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Abstract— This paper proposes an adaptive observer for a
class of nonlinear system with linear parametrization. The
main novelty of the technique is that the regressor vector is
considered to be unknown. Instead, a library of candidate non-
linear functions is implemented, which transforms the original
parameter vector into a new one that is characterized by being
sparse. In such problem, it is shown that standard adaptive
observers cannot recover the original vector due to a lack of
persistence of excitation. Instead, a parameter-adaptation with
an implicit /; regularization is implemented. It is shown that this
new observer can recover the parameter vector under standard
assumptions of sparse signal recovery. The results are validated
in a numerical simulation.

I. INTRODUCTION

During observer design, it is reasonable to expect significant
discrepancy between the mathematical model and the real
system. For this reason, observers should be robustified in
front of model uncertainty. A common approach to achieve
such robustness is based on modelling the uncertainty as
a linear combination of a known regressor function, ¢,
and a vector of constant unknown parameters, 6. Then,
combine the observer with a recursive identification algorithm
that estimates the parameters, 8, and decouples the state-
estimation from the uncertainty [1][2]. This approach allows
to exactly cancel the effect of the uncertainty, which can
potentially out-perform standard robust observers, that are
limited by a well-known trade-off between bandwidth and
noise rejection [3].

Nevertheless, the state-estimation and parameter-estimation
decoupling is a fragile operation that can fail whenever the
regressor vector, ¢, is not exactly known ([4] Section 3.3.5).
Moreover, as the uncertainty is related with the unmodelled
parts of the system, it is common that the functions that
compose ¢ are unknown. This fact explains the fragility
that is usual in adaptive observer techniques when they
are implemented in practice. This fragility motivates the
modification of the parameter-adaptation in order to increase
its robustness, e.g. through the o-modification or parameter
projection [5]. However, these modifications aggravates the
accuracy of the estimation.

In such context, it is more reasonable to expect that
the regressor vector, ¢ is not known, but there is some
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prior information on the type of functions that compose, ¢.
Therefore, it is possible to design a library of non-linear
function candidates, ®, to model the uncertainty. Then,
ideally, the adaptive observer selects the best combination of
functions that explains the uncertainty.

The main conflict in such approach is that, in general,
most functions from the library will not be present in the real
system. Therefore, the library is over-complete, which makes
the parameter-estimation an ill-posed inverse problem, i.e.
there are an infinite number of solutions that can explain the
uncertainty in the observed system’s trajectory. Consequently,
the adaptive algorithm will not converge to the true parameter
vector.

The key observation is that for many systems, the regressor
vector, ¢, consists on only a few terms. Therefore, only
a sparse selection of non-linear functions will be active
in the designed library, ®. The presence of an ill-posed
inverse problem and these hints of sparsity motivates the
implementation of a [ regularization [6], as it is commonly
used in least absolute shrinkage and selection operator
(LASSO) regression. However, even though this type of
optimization has been deeply studied in the context of system
identification [7], regularization in general cannot be directly
implemented in adaptive control. The robustness and stability
of adaptive observers is commonly proved by constructing
a Lyapunov function and designing a parameter-adaptation
dynamics that cancels the factors that depend on the unknown
parameters, 6. The addition of a l; penalization term on
the parameter-adaptation prevents this cancellation and may
destabilize the observer’s dynamics [8].

For this reason, this work proposes exploiting recent results
in natural gradient-based adaptive control [9], which has been
shown to provide state and parameter-estimation decoupling
with an implicit regularization in the parameter-estimation.
The adaptive algorithm will be designed to promote sparsity
on the parameter solution and it will be shown that the true
parameter can be recovered under some assumptions that are
common in the sparse signal recovery field [6].

The remaining of this paper is as follows. In Section II, the
library-based adaptive observation problem will be formally
formulated. Section III, shows that standard parameter-
adaptation algorithms are insufficient for the considered
problem. Section IV presents an unbiased adaptive observer
that promotes sparsity in the parameter-estimation. Section V
establishes some structural conditions on the library for the
adaptive algorithm to recover the true regressor vector. The
algorithm is validated in a numerical simulation in Section
VL. Finally, some conclusions are drawn in Section VII.



II. PROBLEM FORMULATION

This work considers a MIMO nonlinear system of the form

x = f(x,u) + Bo(x,u)é (D
y=Cx+v

where x € R" are the states, y € R™ is the measured output
and 8 € RP is a vector of unknown constant parameters.
The matrices B € R"*% and C € R™*" are assumed to be
known. The functions f € R™*! and ¢ € R**? are assumed
to be Lipschitz. The factor v € R™ depicts high-frequency
sensor noise, which is assumed to be upper-bounded by a
positive constant vy as ||v]]s < vs.

The objective here is to design an observer algorithm that
achieves an estimation of the states, X, and the unknown
parameters, é, such that as ¢ — oo, the estimation errors
satisty, ||x — || — ¢ and ||@ — 8]y — €5, where 1 and e,
are small positive constants.

The system is assumed to satisfy the following observer
matching condition

Assumption 2.1: All the unknown parameters appear in
the first derivative of the output, i.e.

rank(CB) = rank(B). (2)

The main difference with respect to common adaptive
observer problems appears by considering the following
scenario. It is considered that the regressor vector ¢p € R**P
is unknown. Instead, it is assumed that the designer constructs
a matrix, ©(x,u) € R**? with ¢ > p, of candidate linearly
independent non-linear functions.

The function © is assumed to be Lipschitz and satisfy the
following assumption

Assumption 2.2: Define ¢, (x,u) € R®*! forw =1,..., ¢,
as the column vector functions that compose ©. Each column
vector of the regressor, ¢(x,u), can be computed as a scaled
vector c¢,,(x,u) for some w, where ¢ € R.

Assumption 2.2 allows to rewrite system (1) in the
following equivalent form

x = f(x,u) + BO(x,u)6, (3)
y=Cx+v

where @, € R? is a vector of unknown parameters, in which
p elements are equal to the elements in the original parameter
vector, 6, and ¢ — p elements are zero.

The matrix © is going to be referred as a library of
candidate non-linear functions. In this library, the column
vectors, ¢, (x,u), are defined as inactive if they do not
compose the original regressor vector ¢, otherwise, are
defined as active. The elements of the parameter vector, 6,
associated with inactive functions will be zero, otherwise,
will be non-zero. The objective of the adaptation dynamics is
to determine the active vectors and accurately estimating the
unknown parameter vector 8. By considering the equivalent
system (3), the original problem has been transformed into the
design of an observer algorithm that achieves an estimation
of the states, X, and the unknown parameters, 95, such that
as t — oo, the estimation errors satisfy, ||x — X||2 — &3

and ||0; — éSHQ — €9, where €1 and e, are small positive
constants.

As it will be presented in the next section, standard adaptive
observer techniques allow to solve the state-estimation
objective. However, it will be shown that said results
cannot achieve the parameter-estimation objective, as the
overparametrization, in general, prevents the satisfaction of
the necessary persistence of excitation condition.

III. STANDARD ADAPTIVE OBSERVER PERFORMANCE

In order to ease the read, this section and the following will
consider the noiseless case, i.e. when v = 0. This assumption
does not modify the results obtained in the following sections.

Assume that there is an observer that achieves a state-
estimation for the case where the parameters, 8, are known.
Specifically, let the observer dynamics be depicted by

X =g(%,u,y) + BO(%,u)0,. 4)

where g(X,u,y) € R"*! is a vector function that is designed
to make the state-estimation error, €, £ x—%, converge to zero.
Specifically, the vector function g(X, u,y) is defined such that

there is a differentiable Lyapunov function V. (e,) = §e;Pem,
with P = PT > 0 that satisfies

al(em) S Vx(ez) é a2(ex)
oV
oe,

where a; for i =1,..,3 are positive definite functions and
k is a positive constant.

As an example, such observer could be found following
the insights presented in [10].

Now, consider the case where the parameters are not exactly
known, and only an estimation, és, is given. In such case,
the state-estimation error does not converge to zero, and the
derivative of the Lyapunov function (5) is upper-bounded as

oV, .

8e‘ e, < —kas(e,) + eIPBO(x,u)ey_, (6)

é; < —kas(e;) ®)

where ey, = 0, — 0.

The structure of the second term in the right side of (6),
motivates the design of the following gradient descent-like
parameter-estimation [2]

0, = OT(x,u)M(y — Cx) (7)
where M is designed to fulfil
B™P = MC. ®)

Remark 3.1: Equation (8) can always be solved if the
matching condition (2) is satisfied. In the case of unmatched
parameters, condition (2) can be relaxed by the use of high-
gain observers [11].

The motivation behind parameter-adaptation (7) is that it
cancels the effect of the unknown parameters in the derivative
of the following composite Lyapunov function

Vo, (€ e0,) = Vi(es) +ej ep,. ©)



Specifically, taking into account (7) and (8), the function
Va0, (€, €0,) is upper-bounded by

Vi, < —kaz(e;) +e]PBO(X, u)es, —ej OT(x,u)MCe,

The bound (10) proves two facts. First, the state-estimation
error, e,, converges to zero independently of the parameter-
estimation error ey . This result can be understood as a
sort of separation principle between the state-estimation and
the parameter-estimation. Second, the parameter-estimation
error converges to zero if the system satisfies the persistence
of excitation condition [12]. The proof of these results is
included in Appendix L.

This work expands on the parameter-estimation result. In
practice, the parameter-adaptation dynamics (7) converges
to a set of possible solutions depending on the dimension
of the time-varying null-space of BO(x,u), i.e. if the null-
space’s dimension is greater than zero, the problem can be
solved by an infinite number of parameter vectors. The major
conflict that arises in the considered problem is that, as
dim(65) > dim(0), even if the null-space dimension of the
original regressor vector, B¢(x,u), is zero, no conclusion
can be drawn for the null-space of BO(x, u). Moreover, in
general, no trajectory of the original system (1) can ensure
that the null-space of BO(x, u) is zero-dimensional, not even
if the original system (1) is persistently excited.

This result shows that, in most cases, the considered
overparametrized problem presents an infinite amount of
solutions and standard parameter-adaptation schemes will
converge to some solution that cannot be ensured to be
the one appearing in the original system. The aim of the
following sections is to present an alternative parameter-
adaptation dynamics that, under some assumptions on the
library, ©®(x,u), can always ensure the convergence of the
parameter-estimation error if the original regressor, Bo(x, u),
is persistently exciting.

IV. SPARSITY-PROMOTING ADAPTIVE OBSERVER

Let s be a signal generated as

s = Bo(x,u)6. (1)

As the state and parameter-estimations are decoupled, the
adaptation dynamics are actively solving the inverse problem

(12)

s = BO(x,u)d,.
In general, as the regressor vector BO(x, u) is not persis-
tently excited, the problem (12) is ill-posed. In such situation,
the common approach is to introduce a regularization term
[13]. The key observation is that the parameter vector, 6,
will have many null values, making it sparse in the considered
space of non-linear function candidates. Consequently, a
natural approach is to introduce a regularization term that
promotes sparsity in the solution and can be shown to
converge to the true parameter vector through sparse signal
recovery theory [14]. Specifically, this work considers the
l; regularization term, HésHl, which penalizes non-sparse
parameter vectors.

It should be remarked that, because the adaptive observer
technique is based on a decoupling between state and
parameter-estimation (the cancellation in equation (10)),
the regularization term cannot be directly introduced as a
penalty term within a minimization criterion. An alternative
strategy is based on including a regularization term in the
parameter-adaptation (7), that regularizes the inverse problem,
and a secondary regularization term in the state-estimation
dynamics (4), that ensures the state/parameter decoupling
[8]. However, this approach induces significant bias in the
state and parameter-estimation. The bias can be reduced by
incorporating prior knowledge of the parameter value in the
adaptive scheme. Nonetheless, the sub-set of active non-linear
functions is unknown in the considered problem. Thus, the
prior knowledge of O, is insufficient for an adequate state and
parameter-estimation, which may lead to erroneous sub-set
selection.

Lee et al. [15] proposed a modification of classic adaptive
controllers by substituting the gradient-like adaptation by
a natural gradient, so the resulting adaptation law respects
an underlying Riemannian geometry to be specified. Based
on this result, Boffi and Slotine [9] showed that it is
possible to design an adaptive observer for output dependent
regressor vectors that preserves the state/parameter-estimation
decoupling while inducing an implicit regularization in the
parameter-estimation. The idea is to substitute the quadratic
term egs ep, of the composite Lyapunov function (9) with the
Bregman divergence of a strictly convex function v [16],

dw(asHés) £ 7/)(05) - 1/)(95) - (05 - és)va(és)
Consequently, the following Lyapunov function is obtained

Vi = Vi(ey) + dw(GSH@S). (13)

Furthermore, define the set of possible parameter solutions
for the inverse problem (12) as

Q2{0,cRYs=BO(x,u)d,, Vi>t,}

where s is defined in (11) and ¢ is a positive value. Then,
we can stablish the following result.

Lemma 4.1: Consider the system (3) without noise, the
state observer (4) and the natural gradient-like adaptation
law

b, — [v%(éa}_ OT(% wWM(y - CX).  (14)

Then, the state-estimation error, e, converges to zero; and,
consequently, converges to a sufficiently small positive value,
ie |leg| < e for all time t > ts.

Moreover, consider that 0,(t,) = gmei]gq Y(05). Then, the

parameter-estimation, 6,, converges fo emin Y(0s).
en

The results of Lemma 4.1 can be intesrpreted as follows.
First, the state-estimation converges to zero independently
of the parameter-estimation. Thus, the state-estimation is
decoupled from the parameter-estimation. This is a stronger
result than the one obtained in [8], where the presence of
the regularization term introduced a bias in the state and



parameter-estimation. Second, even though the regressor
vector, BO(x, u) is not persistently exciting, the parameter-
estimation converges to a value that depends on the strictly
convex function 1.

This work proposes implementing the [; norm as the
function v in order to promote sparsity in the parameter-
estimation solution. Specifically, ¢ = ||6,]|;. Next section
will show that, under some structural assumptions on the
library ©, the parameter-adaptation (14) is able to identify
the non-zero components of 8, and converge to its true value
if the original regressor is persistently exciting.

Remark 4.1: The |1 norm is not strictly convex, which
prevents Vy, to be a Lyapunov function. For this reason, )
is implemented as the norm ||0,||, with p = 1+ ¢, where
€ is small. This is the closest strictly convex norm to the Iy
regularization.

It should be remarked that the inverse of the Hessian in
(14), may not be computable for all p norms. For this reason,
the function ¢ is implemented as the squared p norm %H@HQ,
with p close to one. The motivation behind such decision is
that the Jacobian of the squared p norm has an analytical
inverse, which allows the adaptation (14) to be implemented
through the following dynamics,

w=0T(x,u)M(y — Cx)
‘d—l

(15)
sign(w;) for i =1,...,q (16)

N 1 1
where w £ V1(80,), || - ||a is the d-norm and St-=1L
p

Os,i = 1wl i

V. PERFORMANCE OF THE [; MINIMIZATION

The aim of this section is to study under which circum-
stances, the parameter-adaptation is capable of estimating
the non-zero components of 8 and its values. In order to
generalize the results, this section will consider the case when
there is noise in the measured signal, i.e. v # 0.

The state-estimation converges to an ultimate bound that
depends on the sensor noise’s 2-norm upper bound, vs.
Then, as the equation €, is Lipschitz, it is possible to see
that the 2-norm of the function BO(x,u)ey, is ultimately
bounded by a function «(vs). Therefore, V¢t > t, where ¢
is a sufficiently large positive value, the natural gradient-
like parameter-adaptation (15)-(16) is solving the following
optimization problem

argmin |0, s.t. ||s — BO(x, )0,z < y(va) VE > t,.
]

a7
The error-constrained /; minimization (17) has been deeply
studied in the computer science field in the context of sparse
signal recovery problems [6], where the recovery of the
original vector 8 can be proved by taking some assumptions
on the library BO(x, u). In particular, the recovery can be
proved by studying the mutual incoherence of the library, i.e.
if the pairwise correlations among the columns of BO(x, u)
are small, the sparsest solution of (17) is unique [6]. Then,
if the original vector is persistently exciting, the sparsest
solution is in the span of 6.

VI. NUMERICAL SIMULATION

The statements presented in this document are exemplified
through a numerical simulation, in which the performance
of a standard adaptive observer and the proposed sparsity-
promoting observer are compared.

This section considers the autonomous Van der Pol oscil-
lator, the dynamics of which are depicted by the following
expression

x = f(x) + Bo(x)0

where x = [z, 22]T, 8 = [-0.2,1, —0.3]T and

f(x) = ﬁf} B - m $(X) = [£1, 22,2225

The system is initialized at x(0) = [1,0]T, which pro-
duces the oscillatory dynamics that makes the vector Bg(x)
persistently exciting.

It is assumed that the vector ¢(x) is unknown. Instead,
the following library of non-linear function candidates is
considered

(18)

2 2 2.2 2 _2
O(x) = [1, z1, 2, T1%2, X]T2, 1125, TIT5, X7, T3,

sin(x1), sin(xs), cos(xy), cos(xs)

sin(xq)cos(xza), cos(xi)sin(xs)].

This library satisfies Assumption 2.2. Thus, system (18)
can be rewritten as follows

x = f(x) + BO(x)6,

where 6, = [05 1, ..., 0, 15]T is a vector of zeros except for

Os0=—02, 6O53=1 60,5=—-0.3.

Finally, it is assumed that the states are unknown, and only
the signal y = ¢Tx = z1 + 22 is being measured.

The objective is to design an adaptive observer that through
the measurement of y can reconstruct the unknown state, X,
and parameters, 0. The parameter-estimation should be close
enough to the true value so it is possible to identify the active
non-linear functions of the library, ©.

Following the insights presented in [10], it is possible to
prove that the observer dynamics

x = f(X) + Bo(X)0 +1(y — %)

with 1 = [—0.314, 3.156]T, satisfy the Lyapunov condition
(5).

Consequently, taking into account the insights presented
in Section III, a natural approach to solve the concerned
estimation problem is to couple the observer dynamics (19)
with the parameter-adaptation (7) and design M = 0.4781 in
order to satisfy (8).

Such adaptive observer, with adaptation (7), provides a
relatively accurate estimation of the states. However, the
standard adaptation dynamics cannot identify the active non-
linear functions of © and the estimation 6, does not converge
to the true value. This fact can be seen in Figure 1, where it is
depicted the parameter-estimation evolution for the standard
adaptive observer in the noiseless case (v = 0). It is noticeable

19)
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Fig. 1.  parameter-estimation evolution through the standard adaptive
observer. No sensor noise is considered v = 0

that there are parameters, which are not 65,653 or 0,5,
that converge to a non-zero value. Moreover, the parameters
052,053 or 0,5 do not converge to its true value.

Even though, the original regressor vector B¢(x) is
persistently excited, the considered library regressor, BO(x),
is not. This fact exemplifies the standard adaptive observer’s
inability to recover the active functions of ®. Nonetheless,
the parameter vector, 8, is somewhat sparse. Thus, it is
reasonable to think that the proposed sparsity-promoting
observer should out-perform the standard adaptive observer,
even in the presence of sensor noise.

Indeed, a second simulation has been designed for the
same Van der Pol system. In this simulation the sensor is
corrupted with Gaussian noise with variance 0.01. Moreover,
the parameter-adaptation (7) is substituted by the natural
gradient-like adaptation (15)-(16) with p = 1.1. As it can be
seen, the sparsity-promoting adaptive observer achieves an
accurate estimation of the system states, even in the presence
of significant sensor noise, Figure 2.

Furthermore, in Figure 3 it is depicted the evolution of the
parameter-estimation for the natural gradient-like adaptation
(15)-(16). It can be seen that the algorithm recovers the active
nonlinear functions of ®, as the parameters related to the
non-active functions converge to zero. Moreover, the relative
error' between the estimation of 052,053, 05 5 and its true
value converges below the 2%. There are some "spikes" in the
parameter-estimation evolution that increase this error. These
spikes are induced by the sudden changes in the excitation of
the library, ®, due to the abrupt oscillations of x5 during the
state evolution, see Figure 2. These spikes could be reduced by
normalizing BO(x). However, in order to make the example
more clear, this normalization step has been obviated.

VII. CONCLUSIONS

This work has presented a new approach for the design
of adaptive observers for linearly parametrized systems.
Instead of relying on a single regressor vector, which may
be unknown, the observer implements a library of candidate
non-linear functions and the adaptive algorithm selects the
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Fig. 2. Evolution of the system’s states and sparsity-promoting adaptive
observer estimation.
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Fig. 3. parameter-estimation evolution through the sparsity-promoting

adaptive observer. The estimations present some sudden spikes due to the
excitation changes in the library ©.

active functions that participate on the system. In general, this
new regressor vector is not persistently exciting but results in
a sparse unknown parameter vector. For this reason, this work
proposed implementing an adaptive observer that exploits
recent results in natural gradient-like adaptation [9] in order
to promote sparsity in the parameter-estimation convergence.
It has been shown that such adaptive observer converges to
an error-constrained /; minimization, where the parameter-
estimation error can be proved to converge through well-
known sparse signal recovery theory, even in the presence of
noise. The advantages of this adaptive observer have been
validated through a numerical simulation.

APPENDIX I
PROOF OF STANDARD ADAPTIVE OBSERVER
CONVERGENCE

The derivative of the Lyapunov function candidate (9) is
negative semidefinite and |le;|| — O can be proved by the



Barbalat’s lemma. This result shows that the state-estimation
accuracy is decoupled of the parameter-estimation.

The second part of the proof shows the condition under
which the parameter-estimation converges to the true value.
As x € C1, then

/O éodt = lim e, (1) — ,(0) = —e,(0) < oc.

Moreover, as the functions f and ¢ are Lipschitz, then &, is
uniformly continuous. Therefore, by the Barbalat’s lemma,
€, — 0. Then, by considering the state-estimation error
dynamics, the following can be deduced

IBO(x,u)eq. || — O.

From the fact that (9) is non-increasing and lower bounded
by zero, it has a limit as ¢ — co. Therefore, 95 and ep, must
converge to a constant. Consequently, if the vector BO(x, u)
is persistently exciting [12], then, the parameter-estimation
error, ||eg, ||, will also converge to zero.

APPENDIX II
PROOF LEMMA 4.1

First, the derivative of the Lyapunov function (13) satisfies
the following

Vy < —kas(e,) + eIPBO(X, u)ey, — e, V21(8.)8,
= kas(e,) +e]PBO(X,u)eg, —ej OT(x,u)MCe,
—kiOé3(ex).

Then, according to Appendix A, e, converges to zero and
converges to a small positive value in a time ¢; > 0.

The second part of the proof is based on the one presented
by Boffi and Slotine in [9]. Being the main difference that
this work considers a state dependent regressor vector.

Taking into account (14) and (8), the time derivative of
the Bregman divergence is

d

A d ~\T
ad N — T %
dtdw(BSHHS) (dtwpw)) €p, e]PBO(x,u)ey,

= —elPBO(x,u)ey, — eTPB [@(f{,u) — O(x, u)] €y, .
(20)

For all t > t,, the last term in (20) is close to zero and
monotonically decreasing. Consequently, can be neglected
for a sufficiently large ¢5. Following this line, the integration
of the expression (20) V¢ > t, can be approximated as

dy(6510(t,)) = dw(0sllés(t))—/t e} (7)PBO(x, u)ey, (7)dr.

s

2D

Appendix I has proved that 8, and ey, converge to a

constant. Thus, one can compute the limit as t — oo of (21)
and conclude that the following holds

dT/J(gsHés(ts)) = dy,(esHés(OO))
—I—/t el (7)P(BO(x, u)és(r) — s(1))dr.
) (22)

The right hand-side of (22) has a minimum over 6, at
64(00). In parallel, the minimurr} of the left-hand side factor
is obtained in arg Bmiré dy(05]|65(ts)). Therefore,

s€

éS(OO) = grngflz dw(asHés(ts))‘ (23)

By considering that the parameter-estimation satisfies
0.(ts) = Gmi]g 1 (0y), expression (23) reduces to
s€RY

B.(0c) = min (0,).
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