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Abstract— This paper proposes a distributed set-membership
approach based on zonotopes for interconnected systems with
coupled states and unknown-but-bounded uncertainties (both
state disturbances and measurement noise). The objective of
the distributed set-membership approach is to find a sequence
of distributed zonotopes to bound uncertain states of each
subsystem (called agent) instead of making use of a single
zonotope to bound all the uncertain states. In the proposed
approach, these distributed state bounding zonotopes are only
corrected by their own measurement outputs. To predict the
state at the next sampling time, each agent sends its own state-
bounding zonotope to its neighbors. For achieving robust state
estimation, we propose a novel optimization problem based on
the P-radius minimization criterion. Finally, the effectiveness of
the proposed approach is provided with a numerical example.

I. INTRODUCTION

As society develops, an increasing number of large-scale
systems, such as cyber-physical systems [1] and critical
infrastructures (i.e. water distribution networks [2] and smart
grids [3]), are becoming more automatized. Such kind of
systems have a large amount of states, inputs and outputs.
Considering their complexity and dimension, these large-
scale systems can be formulated as interconnected systems
with coupled states. In the frameworks of diagnosis and
optimal control of large-scale systems, a suitable distributed
state estimation approach plays a significant role in the
development of model-based fault diagnosis strategies [4]
and the design of controllers [5], [6]. Revising the literature,
different approaches have been investigated for distributed
state estimation problems, as e.g. the distributed moving
horizon approaches in [7], [8].

Set-membership approaches for robust state estimation
have been discussed over the last decade (see, e.g. [9], [10],
[11], [12], [13], [14]). The idea behind the set-membership
approach is to use customized geometrical sets to bound
uncertain states during iterations. The alternative geomet-
rical sets include intervals, ellipsoids, polytopes, zonotopes
among others. Due to their low computational complexity,
zonotopes, a type of symmetrical sets, are usually chosen;
see for instance [10]. However, most of existing approaches
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only consider the construction of single set for bounding
all the uncertain states in a centralized way. For large-
scale systems, since the system dimension is very high, it
would be very difficult to propagate a high-dimensional set
at each time step. Naturally, the set-membership approach
could be extended to work in a distributed way. We studied
a distributed set-membership approach with partial projection
in [15], where coupled states are assumed to be measured.

In the literature, a distributed set-membership observer
for interconnected multi-rate systems is proposed in [16],
where a state observer is constructed using zonotopes and
the observer gain is computed by means of the zonotopic
Kalman observer approach as discussed in [13]. In this paper,
we propose a different approach based on zonotopes [10].
We define a new structure of parameterized distributed state
bounding zonotopes, where the consistency between the
system model and the independent measurement outputs
is established. Furthermore, the parameter matrices for the
construction of these distributed zonotopes are determined
solving an optimization problem. Here, as an improvement of
our previous work [15], coupled states are taken into account.

The main contribution of this paper is to propose a
distributed set-membership approach for interconnected sys-
tems with coupled states. Unknown-but-bounded state distur-
bances and measurement noise are considered in the system.
Throughout the paper, we bound the uncertainty associated
with the state estimation by zonotopes. Firstly, we define
the parameterized distributed state bounding zonotope for
each interconnected system. For obtaining the robust state
estimation results, we then propose an optimization problem
to minimize the effect of uncertainties based on the P-radius
minimization criterion in order to find the parameter of the
distributed state bounding zonotope. Finally, some simulation
results with a numerical example are shown.

The remainder of this paper is organized as follows. In
Section III, the problem statement is addressed. In Sec-
tion IV, the main results including the structure of distributed
state bounding zonotopes and the distributed set-membership
state estimation is presented. In Section V, a numerical
example is provided to illustrate the proposed distributed set-
membership approach. Finally, conclusions are outlined in
Section VI.

Notation: Throughout this paper, we use I,- to denote an
identity matrix with dimension r. We denote the Minkowski
sum as @. For a matrix A, we denote tr(A) and rank(A)
as the trace and the rank of A respectively, A~! and AT as
the inverse and the transpose of A respectively, and A > 0
denotes positive definiteness. For two matrices A and B,



we denote diag(A, B) as the corresponding block diagonal
matrix. For a set of matrices A; with j € IV, we denote

A = [ A,

where j; < jJo < < jn are the (ordered)
elements of N. Besides, we define the following
sets  S™ = {X eR™™ | X = XT}, ST =

(X eR™" | X =XT, X =0} and SI, =
{X ERV" | X =XT X » 0}. For a vector z € R™, we
use ||z||; and ||z]|, to denote the 1-norm and the infinity
norm of z, respectively. Moreover, for a vector z, we use
diag(z) to denote a diagonal matrix in which the elements
in the diagonal are the components of z.

II. PRELIMINARIES

In this section, we introduce some necessary definitions
and properties related to zonotopes.

Definition 1 (Zonotope): Given a vector ¢ € R™ and a
matrix H € R™*", a zonotope Z C R" in n-dimensional
space is defined as

Zi= (e, ) ={ct+ Hz |z, <1}, (1)

where ¢ and H are called the center and the segment matrix
of the zonotope Z.

With the Minkowski sum @, the zonotope in (1) can also
be defined by Z = ¢ ® HB", where B" = [-1,+1]" C R"
is an r-dimensional hypercube. Besides, the following linear
properties hold:

(c1, Hy) ® (c2, Ha) = (c1 + 2, [H1 H2l),
L{c,H) = (Lc,LH),

(2a)
(2b)

where L is an arbitrary matrix of appropriate dimension.

In the following definition, a measure of the size of a
zonotope Z is introduced [17].

Definition 2 (P-radius of a zonotope): Given a zonotope
Z = (p,H) C R™ and a matrix P € S, the P-radius of

Z is defined by
V(Z):= Hz||2 = max zTHTPHz. (3)
(2) Izl <1 122117 2]l <1

In the following result, in order to reduce the dimension
of a zonotope Z, an over-bounding parallelotope can be
obtained.

Lemma 1 ([11]): Given a zonotope Z = c¢ @& HB",
where H € R™ ", rank(H) = n with n < r. Consider
the singular value decomposition H = UX VT, where ¥ =
diag(c) and o = [o1,...,0,])". The zonotope Z can be
over-bounded by the parallelotope ZP = (¢,UD), that
is, Z C ZP = ¢cq@UDB", where D is a diagonal matrix with
the diagonal components D;; = |lo;V;|;, for i = 1,...,n
and V; is the i-th column of the matrix V.

III. PROBLEM STATEMENT

Consider the class of discrete-time systems that can be
decomposed into [ interconnected subsystems (called agents)

with coupled dynamics. Each agent is modeled in discrete-
time as follows:

vi(k+1) = > Aija;(k) + Bui(k) + wi(k), ()
JEN;
yi(k) = Ciz; (k) + vi(k), (4b)

where x; € R™, u; € R™ and y; € RP¢ denote the state,
the input and the output vectors, w; € R™w: and v; € R™v:
denote the state disturbance and the measurement noise
vectors of the i-th agent with ¢ = 1,... [, respectively.
A;; € RYixni - B, ¢ R"*™i and C; € RPi*"i, Besides, NV;
is defined to be the set that includes all the agents related to
the agent 7 (7 also included).

In this paper, w;(k) and v;(k), Vk € N are unknown at
each time step. To design an iterative approach, the following
assumptions are made.

Assumption 1: The state disturbance and measurement
noise vectors w; (k) and v; (k) are unknown but bounded by
the centered zonotopes:

w;i(k) € (0, Dy,), vi(k) € (0,D,,), Yk € N, (5)

and for ¢ = 1,...,[, where D,,, € R™»*™w: and D,, €
R™v; XMy .

Assumption 2: The initial state x;(0) is assumed to be
bounded by the zonotope z;(0) € A;(0) := (¢;(0), H;(0))
fori=1,...,L

In this work, the goal is to obtain robust state estimations
of uncertain states in presence of unknown state disturbances
and measurement noise by finding a sequence of distributed
state zonotopes X;(k) to independently bound the uncertain
states x;(k) for i = 1,...,1, Vk € N. These distributed state
zonotopes provide robust state estimation results.

IV. MAIN RESULT

In this section, we present a distributed set-membership
approach for robust state estimation. A parameterized dis-
tributed state bounding zonotope is established for each
agent considering coupled states. To determine the parame-
ters (correction matrices) of the distributed state bounding
zonotopes for robust state estimation, we propose a novel op-
timization problem based on P-radius minimization. Finally,
the distributed set-membership state estimation algorithm is
presented.

A. Distributed State Bounding Zonotope

Instead of finding a single state bounding zonotope, we
introduce the structure of the parameterized distributed state
bounding zonotope X; (k) fori = 1,...,l and Vk € N. In this
case, the coupled states are considered. Each zonotope X; (k)
is built to be consistent with the individual measurement
output y;(k) of each agent. Considering that the initial
states z;(0) are assumed to be bounded by state zonotopes,
the parameterized distributed state bounding zonotopes are
recursively defined in the following proposition.

Proposition 1 (Distributed state bounding zonotope):
Given the dynamics of the distributed systems in (4),
suppose that Assumption 1 and 2 hold, and that



Cl(k) = - NCy) ( Z AijCj(k — 1) + Bluz(k‘ — 1)) + Azyz(k‘),

71)}3

JEN;

Hi(k) = [(I — i) cat {Ai; H;(k

(72)

(I—AlCi)le, AzDv, . (7b)

zi(k — 1) € Xk —1) (c;(k — 1), Hy(k — 1)),
i = 1,...,1. Then, the following inclusion holds for every
correction matrix A; € R™i*Pi;

zi(k) € Xi(k) =

where c;(k) and H;(k) are defined in (7).
Proof: Since z;(k—1) € (¢;(k—1),H;(k—1)) fori =

(ci(k), Hi(k)), i=1,...,1, (6)

1,...,1, by Definition I, there exists a vector 6;(k — 1)
with [|0;(k —1)||. < 1,4=1,...,1 such that
xl(k — 1) = Ci(k/’ - 1) + Hl(k‘ — 1)91(1{5 — 1), i=1,...,1.

From the dynamics in (4), in the prediction step, we have
that

xz(k‘) = Z AUZ‘J(/C - 1) + Blul(k — 1) + wL(k — 1)
JEN;
= ) Aij (e;(k = 1) + Hj(k — 1)8;(k — 1))
JEN;
+ Blul(kj — 1) + wz(k — 1). (8)
From Assumption 1, there exists a vector w;(k — 1) with
l|lowi(k—1)||,, <1fori=1,...,0 such that w;(k — 1) =
Dy, w;(k — 1). Thus, from (8), we derive
=Y Ay (cjlk— 1) + H;(k — 1)0;(k — 1))
JEN;
Set
éz(k) = Z AijCj(k — ].) + Bzul(k — 1),
JEN;
Rz(k) = [cat {A”Hj(k — 1)},Dw1:| s
JEN;
T
ni(k—1) L(é% {6;(k—1)"} @ik —1) ] ,
where ||7;(k — 1)||, < 1. Then, we have
i(k) = ¢&(k) + Ri(k)n;(k — 1). ©)

From Assumption 1, there exists a vector o;(k) with

loi(k)||oo < 1 fori=1,...,1such that v;(k) = D,,0;(k).
From the output equation (4), we have
yl(k) — szl(k) — Dvidi(k) =0. (10)

Thus, by replacing z;(k) in (10) with the expression in (9),
we obtain

yi(k) — Ci¢i(k) — CiRi(k)ni(k — 1) — Dy, 0i(k) = 0.
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Pre-multiplying by A; and the terms of the above equation
yields
Ayi(k) —

A;Cici(k) —
O'z(k) =0.

(11)

Finally, in the correction step, we add (11) to the right
side of (9) obtaining

zi(k) = ¢i(k) + Ri(k)

— AZCzéZ(k) — AzCZRl(k)

ni(k —1) + Agyi(k)
ni(k —1)

By setting ¢;(k) and H;(k) as in (7), the above equation
becomes

Since ||n;(k — 1)||, < 1 and [|o;(k)||,, < 1, we conclude
that x; (k) € (c;(k), H;(k)). ]

From (6) and (7), we can see that in order to find the
distributed state bounding zonotope X;(k) in an iterative way
along the time step & € N, the correction matrices A; for
i =1,...,1 are required. In the following, we will investigate
the way to compute A; fori=1,... L.

- AZDMO’Z(I{?)

ni(k —1)

zi(k) = ci(k) + Hi(k) { —o;(k)

B. Computing Correction Matrices

For state estimation, the objective is to minimize the
state estimation errors. Since all estimation errors and un-
certainties are propagated and bounded in the distributed
zonotope X;(k), we would like to find A; fori = 1,...,!
to minimize the size of these distributed zonotopes. In
this work, we use the P-radius to measure the size of a
zonotope (see Definition 2). In order to guarantee the global
stability, we first rewrite the interconnected subsystems (4)
as follows.

Denote z = [xlT,.T..,sclT]T C R" with n = Y n,,

u = [uf,... uf Cc R™ with m = Zé_lmi,
. l

y = [le,,le] C RP with p = >, pi, w =

[wl,...,w]]" C R™ with m,, = 22:1 My, and v =

[of,...,of] C R™ with m, = Zi 1 My,. The general

system including [ agents defined in (4) can be formulated

as

z(k +1) = Az(k) + Bu(k) + w(k), (12a)
y(k) = Cx(k) + v(k), (12b)
with
Ay Au
A= aE
An An



B = diag (By,...,B;), C=diag(Cy,...,C)),

where w(k) € (0,D,,) and v(k) € (0,D,), Vk € N, with
D,, = diag (Dy,, ..., Dy,) and D, = diag (D,,, ..., Dy,).
Proposition 2 (Centralized state bounding zonotope):
Given the the dynamics of the system (12) and suppose that
x(k—1) € X(k—-1) = (e(k — 1), H(k — 1)), for every
correction matrix A € R"*P, the following inclusion holds:
w(k) € X (k) = (c(k), H(k)), (13)
where
(k)= —AC) (Ac(k — 1) + Bu(k — 1)) + Ay(k),
H(k)=[(I—-AC)AH(k—1), (I-AC)D,, AD,].
Proof: Similar to the proof of Proposition (1), the proof
is straightforward and omitted here. [ ]
Based on the general state bounding zonotope, we present
the conditions of the P-radius minimization criterion in the
following theorem.
Theorem 1: Given X (k) = (c(k),H(k)) in (13), Vk €
N, two scalars v € (0,1) and € > 0. If there exist matrices

P e St,, Y € R"™P, diagonal matrices I" € SU'y and
T € STy such that

tr(IN) +tr(Y) <, (14a)
v P * * x
(P-YCO)A P * %
0 pT(p—vCe)yT r |70 (40
0 DIyT 0 T
then it is guaranteed that
V(X(k) <AV (X(k—1))+e€ Yk e Ny, (15

which leads to V' (X(00)) < = when k — +o0.

Proof: From (15), with P € S and A € R"*P, for
every H(k—1) and v € (0, 1), we have that (15) is equivalent
to

2 2
e |1 H (k)07 HgﬁljélvllH(k 103y — e < 0.
(16)

Since méleH(k - 1)0|% > |H(k — 1)0||% for any

16, < 1, we obtain the following sufficient condition
of (16)

max ||H(k)d||% —~v||H(k —1)8]|% — e < 0.
mas |H()1 =2 H (k= )8 — e <

Let us denote ¢ = [67, w7, UT]T and Y = RA, then

a7

[(P -YC)A, (P-YC)D,, YDE} = R. (18)
With this notation, we have
H(k)p = PR [(H(k —1)0)T, =", 0T]"
Therefore, we rewrite (17) as
H(k—1)0]" H(k—1)0
w RTP™R w
g g
—y(H(k-1)0)TPH(k—-1)0—€e<0, (19

for any ||¢]|,, < 1. If I' € ST’y and 7" € STy are diagonal
matrices, then we have B -

tr(lN) —w ' I'w >0, V|w|, <1,
tr(Y) — o' Yo >0, V|0l <1.

(20a)
(20b)

By adding (20) to (19), we can obtain a sufficient condition

Hk—1)0]" H(k—1)0

@ RTP7'R w

g g
—~y(H(k-1)0)"PH(E —1)§ — ¢
+tr(I") — @' Tw 4 tr(T) — o' To < 0.

If (14a) is satisfied, then we obtain

H(k—1)0]" AP o« x|\ [H(k-1)0
w RTP'R—| 0 T « w <0.
o 0o 0 7T o
From the above inequality, we have a sufficient condition
P * %
RTP'R— |0 I x| =<0,
0 0 T

and by changing the sign and applying the Schur comple-
ment, we obtain

v P * * *
0 r * *| o
0 0 A" ’
(P-YCH)A (P-YC)D, YD, P
Finally, we obtain (14b) through a linear coordinate trans-
1000
formation by the matrix 7' = | J 3 1 9| applied to the above
inequality. orov

From the expression of the system (12), it includes [ agents
in (4). Based on the definition of A, we propose the structure
of matrices P and Y to be block diagonal matrices in order
to find a group of A; for ¢ = 1,...,l. Let us define the
following structures [18]

P=diag(Py,...,P), Sk, i=1,...,1, (2la)
Y = diag(Vh,....Y}), Y; e R"*Pi i =1,....1. (2lb)
Moreover, V (X(00)) < = leads to
(2(00) — e(00))" P (a(00) —elo0) < 7= ()
-

which is an ellipsoid. To minimize the size of this ellipsoid
in (22), we can maximize a norm of P, as e.g. we choose to
maximize tr(P). Therefore, the correction matrices A; €
R™*Pi for 4 = 1,...,l can be obtained by solving the
following optimization problem:

maximize tr(P),

23
P,L.IY (23)

subject to (14).
From the optimal solutions of (23), A = P~'Y gives
A = diag(Aq,...,A;) with A; € R™*Pi fori=1,...,1.



C. Distributed Set-membership Algorithm

We now summarize the distributed set-membership state
estimation approach in the following algorithm.

Distributed set-membership state estimation algorithm.

Offline procedure: Solve the optimization problem (23)
with the structured P and Y in (21) to obtain A; € R™i*Pi
fori=1,...,L

Online procedure:

« Each agent i sends the state bounding zonotope (c¢;(k —
1), H;(k—1)) to its neighbors fori = 1,...,l and Vk €
N+;

Receive the information (c;(k — 1), H;(k — 1)), Vj €
N; from neighbors and obtain the measurement y; (k)
and {(c¢;(k — 1),H;(k — 1)). The distributed zono-
tope (c;(k), H;(k)) of the agent ¢ is updated by (6)
with A; at time k.

To reduce the order of the zonotope, the over-
bounding parallelotope of (c;(k), H;(k)) can be ob-
tained using Lemma 1. Denote the over-bounding para-
llelotope (c;(k), H (k)) satisfying (c;(k), H;(k)) C
(cilk), HY(R)).

V. NUMERICAL EXAMPLE

Given the system including two interconnected subsystems
in (4) (I = 2) with system matrices:

[0.6848 —0.0749  0.1290
Ajp = | 06671  0.9666 —0.5852]
|—0.2789 —0.1119  1.0251
[—0.2488 —0.0242

Az = [—0.9545 —0.8138],
| 0.3474  0.3067
A, — |0:2180 —0.0909  0.2027
7111606 0.3804 —0.9879)°
A4, — | 08466  0.1632
*?7 |-1.6068 —0.5130]
0.8 0
Bi=|0 058 ,BQ{_%‘%J,
0.6 0.8 '
11 0 10
Cl*_o 0 1]’02[0 1]’

and w;(k) € (0,Dy,), vi(k) € (0,D,,) for i = 1,2 and
Vk € N, where

01 O 0

Dyy=|0 015 0 |, D,,= {O{)l 0015} :
0 0 025 '
0.05 0 0.1 0

D”l_{ 0 0.05}’D”2_ [o 0.1}’

and the initial state is chosen as 1 (0) = [0.25,1.5,—0.5]" €
(c1(0), H1(0)) and z2(0) = [0.8,0]" € (c2(0), Ha(0)),
where ¢1(0) = 21(0), ¢2(0) = 22(0) and

001 0 0
001 0

Hi(0)=1] 0 001 0 |, Hy0) = [ ) 001] :
0 0 001 '
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The simulations with this numerical example have been
carried out in MATLAB and the optimization problems
have been solved using the YALMIP [19] with the MOSEK
solver [20]. By setting v = 0.8 and P and Y in block diag-
onal forms (21), we obtain the optimal correction matrices
for the two agents:

0.2433  0.1841 1.4788  0.0093
A= |0.7567 01841 | Az = | "ceom ol
0.0375  1.1077 ' '

Besides, for a comparison, we also compute the central-
ized correction matrix A€ with full-dimensional P and Y
obtaining

0.3273  0.0877  0.1625 0.0479
0.6728 —0.0877 —0.1625 —0.0479
A°=10.0920 1.0439  0.0414 —0.0247
0.1916 0.1993  0.6911 —0.1313
0.2677 0.1113 —0.0047 0.7835

Following the proposed set-membership state estimation
algorithm and the the implied centralized algorithm, robust
state estimation results are shown in Fig. 1 and Fig. 2. From
these plots, we can see that both approaches are able to
provide state estimations with generated bounds, and the
bounds of the distributed approach are a little larger than
the centralized ones. Besides, the optimal values of the
optimization problem (23), the mean square error of robust
state estimations and a measure of bounds are computed
and shown in Table I. With the unstructured P, the optimal
objective tr(P) in the centralized approach is a slightly better
than the distributed one. As a result, the state estimation
error and generated bounds in the centralized approach is
a slightly smaller than the distributed ones. However, the
distributed approach uses less information and is able to get
similar results as the centralized approach.

TABLE I
COMPARISON BETWEEN THE DISTRIBUTED AND CENTRALIZED
APPROACHES
tr(P)  MSE  RMS(:%(H(K)))
Distributed approach ~ 799.4855  0.0061 0.6174
Centralized approach ~ 799.5274  0.0037 0.6066

VI. CONCLUSION

In this paper, we have proposed a distributed set-
membership approach based on zonotopes for interconnected
systems with coupled states. The interconnected systems
are affected by unknown-but-bounded state disturbances and
measurement noise. We define a group of parameterized
distributed state bounding zonotopes to over-bound uncertain
states. For obtaining robust state estimation results, the
parameters, that is the correction matrices, are designed by
solving the proposed optimization problem based on the P-
radius minimization. The proposed approach is tested by
a numerical example and compared with the centralized
approach.
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