝐻2𝑂
𝐶 = 𝑛̇𝐻2𝑂

𝐶𝑀 − 𝑟𝐶 ,    (6) 

𝑛̇𝑁2
𝐶 = 0.     (7) 

 
A complete water transport model [4] is imple-

mented in the membrane layer of the PEMFC. Wa-
ter plays a key role in the dynamics of the proton 
transport; therefore it is included in the model as a 
variable. 

 

 
 

Fig. 1. Single channel PEMFC representation 

 
The model presented in Eqs. (1)-(7) is discre-

tised for its implementation in a simulation envi-
ronment over the discretisation length Δ𝑧 for a total 
of 𝑛𝑉𝑜𝑙 discretisation volumes. 

 

2.2 Observation model 

As introduced in Section 1, the observation 

model is a simplified version of the simulation 

model presented in Section 2.1. Only the gas con-

centration values are estimated in this paper, 

hence it is possible to simplify the observation 

model and only include the mass balance gas 

equations shown in Eq. (1). The unmodelled reac-

tion and water transport terms are considered as 

unmeasured disturbances that the observer will 

have to estimate alongside with the PEMFC states. 

The observation model is discretised applying 

forward and backward spatial discretisation proce-

dures on Eq. (1): 

 

𝑥̇𝑖,1
𝑘 (𝑡) =

𝑛̇𝑖,𝑖𝑛
𝑘 (𝑡)

Δ𝑧
− 𝜁1

𝑘ψk(𝑗) −
𝑛̇𝑖,𝑗

𝑘 (𝑡)

𝛿𝑘 ,                    

𝑥̇𝑖,𝑗
𝑘 (𝑡) = 𝜁1

𝑘 (ψk(𝑗 − 1) − ψk(𝑗)) −
𝑛̇𝑖,𝑗

𝑘 (𝑡)

𝛿𝑘 ,        

𝑥̇𝑖,𝑛𝑉𝑜𝑙

𝑘 (𝑡) = 𝜁1
𝑘ψk(𝑗 − 1) + Γk(𝑗 + 1) −

𝑛̇𝑖,𝑗
𝑘 (𝑡)

𝛿𝑘 ,

 (8) 

 
being 𝑗 < 𝑛𝑉𝑜𝑙. And with 

 

ψ𝑘(𝑗) = 𝑥𝑖,𝑗
𝑘 (𝑡)(∑ 𝑥𝑖,𝑗

𝑘 (𝑡) − ∑ 𝑥𝑖,𝑗+1
𝑘 (𝑡)𝑖𝑖 ),

ψ𝑘(𝑗 − 1) = 𝑥𝑖,𝑗−1
𝑘 (𝑡)(∑ 𝑥𝑖,𝑗−1

𝑘 (𝑡) − ∑ 𝑥𝑖,𝑗
𝑘 (𝑡)𝑖𝑖 ),

 (9) 

 
being 𝜁1

𝑘 = 𝐾𝑅𝑇/Δ𝑧2 and 𝜁2
𝑘 = 𝐾𝑝𝑎𝑚𝑏/Δ𝑧2. The 

state variables 𝑥𝑖,𝑗
𝑘  refer to the 𝑖-th gas concentra-

tions at the 𝑗 discretisation volume. Superscript 𝑘 

expresses the side of the PEMFC, being 𝑘 = 𝐴 for 

the anode and 𝑘 = 𝐶 for the cathode. 
The detailed representation of the discretised 

PEMFC is shown in Fig. 2. 
 

 
 

Fig. 2. Discretised PEMFC 

 
2.3 Measurements 

The output measurements vector is build with 
the concentrations at the end of the anode and 
cathode gas channels [5] 
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𝑦(𝑡) =

[
 
 
 
 
 
𝑐𝐻2,𝑜𝑢𝑡

𝐴 (𝑡)

𝑐𝐻2𝑂,𝑜𝑢𝑡
𝐴 (𝑡)

𝑐𝑁2,𝑜𝑢𝑡
𝐶 (𝑡)

𝑐𝑂2,𝑜𝑢𝑡
𝐶 (𝑡)

𝑐𝐻2𝑂,𝑜𝑢𝑡
𝐶 (𝑡)]

 
 
 
 
 

∈ ℝ5.                         (10) 

 

In this paper it is assumed that these measure-

ments are feasible. For a future implementation of 

the observer, the output concentrations will be de-

rived from other measurements more common in 

PEMFC-based systems, such as pressures, tem-

peratures, molar flows and current. 

3 HOSM observer 

3.1 Observation problem 

In this paper, the observation state vector  𝑥 is 
defined as the full gas species concentrations pro-
file vector 

 

𝑥(𝑡) ≜ 𝑐̂𝑖(𝑡) ∈ ℝ5×𝑛𝑉𝑜𝑙.              (11) 
 

And the observed output variable 𝑦̂(𝑡) ∈ ℝ5 is the 
estimation of Eq. (10) at the gas channels output. 

The observation error 𝑒𝑦 is defined as the dif-

ference between the estimated output 𝑦̂ and the 
measured vector 𝑦 

 
𝑒𝑦 = 𝑦̂(𝑡) − 𝑦(𝑡).               (12) 

 
As demonstrated in [3], if 𝑒𝑦 = 0, the state estima-

tion error goes to zero (𝑒𝑥 = 𝑥 − 𝑥 = 0). 
 

3.2 Structure of the observer 

The HOSM observer of this paper is based on 
quasi-continuous techniques [6]. The proposed 
observer is faster and more accurate than previous 
approaches [5]. The hierarchical structure to re-
cover the full gas concentrations state profile of the 
PEMFC is described Fig 3. From the value of the 
output states (10), a backstepping procedure is 
done to recover the full state profile of the concen-
trations. In [5] the state and disturbance estimation 
procedures were independent. Contrarily, the pro-
posed HOSM observer integrates both procedures 
in the same topology. 

 

 
 

Fig. 3. NDPO with HOSM topology 
 

3.3 HOSM backstepping algorithm 

To track the output concentration value 𝑦 and 
drive Eq. (12) to zero in a finite time a backstepping 
algorithm is proposed as derived from [6]. The 
HOSM degree is equal to 𝑛𝑉𝑜𝑙. 

The procedure follows an 𝑟-step algorithm: 
 

 Step 𝑟 = 1 

  𝑥𝑛𝑉𝑜𝑙
= 𝜙𝑛𝑉𝑜𝑙

(𝑥𝑛𝑉𝑜𝑙
) 

  𝜎𝑛𝑉𝑜𝑙
= 𝑒(𝑡) = 𝑦̂(𝑡) − 𝑦(𝑡) 

 Steps 1 < 𝑟 < 𝑛𝑉𝑜𝑙 
  𝑥𝑟 = 𝜙𝑟(𝑥𝑟−1) 
  𝜎𝑟 = 𝑥𝑟 − 𝜙𝑟−1(𝑥𝑟−1) 

 Step 𝑟 = 𝑛𝑉𝑜𝑙 (final step) 
  𝜙1 = 𝑥1 − 𝜙𝑟−1(𝑥𝑟−1) 
 
The quasi-continuous term that has to drive the 

observation error (12) to zero is included in the 
𝜙𝑟(𝑥𝑟) terms [6], which are defined as 

 
𝜙𝑟(𝑥𝑟) = 𝐵𝑟(·)

−1{−𝑓𝑟(·) + 𝑢𝑟}             (13) 
 

where 𝐵𝑟(·) is the input vector field 𝑢(𝑡) ≜ 𝑛̇𝑖,𝑖𝑛
𝑘 (𝑡) ∈

ℝ5 and 𝑓𝑟(·) the nonlinear dynamics of Eq. (8). An 
𝑟-sliding homogeneus corrective action 𝑢𝑟 [1] has 
to be designed for 𝑟 < 𝑛𝑉𝑜𝑙 

 

𝑢𝑟 = −𝛼𝑟Ψ(𝜎, 𝜎̇,… , 𝜎(𝑟−1)),              (14) 

 

being 𝛼𝑟 the tuning parameter of the sliding mode 

algorithm. At the final step (𝑟 = 𝑛𝑉𝑜𝑙), the corrective 

action is 
 
𝑢1 = −𝛼1 𝑠𝑖𝑔𝑛(𝜎1),               (15) 

 
with 𝜎1 = 𝑥1 − 𝜙(𝑥1). 

 

4 Simulations 

4.1 Initial conditions 

To test the observer, an initial state vector 

𝑥(0) ∈ ℝ5×𝑛𝑉𝑜𝑙 has been considered. It is defined 
by the steady state corresponding to the anode and 

cathode stoichiometries 𝜆𝐴 = 2.2 and 𝜆𝐶 = 3, the 

PEMFC temperature 𝑇 = 353 𝐾 and voltage 

𝑈 = 0.5 𝑉. In this paper 𝑛𝑉𝑜𝑙 = 5. 

The initial observed state vector  𝑥(0) = 0 ∈
ℝ5×𝑛𝑉𝑜𝑙 has been considered. To test the proposed 
technique, ramp variations are imposed to the 
PEMFC inputs (Table 1) to test the dynamical be-
haviour of the observer. 

 

Table 1. Step values for the dynamical analysis 

Input molar flow Time [s] Ramp [mol m
-2

 s
-1

] 

𝑛̇𝑂2,𝑖𝑛
𝐶  25 − 27 60 → 30 

𝑛̇𝐻2,𝑖𝑛
𝐴  50 − 52 16 → 14 

𝑛̇𝐻2𝑂
𝐴  75 − 77 4 → 3 
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4.2 Results and discussion 

The HOSM observer algorithm proposed in Sec-

tion 3.3 reconstructs the full internal state profile for 

each of the discretised volumes of the PEMFC (8). 

Due to representation purposes only the state re-

construction in the middle point of the anode gas 

channel is shown in Fig. 4 and the cathode gas 

channel in Fig. 5. This point is of special signifi-

cance due to the practical difficulties of sensorising 

it in a real implementation environment. Neverthe-

less, the full gas concentration profile of the anode 

and cathode gas channels is estimated by the pro-

posed HOSM observer. 
Fig. 4 shows the observation of the gas species 

(dashed lines) in the anode gas channel. The state 

estimation error is almost negligible during all the 

simulation with the exception of the initial conver-

gence time, which is common where the observer 

is initialised with null initial conditions as it is in the 

studied case. 

The estimation of the cathode gas channel con-

centrations in the middle point of the PEMFC are 

shown in Fig. 5. The faster convergence time is 

due to the difference between the reaction dynam-

ics at the anode and cathode sides of the PEMFC. 

 

 
 

Fig. 4. Estimation in the middle point of the anode 

 

 
 

Fig. 5. Estimation in the middle point of the cathode 

 

5 Conclusions 

In this paper, a HOSM nonlinear observer is 
proposed to recover the full state profiles in a 
PEMFC. In addition, the observer is able to esti-
mate the reaction and water transport terms con-
sidering them as disturbances. The performance of 
the observer has been tested and studied in a sim-
ulation scenario, in which satisfactory results were 
obtained. 

The discretisation of the PEMFC model has 
been carried out for a total of five volumes. The 
complexity of the observer increases with the re-
finement of the discretisation, hence, a trade-off 
situation arises between the level of detail of the 
simulations and the observer mathematical compli-
cation. 

The technique developed is suitable to be im-
plemented in control topologies in order to use con-
trollers that need full state feedback of the system. 
Moreover, diagnosis tools to display the PEMFC 
health state can be designed using the HOSM ob-
server. 
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