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Abstract: A distributed set-membership approach is proposed for the state estimation of large-
scale systems. The uncertain system states are bounded in a sequence of the distributed set-
membership estimators considering unknown-but-bounded system disturbances and measure-
ment noise. In the framework of the set-membership approach, the measurement consistency
test is implemented by finding parameterized intersection zonotopes. The size of the intersection
zonotope is minimized by solving an optimization problem including a sequence of linear /bilinear
matrix inequalities based on the weighted 2-norm criterion of the generator matrix. Meanwhile,
for the distributed set-membership estimators, the partial projection method is considered to
correct the estimation of the neighbor state. On the other hand, an on-line method is also
provided. Finally, the proposed distributed set-membership approach is verified in a case study

based on a urban drainage network.
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1. INTRODUCTION

The set-membership state estimation for uncertain dy-
namic systems as an iterative algorithm has been well-
discussed in the last decades (Jaulin et al., 2001; Puig
et al., 2001; Alamo et al., 2005; Puig, 2010), which can
be also applied into fault diagnosis and fault-tolerant con-
trol (see, e.g. Fagarasan et al. (2004), Puig (2010), Olaru
et al. (2010), Blesa et al. (2011), Blesa et al. (2016)).
The set-membership approach can deal with unknown-
but-bounded system state disturbances and measurement
noise. The uncertain system states are bounded in a set
with a specific geometrical characteristic, for instance a
zonotope (considering its simple computational complex-
ity). And then, with the measurement outputs, the system
consistency test can be implemented by computing the
intersection between the predicted uncertain state set (by
using the direct image with the state model) and the
measurement state set (by using the inverse image with
the output function). The intersection set is usually over-
approximated by also using a zonotope (Alamo et al., 2005;
Le et al., 2013b).
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48243), CICYT HARCRICS (ref. DPI2014-58104-R) and CICYT
DEOCS (ref. DPI2016-76493).

The intersection zonotope can be formulated with respect
to a correction matrix (Alamo et al., 2005). This correction
matrix can be found by a number of different methods.
Among them, the optimal correction matrix can be com-
puted by solving an optimization problem to minimize the
P-radius of the zonotope (Le et al., 2013a). In fact, the P-
radius of a zonotope represents a corresponding ellipsoid.
In terms of large-scale systems, the challenge is to solve
an optimization problem in a centralized way with a large
amount of decision variables.

The main limitation of the zonotopic set-membership state
estimation is the dimension of the system model. For a
high dimensional model, it is difficult to provide an outer
approximation of the intersection zonotope. Naturally,
the distributed set-membership approach is quite suitable
especially for large-scale systems. From the literature,
only a few papers have discussed the distributed set-
membership approach (see, e.g. Garcia et al. (2016)).
In principle, a distributed set-membership estimator is
designed by using a sequence of sets for bounding the
uncertain system states in different subsystems.

This paper proposes a distributed set-membership ap-
proach for state estimation in large-scale systems. The
system consistency test with the available measurements
is implemented by finding a sequence of the intersection



zonotopes between the prediction zonotopes and the mea-
surement zonotopes to be used by a set of distributed
estimators. The sizes of these intersection zonotopes are
minimized by using an optimization-based method with a
series of linear matrix inequalities (LMIs). The weighted
2-norm of the generator matrix of the zonotope is used
as the size criterion. Besides, the bounds of the neighbor
states from two sub-systems can be corrected applying
the projection method. On the other hand, an on-line
method is also discussed for updating the correction ma-
trices method. Finally, an urban drainage network is used
for testing the effectivenesses of the proposed approaches.

The remainder of this paper is organized as follows:
Problem statement is formulated in Section 2. The dis-
tributed set-membership approach based on the optimiza-
tion method with partial projections is proposed in Sec-
tion 3. Results of applying the proposed distributed set-
membership approach into the case study of an urban
drainage network are shown in Section 4. Finally, conclu-
sion is drawn in Section 5.

2. PROBLEM STATEMENT

Consider a discrete-time linear system as shown in Fig. 1
partitioned into subsystems:

Z @ = Ayl 4 Biu, + wp, (1a)
Z : yli = C’ix}”'c + vi, (1b)
where ¢ = 1,2,...,s denotes the index of the subsystem.

z' € R™: denotes the vector of system states. u? € R™u:
denotes the vector of inputs. y; € R™: represents the
vector of measurement outputs. A;, B; and C; are linear
system matrices of appropriate dimensions. w!, € R™w and
vi € R™i denote the unknown system disturbance vector
and measurement noise vector, respectively.

In general, some system states might be shared into
different subsystems based on the chosen partitioning
approach in the considered distributed model. Hence, there
may have overlapped parts of some subsystems.

Fig. 1. Distributed linear system model

A zonotope Z € R™ (m > n) is defined by an unitary
hypercube B™ = [—1,+1]" affine projection with the
center p € R™ and a generator matrix H € R" ™ as
Z = p@® HB™. For simplicity, the zonotope Z is simply
denoted as(p, H) with the following form:

Z=(pH)={p+HzzeB" |z|, <1}. )
The operators @ and ® denote the Minkowski sum and

the linear image, respectively. Meanwhile, the following
properties hold:

(p1, H1) © (p2, H2) = (p1 +p2, [H1 Ha]),  (3a)
Lo <p, H> = <Lp, LH). (3b)

The interval hull rs(H) € R™*™ of the zonotope (p, H)
can be regarded as an aligned minimum box. Therefore,
the following condition holds:

(p, H) C (p,rs(H)), (4)
where rs(H) is a diagonal matrix such that rs(H);; =
Z;nzl ‘Hi,j‘ for i = 1, 27 ey n.

Assumption 1. wi and v} for i = 1,2,...,s are unknown
but bounded in centered zonotopic sets:

wh eW; = (0,F), vl eV;=(0,5), (5)
where ¥; = diag(o;) and o; is a vector of independent
bounds for each measurement noise.

Assumption 2. The initial state vector z{ is also bounded
into a known zonotopic set:

zfy € X5 = (po, Ho). (6)

As the set-membership approach firstly proposed in
(Alamo et al., 2005), before introducing the distributed
approach steps, some set definitions are recalled as follows:
Definition 1. Consider the model of the i-th subsys-
tem (1) and the corresponding state 952-—1 S Xé_l =
(pi_, Hi )i = 1,2,...,s at time instant k — 1, the
uncertain state set X7 for i = 1,2,...,s at time instant
k can be propagated as X = AX; | & W,.

Definition 2. Consider the model of the i-th subsystem
(1) and the measurement outputs yj, the corresponding
consistent state set X fori=1,2,... s at time instant
k is defined as X7 = {z} € R"™ |y} € Cyz}, & V;}.
Definition 3. Consider the model of the i-th subsystem
(1), the corresponding uncertain state set A} and consis-
tent state set X, for i = 1,2,...,s in Definition 1 and

2, the distributed exact uncertain state set "% € )E',g for
1 =1,2,...,s at time instant k can be computed by means

of the intersection between X} and X;k as )9,3 =Xin X;k.

Considering that the set-membership approach is an it-
erative method, the outer approximations of the exact
uncertain state set X,i for i = 1,2,...,s at time instant
k are built by means of the zonotopes as well.

Proposition 1. Given the estimated state i};ﬂ bounded in

the zonotope (p§_,, IY};_1> and the consistent state set X;k
expressed in a polytopic representation as

<ai}, (7)

Then, there exists a correction matrix A; € R™=:i*"m; at

time instant k such that the corresponding exact uncertain
states &) can be enclosed in the following guaranteed
intersection zonotope:

21 € XL (M) = (B (Aa), Hj (M), (8)

Xy, = {a} e R |

Cizy, —yp,

with
PL(A) = (I — MC)Aipl_, + (I — MiCi) Bl + Ay, (9a)

Hi(A;) = {(1 —MCO)A Lgw Hi (- MCOF, Aizi], (9b)

where |, w H,i_l is the reduced-order generator matrix at
the time instant & — 1 with a suitable weight W.



Proof. According to the distributed model in (1) and
50};_1 IS (ﬁ};_l,H};_ﬁ, thelje exists a vector s; € B" such
that the uncertain state xj, can be propagated by

= Ap},_y + By + [AHL_| Fi] s1. (10)
There exists a correction matrix A; € R™=: *™m: such that

by adding and subtracting a term A;C; [AIA{};_l FZ] s1 to
(10), we have

+ [(I — AlOZ)AH]i_l (I — AZCZ)Fl] S1. (11)
From (7), there exists a vector sy € B™™: such that
Cll‘;c — ylk = Ei82. (12)

Replacing =% in (12) by (10), we obtain
Ci [AH]_, F;|s1 =y}, + Sis2 — Ci (Ap},_, + Buy) . (13)

With (11) and (13), the exact uncertain state & can be
found by

T}, = Apj_, + Blu}c + A'Ly}c + AiEiso
—-AC (Aﬁ;c—l + Bi“}c)
+[(I = MiCHAHE | (I — ACi)Fi] 51
= (I - NCHApPE_ |+ (I — NCi) Byl + Ayt

+[(IfAiCi)AiH,§71 (I — ACy)F Aizi] Ej . (14)

In order to reduce the complexity of the generator matrix
of the zonotope, the reduction operator |4 w (Combastel,
2005) is used. Hence, the proof is completed. O

According to (Le et al., 2013a,b), the size of the inter-
section zonotope can be measured by using the weighted
2-norm, which is defined as the P-radius of the intersection
zonotope as
; i A 2
0, £ max ||z}, —pi(A3)][,

k2 k2
TpC

. (15)

where z € B" denotes the unitary vector of the appropriate
dimension depending on H #(A;). P; denotes the weighting
matrix of appropriate dimension for the i-th subsystem.
Note that this weighting matrix P; can be also used as W
in (9Db).

ﬁi(Ai)Z‘

= Imax
zeB”

In fact, the P-radius can be regarded as a corresponding
ellipsoid in terms of the zonotope. The design of the
correction matrix A; is required to guarantee that the P-
radius is not increasing, that is to find a minimum ellipsoid
enclosing the intersection zonotope. Hence, we obtain the
correction matrix A; in such a way that there is a scalar
B; such that the following condition can be satisfied:

G < Bl + max |Fsi3+ max [[Siso3,  (16)
s1€B™ Wi so€B™Vi

where s; and so denote the unitary vectors of appropriate
dimensions depending on the system disturbances and the
measurement noise.

To determine the unknown variables including A;, 8; and
P; for the i-th intersection zonotope, the objectives of the

minimization of the zonotope together with satisfying the
condition (16) are required.

The main steps of the distributed set-membership state
estimation are written as follows:

e Find a sequence of the intersection zonotopes X ,g with
i =1,2,...,s for all the subsystem with the suitable
correction matrices A;.

e For the neighbor states (shared states in two subsys-
tems) xz’ﬂ the projection zonotopes used for state es-
timation can be found by using a projection method.
Therefore, the neighbor state estimation can be im-
plemented by computing another intersection be-
tween two projection zonotopes:

xz’j € X’,i’j (]\i,]’) N .XA'kJ;’Z (A]}i) s ig=1,..., Ny, (17)

where X, (A; ;) denotes the zonotope for the i-th
intersection zonotope projected to the neighbor states
shared with the j-th subsystem at time instant k.
N; denotes the number of neighborhoods for the i-th
subsystem.

Remark 1. The projection zonotopes can be found by
adding the new objective with the projection constraints
and satisfying the condition (16). The P-radius is mini-
mized mainly regarding to the projected state.

3. DISTRIBUTED SET-MEMBERSHIP STATE
ESTIMATION

The distributed set-membership approach is used for find-
ing a sequence of the intersection zonotopes. The system
states xj, in the i-th subsystem can be estimated by using

the interval hull of the intersection zonotope /’?g at time
instant k. Besides, the neighbor states m}cj shared with
the j-th subsystem can be updated by computing the
intersection between the projection zonotopes XAlzJ and

/'\A,’k” at time instant k.

The correction matrix A; and the weighting matrix P; with
1 =1,2,...,s can be firstly computed off-line by solving
a BMI/LMI optimization problem. By selecting different
objective, the projection zonotopes can be also found off-
line. On the other hand, a new on-line method for updating
the correction matrix A; is proposed in this paper.

8.1 Computing the Intersection Zonotopes

According to (Le et al., 2013a), the convergence condition
(16) of the P-radius of the zonotope can be reformulated
as a LMI. Therefore, there exists a vector Y; € R"i, a
matrix P; and a scalar 8; such that the following LMI can
be satisfied:

B:iP; 0 0 ATp,—ATCTYT
« F'ry, o0 FI'pi—FIclyT
2 ] 1 K2 K2
* 2Ty, YT =0 (18)
* * * P;

Let ¢, = max HF131||§ + max ||EZ-52||§ and the time
s1€B"Wi s2€B™Vi
instant £ — oo such that
Oy = Bill, + €. (19)

From (19), we have



. €;
0= ——.
R s

Therefore, the uncertain trajectories are ultimately bounded

€
1-8; }

The ellipsoid of the smallest diameter can be found by solv-

ing an eigenvalue problem (Boyd et al., 1994). Therefore,

there exists a maximum positive scalar 7; such that
A-p)bi

(20)

in the corresponding ellipsoid &; £ {x’ | xiTPimi <

i1, (21a)

€
7 > 0. (21b)
Hence, A; is computed by solving the following BMI/LMI
problem:
(22)

max T;
7i,8i,P,Y;

and subject to (18) and (21).

After solving the above BMI optimization problem, A; can
be obtained off-line as follows:

A; = Py, (23)
It is noticed that the BMI optimization problem (22) can
be solved as a LMI one by using the linear search algorithm
for finding 3; € (0,1]. Therefore, the LMI optimization
problem can be implemented by searching the maximum
7; > 0 from the smallest 8; with a desirable accuracy.

3.2 Computing the Projection Zonotopes

The objective of the optimization problem (22) is deter-
mined by finding the ellipsoid of the smallest diameter. For
the projection zonotope, this objective can be moved into
finding the smallest ellipsoid only for the neighbor states.

The ellipsoid is defined by
T
Ta — Ca Paa PTb Taq — Cq
a < 1.
[:Bb - Cbi| [Pab Pbb} [fﬂb - Cbi| -

where [ ¢f]" is the center of the ellipsoid.

(24)

The projection on the z, space of the ellipsoid (24) is given
by

(@a — ca)” (Paa = PL Py Pab) (Ta — ca) < 1. (25)
From (25), it is clear that this projection set is still an
ellipsoid. In order to minimize the size of this new ellipsoid,
we can minimize the maximum eigenvalue of new matrix
of the ellipsoid. Therefore, by using the Schur complement
lemma, the constraints (21) in the optimization problem
(22) is rewritten as

(l—ﬂj)Pi,j I (1ﬁj)Pi,jT:|
o _gaa T~ T8 T Hab | (26a)
(1-8;5) pi,j (1=8;5) 1i,j ’
€ . Pt;bj € . Pl:bj
7; >0, (26b)

with ]5,'71' can be divided into ]5” =

Then, the correction matrix A, ; for the i-th subsystem
with the j-th projection zonotope can be found by solving
the following optimization problem:

(27)

max = Tj
i,J i pi
75,85 Pai Pl Pl Y

and subject to (18) and (26).

As a result, A; j can be computed off-line by

Ay = Pl (28)
Remark 2. In some specific cases, the projection method
could not improve so much performance since the state

bounding results are satisfactory.

8.8 On-line Updating Correction Matrices

By implementing the optimization problems (22) and (27),
the weighting matrices P; and P; ; of the intersection and
projection zonotope for ¢ = 1,2,...,s and j = 1,...,N;
can be obtained.

Consider the weighting matrix P; for the i-th intersection

zonotope obtained by implementing the optimization (22),

the P-radius in (15) at time instant k can be reformulated
with known P; as
Z =

= 2T (M) TP HL(AL) - 2, (29)

where Z denotes the unitary vector in order to find the

maximum radius of the zonotope. A% denotes the updated

correction matrix for the i-th intersection zonotope at time
instant k.

. 2
H;(AL) -
k(AL) ZP

In order to deal with the infinite vertexes of the ellipsoid

and find ]\};, there always exists a diagonal matrix Dy at
time instant k such that the following inequality holds:

Dy > Hi (AT P (R}). (30)

Applying Schur complement lemma to (30), we have the
following LMI:

= 0. (31)

* P;

[Dk Hi(RDT P,

Since the trace of the diagonal matrix Dy is a measure of
the size of the uncertain set, the on-line updated correction
matrix Al and the diagonal matrix Dy can be found by
solving the following optimization problem:

tr(Dy) (32)

_min
AL ,Dy,

subject to (31), where tr(-) denotes the trace of a given
matrix.

Similar to the on-line method for intersection zonotope in
(32), after finding the weighting matrix P; ;, the updated

correction matrix [\;’] at time instant k can be obtained
by solving the following optimization problem:

“min  tr(Dy) (33a)
A7, Dy,
subject to
oy = 0. b
{ . Ja) =0 (33b)

Remark 3. As mentioned in the projection method, the
on-line method might produce the similar results as the
off-line method without important improvements for some
system states because there exists the trade-off to mini-
mize the zonotope size for all the system states.



3.4 Distributed Set-Membership Algorithm

As presented before, the intersection zonotopes are found
for observing the normal distributed states at each subsys-
tem while the neighbor states can be observed by using the
intersection between the projection zonotopes. In general,
the distributed set-membership approach can be summa-
rized as the following algorithm.

Algorithm 1 Distributed set-membership algorithm

Data: X, /’\?5’] and .i’g’z known for ¢+ = 1,...,s and
J= 17 s 7Nza _

Off-line compute P; and P;; for « = 1,...,s and j =

1,...,N; by means of solving the optimization problems

(22) and (27);

for k=1:t.,q do

Compute the correction matrix A} for the intersection
zonotopes by solving the optimization problem (32) for
1=1,...,8;

Compute the correction matrix A} for the projection
zonotopes by solving the optimization problem (33) for
i=1,....,sand j=1,...,N;;

Compute the intersection between the projection zono-
topes: IEZJ € X;J (Ai,j) N Xg’l (Aj,i) ,7=1.. .,Ni,;
The state estimation results can be found by using the
interval hull (4);

end

4. CASE STUDY: AN URBAN DRAINAGE
NETWORK

4.1 Description

In order to verify the proposed distributed set-membership
approach, a urban drainage network from a portion of
the Bogota (Colombia) urban drainage network (Barreiro-
Gomez et al., 2015) is chosen and its topology is shown
in Figure 2. The virtual tanks/reservoirs model is used as
the mathematical model of this network. In general, there
are 9 virtual tanks and 7 sensors placed in the network
for measuring the flows through the sewer pipes. In this
example, it is considered that for virtual tank, the nominal
rain run-off can be regarded as an known input signal. The
stochastic rain run-off are assumed to be unknown but
bounded in known zonotopes as system disturbances.

20 40 60 8 100 120 140

(b)

Fig. 2. Topology of the urban drainage network and the
rain runoff

The mathematical model for the i-th virtual tank is given
by &' = q;, — qou>» Where g;,, denotes the inflows to the
tank, ' denotes the volume of the i-th virtual tank and

the relationship of the outflow and the volume is given by
a linear function as ¢,,, = K;z'. The parameters K; for
each virtual tank are given in Table 1.

Table 1. Parameters of the UDN model

Tank  Coefficient K; | Tank  Coefficient K;
1 0.002332 6 0.004764
2 0.003870 7 0.008975
3 0.002217 8 0.005185
4 0.003170 9 0.006147
5 0.008239

The distributed model of this network is used in discrete-
time and the system states are divided into the 3 subsys-
tems as shown in Table 2.

Table 2. Distributed Model of the UDN

Subsystem Virtual tanks Neighbor state
S1 T1,%2,%3 3
Sa T4, T5,T6 z6
S3 T3, 6, T7, T8, T9 -

The proposed optimization problems can be solved by
using the Yalmip toolbox (Lofberg, 2004) and the com-
mercial LMI solvers, for instance MOSEK (MOSEK ApS,
2015). All the simulations have been done in a PC of Intel
i7-5500U CPU 2.40 GHz with 12GB RAM.

4.2 Simulation Results

The state estimation result of z7 by using the off-line and
on-line distributed methods is plotted in Fig. 3. All the
uncertain real states are bounded in two bounds. From the
result, it is clear that the bounds from the on-line method
are similar to the ones from the off-line method. As shown
in Fig. 4, the bounds of two neighbor states x3 and x4 are
obtained by using the off-line and on-line methods. The
on-line method is able to find more tightened bounds in
an iteratively way.

Fig. 3. State estimation result of x7 by using the dis-
tributed set-membership approach

e

3 40 45 50

20 40 60 80 100 120 140 20 40 60 80

(a) z3 (b) z6
Fig. 4. State estimation results of the neighbor states by
using the distributed set-membership approach

Moreover, the centralized set-membership approach is also
applied to the general model of this network. In the cen-
tralized approach, only one intersection zonotope is ob-
tained by using the off-line method without considering the



projection constraints or using the on-line method. In or-
der to compare the centralized and distributed approaches,
the mean square error (MSE) of the state estimation and
the mean square of the P-radius are computed. In Table 3,
the comparison results for four approaches are presented.
From the MSE, the centralized methods have bigger es-
timation error than the distributed one. Meanwhile, the
on-line distributed approach is a little better than the
others for this example. The results of the mean square of
the P-radius for all the approaches are very close and the
distributed one is a little larger than the centralized one.
The simulation time for all the approaches are recorded
in Table 4. From this table, it is noted that the recorded
simulation time for the distributed approach corresponds
to the worst-case time of a single subsystem since the
distributed approach can be implemented using the par-
allel computing. Generally, the on-line approaches require
longer time since the optimization problem is solved in an
iterative way. The distributed approaches can reduce the
required simulation time, which will be benefit for large-
scale systems with a lot of variables.

Table 3. Comparisons between the centralized
and distributed approaches

Approaches MSE |H|%
Off-line Centralized | 2.0357e-04  1.8149e-2
On-line Centralized | 2.0357e-04  1.8149e-2
Off-line Distributed | 1.3372e-04  1.8159e-2
On-line Distributed | 1.0341e-04  1.8158e-2

Table 4. Simulation time of applying the cen-
tralized and distributed approaches

Approaches Optimization time [s]  Total time [s]
Off-line Centralized 41.322 43.8
On-line Centralized 98.645 101.172
Off-line Distributed 35.8 36.5
On-line Distributed 87.4 88.3

5. CONCLUSION

In this paper, a distributed set-membership approach is
proposed based on optimization methods. The P-radius
criterion is used for evaluating the size of the zonotope.
The distributed system states can be estimated by a se-
quence of the intersection zonotopes and projection zono-
topes with respect to correction matrices. The correction
matrices can be computed off-line and on-line. From the
effective simulation results, the proposed distributed ap-
proach is effective. Meanwhile, we can see that the on-line
distributed approach takes longer time for solving the opti-
mization problem. Comparing to the centralized approach,
the distributed set-membership approach is faster and also
easier to apply to the large-scale systems.
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