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Abstract This study presents an observer-based methodology to estimate, in real-time, the state of charge of a Vanadium redox
flow battery. Different from the available results in the literature, this work presents a new estimator that distinguishes between the
concentration in the tank and cell parts of the system. Moreover, it presents an estimation of the state of charge that can deal with
both balanced and unbalanced situations. The model used for the observer design is a nonlinear electrochemical model. A nonlinear
observer is proposed, designed and validated through simulation and in an experimental prototype.
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1 Introduction1

In the current energy situation where energy storage2
systems (ESS) have become one of the greatest needs,3
the search of a large-scale, long-life and low-cost stor-4
age systems has become crucial. Indeed, an ESS that5
meets these requirements could be implemented in6
large-scale facilities where energy generation can be in-7
termittent, as is the case of solar and wind plants.8

Within this scenario, redox flow batteries (RFB)9
have become one of the most promising solutions [4].10
Its operating principle is based on the use of four dif-11
ferent species separated two by two by a membrane.12
These species are dissolved in a liquid, known as elec-13
trolyte, that is transported to an electrochemical cell14
where the redox reaction takes place. Depending on15
the flow of electrons from the charge or discharge cur-16
rent, the species concentration will vary, according to17
the phenomena of oxidation and reduction.18

Although there exist different types of RFB, depend-19
ing on the materials and the nature of the chemical20
species, all of them share similar components and struc-21
ture, as it can be seen in Figure 1. First, the RFB presents22
the tanks that contain the electrolytes. Depending on23
the side of the system, it is possible to differentiate be-24
tween catholyte and anolyte. Second, the RFB includes25
a set of pumps, that allow the injection of the elec-26
trolyte through the entire system, closing the tank-cell27
cycle. Finally, the electrochemical cell serves as an en-28
closure where redox reactions take place.29

Figure 1: Vanadium redox flow battery scheme with its
main components and particular color of each species.

Despite its low-energy density (compared to other30
ESS) [14], which takes values from 15 to 40 Wh·l−1, its31
flexible and modular design, among other characteris-32
tics, make the RFB a good option for large-scale facili-33
ties. On the one hand, the power is determined by the34
dimension and number of cells that can be put in series35
conforming the stack. On the other hand, the capacity36
depends exclusively on the volume of the tanks where37
the electrolytes are stored. Therefore, as the capacity is38
directly related with the tank volumes, RFB are suitable39
for large-scale energy applications that may have large40
areas to contain large tanks, as is the case of power41
plants.42

The main distinction between different RFB sys-43
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tems is given by the nature of the active species that44
conform the electrolytes. In this way, it is worth high-45
lighting the all-vanadium redox flow battery (VRFB) de-46
veloped by professor Skyllas-Kazacos [29]. The main47
advantage of a VRFB is that all species are oxides of48
vanadium, guaranteeing that a possible mixture of elec-49
trolytes due to the transport phenomena through the50
membrane will not cause any damage. The anolyte is51
composed by the existent vanadium species V2+ and52
V3+ and the catholyte by the vanadium valences V4+53
and V5+ that on the nature, exist as the oxides VO2+54
and VO+

2 , respectively.55

Although extensive analysis of different aspects56
concerning the VRFB has been done during all these57
years, control techniques and internal variable estima-58
tors are still an open area of study. Specially, within the59
control field, one of the most important challenges cor-60
responds to determine the state of charge (SOC) of a61
RFB [26].62

The SOC gives information about the energy that63
is stored in the system, being directly related with the64
proportion of species contained on it. As in any type65
of battery or ESS, knowledge of the SOC is essential to66
analyze the correct system operation [11], being also a67
variable used for the design of optimal-flow controllers68
[2, 12]. As the SOC can be directly computed from the69
species concentration, one of the major fields of study70
consists on finding possible sensors to measure these71
concentrations in real-time. Currently, most of the72
physical properties used to compute the SOC are the73
electrolyte color, viscosity or conductivity [32]. How-74
ever, none of them have yielded encouraging results.75
For the case of the color analysis of a VRFB, each vana-76
dium species has a particular color corresponding to the77
ones shown in Figure 1. However, once the species are78
dissolved in sulfuric acid, the electrolyte turns almost79
black and is hardly possible to extract color informa-80
tion [31]. Viscosity or conductivity measures require81
offline analysis, due to the fact that is very difficult to82
differentiate between valences of the same species in83
real time. Therefore, either for their inaccuracy or they84
intrusivity, these measures are not the best solution for85
the real-time estimation of the SOC.86

Considering the lack of sensors that allow obtain-87
ing accurate measurements in real time, the use of ob-88
servers is an attractive alternative [3]. This technique89
has been used to solve monitoring problems in similar90
electrochemical systems [8, 9] using simple to measure91
signals. Within the field of lithium batteries, lot of re-92
search has been done in order to choose the appropri-93
ate variables to measure, which commonly are the volt-94
age, current and temperature [38]. Specially, there ex-95
ist some observers intended to estimate the SOC even96
in situations of sensor uncertainty, as it is presented in97
[39]. Measurement noise is another important factor98

that must be taken into account when designing an ob-99
server, being essential to achieve a good performance,100
as has been studied in the literature [37]. For that rea-101
son, previously to the implementation of a SOC estima-102
tor, it is necessary to choose the proper sensors, seeking103
a trade-off between simplicity in their implementation,104
reliability and richness in terms of information for the105
estimation.106

Among all the possible variables to be used to in-107
fer the SOC value for VRFB, voltage and temperature108
stand out. Both measures depend on the species con-109
centrations inside the cell, existing numerous models110
that relate them [18].111

However, it should be noted that while the influence112
of the concentrations in the voltage value are decisive, it113
is not so for the temperature where ohmic losses have114
a much greater influence. Therefore, the open-circuit115
voltage (OCV) characterized by the Nernst equation is116
the most widely used variable chosen for the develop-117
ment of VRFB observers [34].118

In the literature there are different observers that119
have been developed to estimate the SOC for VRFB.120
Nevertheless, most of them make a set of assumptions121
to simplify the model that are hardly met on reality.122
One of the main assumptions is to consider that the123
electrolyte flow rate is large enough so that the tank124
and cell concentration is the same one, thus allowing125
to express the OCV as a function of the SOC. More-126
over, within this assumption, it is also assumed that127
the flow rate is the same for both parts of the system.128
Using these hypothesis, Skyllas-Kazacos has presented129
different estimators. For only SOC estimation, an Ex-130
tended Kalman Filter (EKF) is presented in [44] and a131
Sliding Mode Observer (SMO) considering a reduced132
model with only two states is presented in [10]. For133
both SOC and SOH estimation, SMO [42] and an adap-134
tive estimation based on an online identified battery135
model [41] have been presented.136

Another type of estimators that also appears fre-137
quently in the literature use equivalent circuit models138
[13]. Other examples are the case of [43] and [45] which139
present a dynamic electric model to estimate the SOC140
considering that concentration in cell and tank are ex-141
actly equal. For all these cases, the effect of the flow142
rate is neglected, which can lead to long-term observer143
malfunction.144

Previous VRFB SOC estimation works assume that145
the VRFB operate at very-high flow rates and that the146
flow rate is equal in both VRFB pumps. These as-147
sumptions implies that cell and tanks concentrations148
are almost the same. Unfortunately, these hypotheses149
are not very realistic in most real VRFB. On the one150
hand, very high flow rates may not be beneficial for151
the pumps, generating more losses. There are different152
studies that analyse the benefits of variable flow rates153

2



depending on the operating conditions, maximizing the154
battery efficiency when cell and tank concentrations are155
different [15]. On the other hand, for an optimal op-156
eration it is convenient to adapt the flow rates to the157
operating conditions. Equal flow rates are very conve-158
nient when the VRFB is balanced. However, RFB have159
a natural tendency to system imbalance due to the ion160
transport caused by different phenomena such as diffu-161
sion, migration or convention. Operating the system at162
different flow rates is a strategy to reduce the system163
imbalance phenomena [16].164

Considering these limitations, this paper presents165
a SOC estimator based on a nonlinear electrochem-166
ical model. The model considered differentiates be-167
tween cell and tank species concentration, presenting168
new definitions of the SOC that differ from those com-169
monly used in the literature where the SOC is assumed170
to be the same in both sides of the system. For that rea-171
son, the SOC is expressed in terms of available mass of172
species, differentiating between anolyte and catholyte173
sides of the system. Within this scenario, it is essential174
to choose a good observer strategy for nonlinear sys-175
tems. The use of High-Gain Observers (HGO) [6] and176
Sliding Mode Observers (SMO) [7, 22] are one of the177
most used techniques for nonlinear systems, and have178
been analyzed and implemented within VRFB systems179
or similar electrochemical systems. However, the main180
point of HGO and SMO techniques, is the computation181
of a mathematical map that transforms the system in a182
certain canonical form, which can be computationally183
unfeasible for high-order systems. Therefore, in this184
work it is proposed the design of a nonlinear observer.185
The estimator has been formulated using Linear Matrix186
Inequalities (LMI) to compute the observer gains, that187
can be selected in order to make the observer less sen-188
sitive against measurement signals noise.189

This paper has been organized as follows: Section190
2 presents the problem formulation with the nonlinear191
model and the OCV expression. Section 3 shows the192
model reduction based on the conservation principles.193
In Section 4 the design of the observer by means of LMI194
formulation is presented. All the study has been val-195
idated through numerical simulation in Section 5 and196
experimentally in Section 6. Finally, Section 7 presents197
the main conclusions of this work.198

2 MODEL FORMULATION199

This work is based on the nonlinear electrochemical200
model developed by Skyllas-Kazacos [21]. This model201
has been validated in real VRFB systems, being ac-202
cepted and used in many works for state and parameter203
estimation purposes [40].204

Even though this model presents a great correspon-205
dence with a real system, multiple authors impose ad-206

ditional assumptions to simplify the estimator design,207
and might not be extrapolated in all scenarios. On the208
one hand, it is common to consider that the electrolyte209
flow rate 𝑞, is the same one in both sides of the sys-210
tem, and large enough to guarantee that the vanadium211
species concentration in both cells and tanks are equal.212
On the other hand, all SOC observers proposed use the213
hypothesis of a balanced system, assuming same con-214
centration in the cathode and the anode sides of the215
system. These considerations are restrictive and not216
reasonable in many practical scenarios. It is usual that217
the flow rates are variable and different in both sides of218
the system.219

In terms of developing a SOC estimator that can be220
extrapolated to any scenario, where the concentrations221
of both sides can be different due to the presence of222
side reactions, the typical assumptions discussed must223
be obviated.224

In this work, the model differentiates between the225
catholyte and anolyte sides, as well as between the tank226
and cell parts, without the assumption of large flow227
rates. Moreover, the diffusion effect has been neglected,228
introducing a new variable that depicts the system im-229
balance. In this way, the model presented in this work230
considers all possible transport phenomena, such as dif-231
fusion, migration or convection, without the need to232
explicitly formulate them mathematically. This is im-233
portant, because these transport phenomena have very234
slow dynamics, compared to the ones produced by the235
effect of flow rates and current, making difficult to dif-236
ferentiate between various effects or even a possible237
degradation.238

With these considerations, the VRFB dynamics can239
be described through an 8th order model. In order to240
present it in a more compact form, which also allows to241
develop observers in a more understandable way, the242
system dynamics has been rewritten using the state-243
space formalism. The main benefit of its use is the pos-244
sibility of formulate the LMIs required to compute the245
observer gains in an efficient way. Therefore, the sys-246
tem dynamics are formulated as follows:247

¤𝒙 = A-𝒙 · 𝑞− + A+𝒙 · 𝑞+ + b · 𝑗 , (1)

where 𝒙 = [𝑐𝑐2, 𝑐𝑐3, 𝑐𝑐4, 𝑐𝑐5, 𝑐𝑡2, 𝑐𝑡3, 𝑐𝑡4, 𝑐𝑡5]⊤ is the state vector,248

𝑐𝑘𝑖 stands for the concentration of vanadium specie V𝑖+249
in 𝑘 , with 𝑘 = {𝑐, 𝑡} meaning the concentration in the250
cell and the tank respectively, 𝑞− and 𝑞+ are the flow251
rates of the anolyte and catholyte parts and 𝑗 is the cur-252
rent. Matrices A- and A+ are related with the flow rate253
part, and the vector b depicts the flux of electrons that254
appear between the current collectors, making possible255
the redox reaction inside the cell. Both matrices A+, A−256
and vector b appear summarized in the Appendix A2257
with their corresponding parameters defined in Table 3258
of Appendix A1.259
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The system output considered in this work is the260
voltage, which can be computed as the sum of two261
terms. On the one hand, the Open Circuit Voltage262
(OCV), which is commonly the most used measurement263
in VRFB parameter estimation [28]. On the other hand,264
the overpotential term 𝜂, which is structured as the ad-265
dition of three overpotentials: ohmic, activation and266
concentration overpotentials.267

𝐸 = OCV + 𝜂 . (2)

With respect to the overpotential 𝜂, assuming that268
the battery works in nominal currents operating con-269
ditions where the SOC is limited between 20 to 80%270
[33], the contribution of the concentration and activa-271
tion overpotentials is very small in comparison to the272
ohmic overpotential [20]. Therefore, in this work, only273
the ohmic term is considered:274

𝜂 ≈ 𝑟 · 𝑗 , (3)

being 𝑟 the ohmic resistance.275
With respect to the OCV, it depends exclusively on276

the cell concentrations and can be computed by means277
of the Nernst equation:278

OCV = 𝐸𝜃 + 𝑅𝑇

𝐹
· 𝑙𝑛

(
𝑐𝑐2 · 𝑐𝑐5 · 𝑐2

𝐻

𝑐𝑐3 · 𝑐𝑐4

)
, (4)

where 𝐸𝜃 is the standard electrode potential, 𝑐𝐻 is the279
concentration of hydrogen ions, 𝑅 is the ideal gas con-280
stant, 𝑇 is the electrolyte temperature inside the cell281
and 𝐹 is the Faraday constant. From (4) it is possible to282
split the OCV in two parts differentiating the vanadium283
and hydrogen concentrations as follows:284

OCV = 𝐸𝜃 + 𝑅𝑇

𝐹
· 𝑙𝑛

(
𝑐𝑐2 · 𝑐𝑐5
𝑐𝑐3 · 𝑐𝑐4

)
+ 2𝑅𝑇

𝐹
· 𝑙𝑛 (𝑐𝐻 ) . (5)

As the hydrogen ions concentration is difficult to285
obtain, it is possible to introduce its weight in the 𝐸𝜃286
term as follows [19]:287

𝐸𝜃
′
= 𝐸𝜃 + 2𝑅𝑇

𝐹
· 𝑙𝑛 (𝑐𝐻 ) , (6)

where𝐸𝜃
′
is the sum of the standard electrode potential288

with the hydrogen ions term. Therefore, it is possible to289
define the OCV function used in this work as:290

OCV = 𝐸𝜃
′ + 𝑅𝑇

𝐹
· 𝑙𝑛

(
𝑐𝑐2 · 𝑐𝑐5
𝑐𝑐3 · 𝑐𝑐4

)
. (7)

With the model presented in (1), it is possible to for-291
mally define the expression of the SOC. In this work,292
the SOC is defined as follows:293

SOC =𝑚𝑖𝑛{SOC−, SOC+} , (8)

where SOC− and SOC+ are used to define, respectively,294
the SOC in the anolyte and catholyte sides, with the295
following expressions:296

SOC− =

(
𝑐𝑡2𝑣

𝑡
− + 𝑐𝑐2𝑣𝑐

𝑐𝑡2𝑣
𝑡
− + 𝑐𝑐2𝑣𝑐 + 𝑐𝑡3𝑣𝑡− + 𝑐𝑐3𝑣𝑐

)
SOC+ =

(
𝑐𝑡5𝑣

𝑡
+ + 𝑐𝑐5𝑣𝑐

𝑐𝑡4𝑣
𝑡
+ + 𝑐𝑐4𝑣𝑐 + 𝑐𝑡5𝑣𝑡+ + 𝑐𝑐5𝑣𝑐

)
,

(9)

being 𝑣𝑐 , 𝑣𝑡− and 𝑣𝑡+ the cell, anolyte tank and catholyte297
tank volumes, which are assumed constant and appear298
defined in Table 2. As it can be noticed, the SOC com-299
putation requires the estimation of the species concen-300
tration inside the cell. This is a novelty compared to301
other studies, that assume a negligible volume of the302
cell with respect to the tanks.303

Finally, considering the previous formulations of304
the model, it is convenient to re-write the system in the305
following form:306

¤𝒙 = A-𝒙 · 𝑞− + A+𝒙 · 𝑞+ + b · 𝑗

𝑦 = ℎ(𝒙) = 𝑙𝑛

(
𝑥1 · 𝑥4

𝑥2 · 𝑥3

)
,

(10)

where 𝑦 is the system output, that corresponds to ex-307
tract from equation (2) the ohmic overpotential 𝜂 and308
from the OCV defined in (7) the parameter 𝐸𝜃

′
and the309

constant factors which are known. Therefore, the sys-310
tem output is a nonlinear function ℎ(𝑥) that depends311
exclusively on the states. The aim of this work is to pro-312
pose an observer that is able to estimate these states 𝒙 ,313
and therefore the SOC by means of the equation in (8),314
using only the measured signal 𝑦.315

3 MODEL REDUCTION316

The studied VRFB model satisfies a set of conservation317
principles that can be utilized to reduce the dimension318
of the system and ease the observer design.319

3.1 Conservation principles320

As the VRFB model presented assumes that there are321
no losses inside the system, the mass and charge con-322
servation laws can be applied.323

On the one hand, according to the mass conserva-324
tion principle, the total mass of species inside a VRFB325
must remain constant. In terms of a RFB system, this326
principle can be extrapolated to the conservation of to-327
tal number of moles inside the system, which can be328
computed by means of the following expression:329

𝑚𝑡 = (𝑐𝑐2 +𝑐𝑐3 +𝑐𝑐4 +𝑐𝑐5)𝑣𝑐 + (𝑐𝑡2 +𝑐𝑡3)𝑣𝑡− + (𝑐𝑡4 +𝑐𝑡5)𝑣𝑡+ , (11)

where𝑚𝑡 represents the total number of moles of vana-330
dium species inside the system. In order to verify that331
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𝑚𝑡 is constant, it is possible to analyze its dynamics,332
which can be written as:333

¤𝑚𝑡 = 𝒗 · ¤𝒙 , (12)

being 𝒗 the volume vector that takes the form: 𝒗 =334
[𝑣𝑐 , 𝑣𝑐 , 𝑣𝑐 , 𝑣𝑐 , 𝑣𝑡−, 𝑣𝑡−, 𝑣𝑡+, 𝑣𝑡+]. Using (1), it can be seen that:335

¤𝑚𝑡 = 0 , (13)

which shows that the total vanadium mass is constant.336
On the other hand, considering the charge conser-337

vation principle, the total charge must be equal along338
the time. For this case, the expression that express this339
law for the VRFB system is:340

𝑐𝑡 = (2𝑐𝑐2 + 3𝑐𝑐3 + 4𝑐𝑐4 + 5𝑐𝑐5)𝑣𝑐 + (2𝑐𝑡2 + 3𝑐𝑡3)𝑣𝑡−
+ (4𝑐𝑡4 + 5𝑐𝑡5)𝑣𝑡+ ,

(14)

where 𝑐𝑡 is used to express the total charge of the sys-341
tem, which depends on the valence 𝑖 of each vanadium342
species V𝑖+. It is possible to analyze the total charge343
evolution as:344

¤𝑐𝑡 = 𝒗𝒄 · ¤𝒙 , (15)

where in that case the volume vector is 𝒗𝒄 =345
[2𝑣𝑐 , 3𝑣𝑐 , 4𝑣𝑐 , 5𝑣𝑐 , 2𝑣𝑡−, 3𝑣𝑡−, 4𝑣𝑡+, 5𝑣𝑡+], obtaining that its346
value is zero, which means that the total charge re-347
mains constant inside the system.348

Finally, the imbalance can be included to the sys-349
tem, by means of a third expression that can be ex-350
tracted from the mass conservation principle. It is pos-351
sible to express the total mass in one side of the system,352
in this case it has been considered the catholyte,𝑚+ by353
means of the following expression:354

𝑚+ = (𝑐𝑐4 + 𝑐𝑐5)𝑣𝑐 + (𝑐𝑡4 + 𝑐𝑡5)𝑣𝑡+ . (16)

By means of this expression, it is also possible to com-355
pute the mass in the anolyte side, defined as𝑚− , as the356
difference between the total and the catholyte mass.357

𝑚− =𝑚𝑡 −𝑚+ . (17)

3.2 Reduced model formulation358

As expressions (11), (14) and (16) are linearly indepen-359
dent between them, they can be used to reduce the360
number of states to 5, adding the 3 new known pa-361
rameters 𝑚𝑡 and 𝑐𝑡 and the vanadium mass in the362
catholyte side 𝑚+, that despite not being constant, its363
value changes very slowly over time.364

Therefore, it is possible to reformulate the model365
choosing the states that will be removed from the orig-366
inal system. In this work, in order to facilitate the ob-367
server design, it has been decided to keep the cell states,368
which appear directly in the system measured output369
equation. Thus, the tank concentrations 𝑐𝑡3, 𝑐𝑡4 and 𝑐𝑡5370

have been the removed ones. Assuming that both flow371
rates 𝑞− and 𝑞+ are constant, it is possible to formulate372
the new system dynamics:373

¤̄𝒙 = Ā𝒙 + b̄ 𝑗 + 𝝓 (𝑚𝑡 , 𝑐𝑡 ,𝑚+)
𝑦 = ℎ(𝒙)

(18)

where 𝒙 ∈ R5 is the reduced dimension state variable,374
being 𝒙 = [𝑐𝑐2, 𝑐𝑐3, 𝑐𝑐4, 𝑐𝑐5, 𝑐𝑡2]⊤, Ā is the new matrix of flow375
rate effect, b̄ the current effect vector and 𝝓 is the vec-376
tor of the new parameters 𝑚𝑡 , 𝑐𝑡 and 𝑚+ that can be377
expressed as 𝝓 (𝑚𝑡 , 𝑐𝑡 ,𝑚+). All these new matrices are378
summarized in the Appendix A3.379

4 OBSERVER DESIGN380

This section will cover the procedure developed to de-381
sign a nonlinear observer for the nonlinear system pre-382
sented in (18). Due to the nonlinear nature of the sys-383
tem, the EKF appears as a possible candidate technique384
[44], but it has some significant drawbacks.385

On the one hand, this technique is only a local so-386
lution, that is, it only converges if the observer state is387
initialized near to the real value. In a RFB system, it is388
difficult to initialize due to the fact that the electrolytes389
do not provide any variable that can be measured in390
a simple way and provide information on the species391
concentration. Therefore, the concentrations are con-392
sidered totally unknown and it is not possible to ensure393
that the observer state is near to the real value.394

On the other hand, this technique implies a lin-395
earization of the system, which may eliminate some396
properties that can be useful to design an adequate es-397
timator in a more direct way. This is critical in RFB sys-398
tems, as the model presents a particular property that399
allows the design of a global nonlinear observer in a di-400
rect way.401

4.1 System property402

A key property to remark is that the main non-linearity403
of the system, which appears in the in the output func-404
tion ℎ(𝒙), satisfies a bounded jacobian condition. That405
is,406

𝒌𝒉,1 ≤ 𝜕ℎ

𝜕𝒙
≤ 𝒌𝒉,2 , (19)

where 𝒌𝒉,1 and 𝒌𝒉,2 are the lower and upper vectors of407
values that bound the output jacobian.408

This fact can be deduced from the following. Con-409
sidering that the output ℎ is the OCV defined by means410
of (2), its jacobian computation takes the following411
form:412

𝜕ℎ

𝜕𝒙
=

[
1
𝑐𝑐2

−1
𝑐𝑐3

−1
𝑐𝑐4

1
𝑐𝑐5

0
]
, (20)
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that fulfills the bounded jacobian condition (19) accord-413
ing to the values of 𝒌𝒉,1 and 𝒌𝒉,2 that can be computed414
as:415

𝒌𝒉,1 =

[
1

𝑐𝑐2,𝑚𝑎𝑥

−1
𝑐𝑐3,𝑚𝑖𝑛

−1
𝑐𝑐4,𝑚𝑖𝑛

1
𝑐𝑐5,𝑚𝑎𝑥

0

]
𝒌𝒉,2 =

[
1

𝑐𝑐2,𝑚𝑖𝑛

−1
𝑐𝑐3,𝑚𝑎𝑥

−1
𝑐𝑐4,𝑚𝑎𝑥

1
𝑐𝑐5,𝑚𝑖𝑛

0

] (21)

where 𝑐𝑐𝑖,𝑚𝑖𝑛 and 𝑐𝑐𝑖,𝑚𝑎𝑥 are respectively, the minimum416
and maximum concentration of vanadium species 𝑖 .417

By fulfilling the bounded jacobian condition, the418
system model can be rewritten in the following form:419

¤̄𝒙 = Ā𝒙 + b̄ 𝑗 + 𝝓

𝑦 = 𝒌𝒉,1𝒙 + ℎ̄(𝒙)
(22)

where ℎ̄(𝒙) is a monotonic function that can be com-420
puted as:421

ℎ̄(𝒙) = −𝒌𝒉,1𝒙 + ℎ(𝒙). (23)

The main characteristic of a monotonic function is422
that it always increases or decreases according to the423
states evolution. For the case of the VRFB system, is424
always a mononotic non-decreasing function for the425
case of a charging process, and a monotonic decreas-426
ing function for the case of a discharging ones. This427
monotonic output behaviour, is very useful for devel-428
oping observers [27] and will be exploited in this work.429

4.2 Observer structure430

Taking into account the formulation of the new sys-
tem dynamics fulfilling the bounded jacobian condi-
tion (22), the nonlinear observer that is proposed in this
study has the following dynamics:

¤̂̄𝒙 = Ā ˆ̄𝒙 + 𝜿1
[
𝑦 − 𝒌𝒉,1 ˆ̄𝒙 − ℎ̄

(
ˆ̄𝒙 + 𝜿2 (𝑦 − 𝒌𝒉,1 ˆ̄𝒙 − ℎ̄( ˆ̄𝒙)

) ]
+ b̄ 𝑗 + 𝝓 , (24)

where ˆ̄𝒙 is the observer state vector, and 𝜿1 and 𝜿2431
are the observer gains in R5 to be tuned. A scheme of432
the proposed observer is presented in Figure 2 where433
it is possible to see how it is composed by a copy of434
the system dynamics and combination of a linear and435
a nonlinear feedback term. The main advantage of this436
structure is that using the property of bounded jacobian437
the observer can be proved to work in all the operating438
region, thus, avoids the need of initializing the observer439
states.440

Regarding the design of the gains, there exists441
a simple computational way to find their values, by442
means of a LMI [5]. For the present work, these gains443
must be tuned using the following LMI, that must be444

fulfilled for some symmetric positive definite matrix445
P ∈ R5×5 and a vector 𝚼 ∈ R5:446 

Ā ⊤P + PĀ + 2𝜖P − 𝒌⊤𝒉,1𝚼
⊤ − 𝚼𝒌𝒉,1 ∗

−𝚼 0


−


0 ∗

−
𝒌𝒉,2 − 𝒌𝒉,1

2
(I − 𝜿2

𝜕ℎ

𝜕𝒙
) I

 < 0

(25)

where ∗ denotes the symmetric terms of the respective447
matrices, 0 and I are the zero and identity matrices of448
the corresponding dimensions. Then, if the observer449
gains are tuned as𝜿1 = P−1

𝚼 and𝜿2 is obtained directly450
from (25), the estimation error 𝑒 , defined as 𝑒 = (𝒙 − ˆ̄𝒙),451
will be asymptotically stable satisfying the following452
condition [35]:453 

𝒙 (𝑡) − ˆ̄𝒙 (𝑡)



 ≤ 𝑘


𝒙 (0) − ˆ̄𝒙 (0)



 𝑒−𝜖𝑡 , (26)

where ∥ · ∥ is the norm operation, 𝜖 is the convergence454
rate, 𝑘 is a positive constant and 𝑡 defines the time. This455
condition ensures the observer stability, with the ad-456
vantage of being able to tune the 𝜖 parameter. Thus, the457
larger 𝜖 is, the faster the state will converge to the real458
value. However, increasing 𝜖 also increases the noise459
sensitivity of the observer, so it should be chosen seek-460
ing a balance between variance and convergence rate.461
The proof of the observer stability is presented in the462
Appendix A4.463

Figure 2: Observer scheme.

5 NUMERICAL SIMULATION464

In order to validate the proposed observer, a series of465
simulations have been carried out to study if it is capa-466
ble of estimating the states 𝒙 , and therefore, the SOC.467
For this numerical analysis, realistic vanadium concen-468
trations have been considered, with a total vanadium469
concentration of species in the electrolyte equal to 0.4470
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M [10]. The other parameters of the system appears471
summarized in Table 1.472

A key-point of the proposed approach is the capa-473
bility of estimating the internal states considering that474
the vanadium species concentration can be different in475
the cell and tank. Therefore, the flow rates that have476
been chosen in such a way that there is a significant477
concentration difference between both sides of the sys-478
tem. On the one hand, for the anolyte part, a flow rate479
𝑞− = 5 ml/min has been chosen, while for the catholyte480
part has been chosen a lower ones 𝑞+ = 50 ml/min.481

Figure 3 shows the evolution of the active species482
V2+ and V5+ during a constant current charge and dis-483
charge cycle, with an absolute value of 1.5 A, assum-484
ing an electrolyte temperature of 298 K. Notice that, as485
the electrolyte flow rate of the catholyte part is high,486
the difference of concentrations between the cell and487
the tank for the vanadium species V5+ is small. How-488
ever, for a low flow rate as the ones introduced in the489
anolyte side, the difference is considerable as can be no-490
ticed looking the profiles of 𝑐𝑐2 and 𝑐𝑡2.491
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Figure 3: Concentration dynamics of the active species
in the system with different flow rates 𝑞− = 5 ml/min
and𝑞+ = 50 ml/min and a constant charge and discharge
current of 1.5 A.

Table 1: Numerical VRFB parameters.
Nomenclature Value
𝑐𝑡 0.28 mol e−

𝑚𝑡 0.8·10−2 mol
𝑚+ 0.4·10−2 mol
𝑣𝑐 4.5·10−6 m3

𝑣𝑡− 1·10−4 m3

𝑣𝑡+ 1·10−4 m3

𝑇 298 K

As it can be noticed, under the proposed flow rates492

conditions, it is necessary to estimate all states sepa-493
rately, in order to compute the SOC of the system. To494
do so, the proposed observer in the previous section has495
been implemented.496

Selecting a value of 𝜖 = 0.8, and considering that the497
minimum and maximum concentrations of the vana-498
dium species are 0.005 and 0.395 M, the LMI problem499
defined in (25) can be solved. It is important to remark500
that the minimum concentration has been considered501
greater than zero because otherwise it makes not phys-502
ical sense (negative concentrations can not exist). This503
consideration has also practical relevance, since for a504
correct operation of the VRFB, as well as to extend its505
useful life, it is recommended that the SOC varies be-506
tween 10 and 90%, without ever reaching null concen-507
trations.508

Solving the LMI, the value of the matrix P and vec-509
tors 𝚼 and 𝜿2 are:510

P = 103


3.1943 2.9537 2.2191 0.5110 1.5224
2.9537 4.3734 2.5695 0.6362 1.8727
2.2191 2.5695 2.3021 0.6680 1.5772
0.5110 0.6362 0.6680 0.8645 0.5121
1.5224 1.8727 1.5772 0.5121 1.9589


𝚼 =


622.4988
654.2821
924.3394
818.3161
784.8318


𝜿2 =


2.2515
−2.0591
−4.0621
0.0165
0.2498


.

Finally, the gain𝜿1 can be computed from the above511
matrices as:512

𝜿1 = P−1
𝚼 =


−0.0763
−0.1822
0.3551
0.7633
0.1487


. (27)

With these results, the observer has been imple-513
mented in order to analyze its robustness and efficiency514
in terms of SOC estimation. For this purpose, the VRFB515
dynamics have been initialized with the following ini-516
tial concentrations 𝒙 (0) = [40 350 350 40 40]⊤, assum-517
ing the system is balanced in its initial moment. On the518
other hand, the estimation dynamics have been initial-519
ized randomly with the following concentrations ˆ̄𝒙 (0)520
= [15 78 24 324 256]⊤ assuming there is no information521
about the system states.522

As can be seen in Figure 4, the estimated SOC de-523
noted as ŜOC converges to the real ones, which indi-524
cates that the designed observer works correctly. As525
have been explained, increasing the value of 𝜖 allows526
to obtain a faster convergence. This can be seen in the527
same figure where have been plotted the estimated ŜOC528
considering an 𝜖 of 0.1 and 0.8.529
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Figure 4: Comparison between the real SOC and the
observed ones with different values of 𝜖 .

In order to analyze the robustness of the observer530
in term of 𝜖 , uncertainty and noise have been intro-531
duced into the system. On the one hand, the values532
of the cell volume, 𝑣𝑐 , and tank volumes, 𝑣𝑡+, 𝑣

𝑡
− , have533

been varied, from the ones shown in Table 1 to 5·10−6534
m3 and 0.9·10−4 m3, respectively. On the other hand, it535
has been introduced Gaussian distributed noise of vari-536
ance 0.5 to the OCV measure, which is a significantly537
large value for the considered system.538
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Figure 5: Comparison between the real SOC and the
observed ones with different values of 𝜖 introducing un-
certainty and noise inside the system.

As can be noticed in Figure 5, even in the presence of539
significant measurement noise and model uncertainty,540
the observer achieves a correct estimation of the SOC.541
It is possible to see, how due to the system noise and542
uncertainty, the ŜOC with 𝜖 = 0.8 is more sensitive than543
the ones of 0.1. Therefore, it is shown how 𝜖 must be544

selected searching a trade off between convergence rate545
and reliability.546

Finally, Figure 6 shows the relative error of the esti-547
mated ŜOC for both cases of 𝜖 considering the previous548
noise and uncertainty. It is possible to see that, on the549
presence of noise and uncertainty in the model param-550
eters, the estimated concentration presents an error of551
less than 10% for the case of 𝜖 = 0.1 and peaks of 40% for552
the case of 𝜖 = 0.8. It is important to remark, that with-553
out the presence of noise and uncertainty (see Figure 4),554
the observed error is null, making it asymptotically sta-555
ble according to the procedure develop for the observer556
design.557
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Figure 6: Relative error of the estimated concentration
with (red) and without (blue) the consideration of pa-
rameter uncertainty and noise.

6 EXPERIMENTAL DESIGN558

Once the designed observed has been numerically vali-559
dated, it has been implemented in a real battery proto-560
type.561

6.1 Experimental setup562

The experimental VRFB setup is shown in Figure 7 and563
is composed by a single cell of 25 cm2 active area devel-564
oped by the danish company Redox-Flow [1, 23], with a565
Nafion-117 membrane and 3 mm thick carbon felt elec-566
trodes [24]. Through the peristaltic pump BT600L from567
the Leadfluid manufacturer, the electrolyte flow rates568
can be monitored and controlled. The tanks used to569
perform the different experiments have a capacity of570
80 ml.571

The electrolytes are composed of 1.6 M concentra-572
tion of vanadium in a solution of sulphuric acid. Ini-573
tially, there is only a single electrolyte reservoir with574
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Figure 7: VRFB experimental setup with its main com-
ponents. 1: Anolyte tank, 2: Current-Voltage sensors, 3:
Cell, 4: Current collectors, 5: Catholyte tank, 6: Pump.

a vanadium valence of 3.5, therefore it is necessary to575
perform a charging process in order to obtain the vana-576
dium species V2+ and V5+.577

In order to ensure that the vanadium species V2+578
and V5+ are reached, the following procedure has been579
carried out:580

1. Introduce the same quantity of V3.5+ electrolyte581
in the two reservoirs of 80 ml.582

2. Charge the battery at a constant current of 2 A583
until the voltage reaches 1.7 V using flow rates of584
5 ml/min.585

3. Maintain the battery in charging mode at 1.7 V,586
allowing a variation in the current value. In this587
way, the current will decrease until there is no588
more electrolyte left to react, at which point it is589
possible to conclude that vanadium species V2+590
and V5+ have been generated.591
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Figure 8: Voltage and current profiles for the generation
of vanadium species V2+ and V5+.

592

The profiles of the current and voltage for the gen-593
eration of the vanadium species is shown in Figure 8.594
As can be noticed, as soon as the 1.7 V are reached, it595
is maintained constant and current starts to decrease596
from 2 to less than 0.4 A. At this point, it is possible to597
visually identify if the electrolyte has been generated598
correctly. The nature color of vanadium species V5+ is599
yellow, while the color of V2+ is purple, so it can be dis-600
tinguished from the initial solution that had a bluish601
color. Figure 9 shows the initial and final colors of the602
electrolytes obtained from develop the procedure ex-603
plained. As can be seen, Figure 9a presents the origi-604
nal bluish electrolyte color corresponding to the V3.5+,605
while Figure 9b shows the final electrolytes colors, cor-606
responding to vanadium species V2+ and V5+.607

Figure 9: Electrolyte color inside the pipes. At its initial
state (a) and at the end of the V2+ and V5+ generation
process (b).

Figure 10 shows the color of the original electrolyte608
with V3.5+ concentration contained in the reservoir, and609
the V5+ obtained from the generation process. In this610
scenario, it is possible to assume that the system is ini-611
tially full charged, and therefore the initial concentra-612
tions are known.613

Figure 10: Reservoirs with the original V3.5+ electrolyte
(left) and the V5+ concentration electrolyte (right).

9



Once the electrolytes for the cathode and anode614
side of the system have been obtained, it is possible to615
carry out the different experiments to validate the SOC616
estimator.617

6.2 Model calibration618

Before implementing the observer designed to estimate619
the SOC, first of all it is necessary to calibrate the620
model. The calibration has been done using a charging621
process at constant current of 2 A with a constant flow622
rates of 5 ml/min, after the battery has been partially623
discharged.624

As the total vanadium concentration is 1.6 M, as-625
suming that the system is initially balanced with the626
same amount of electrolyte of 80 ml in each reservoir, it627
is possible to compute the value of𝑚𝑡 , 𝑐𝑡 and𝑚+ which628
appear summarized in Table 2 jointly with the system629
dimensions.630

The parameters that have been estimated to cali-631
brate the model are the ohmic resistance 𝑟 , the stan-632
dard electrode potential 𝐸𝜃 and the initial concentra-633
tions 𝒙 (0). In order to relax the problem, it has been634
assumed that same evolution is presented for the ac-635
tive vanadium species V2+ and V5+, and the same for636
V3+ and V4+. Therefore, it is only necessary to estimate637
the initial concentration inside the tank and cell of one638
species. In that case, choosing the V2+ species, the ini-639
tial concentration parameters are 𝑐𝑐2(0) and 𝑐𝑡2(0).640

Using a particle swarm optimization technique [10],641
it is possible to estimate the set of parameters p = [𝑟 , 𝐸𝜃 ,642
𝑐𝑐2(0), 𝑐𝑡2(0)], that satisfy the following problem:643

minp

𝑁∑︁
𝑘=1

|𝐸 (𝑘 ·𝑇𝑠 ) − 𝐸 (𝑘 ·𝑇𝑠 ) |

subject to
𝐸 (𝑘 ·𝑇𝑠 ) = 𝑓 (p)
p ∈ c(p)

being 𝑁 the total number of measures that has been644
taken, considering a sample period 𝑇𝑠 , 𝑘 denotes each645
sample, 𝑓 denotes the cell voltage expressed by (2) as a646
function of the parameters and c is the constraint set647
over the unknown parameters. For the experiment per-648
formed, the value of𝑇𝑠 is one second and the constraint649
set is c (p) = [0..1, 0..2, 0..1600, 0..1600].650

The values of the estimated parameters are pre-651
sented in Table 2, and the calibrated profile that has652
been obtained is shown in Figure 11.653

As it can be noticed from Figure 11, the calibrated654
profile of 𝐸 is close to the real 𝐸, so the calibration per-655
formed by means of the PSO algorithm has achieved656
good results.657

Table 2: Measured and calibrated VRFB parameters.
Nomenclature Value
𝑐𝑡 0.896 mol e−

𝑚𝑡 0.256 mol
𝑚+ 0.128 mol
𝑣𝑐 7.5·10−6 m3

𝑣𝑡− 8·10−5 m3

𝑣𝑡+ 8·10−5 m3

𝑇 298 K
𝑟 0.11 Ω
𝐸𝜃 1.235 V
𝑐𝑐2(0) 216.75 mol
𝑐𝑡2(0) 2.578 mol

0 500 1000 1500 2000 2500 3000 3500 4000

1.35

1.4

1.45

1.5

1.55

1.6

1.65

1.7

Figure 11: Measured and calibrated profiles of the volt-
age output.

As a quality estimation measure, the mean squared
error (MSE) has been computed, which can be calcu-
lated as:

𝑀𝑆𝐸 =
1
𝑁

𝑁∑︁
𝑘=1

(𝐸 (𝑘 ·𝑇𝑠 ) − 𝐸 (𝑘 ·𝑇𝑠 ))2

obtaining that the MSE value is 3.45·10−5. There-658
fore, it is possible to guarantee that the model repro-659
duces the real VRFB behavior accurately.660

6.3 Results and discussion661

Implementing the proposed observer, it is possible to662
analyze its behaviour in real time. Figure 12 shows the663
real voltage profile and the estimated ones, obtained664
with a constant current of 2 A, when the battery is ini-665
tially full discharged. As can be noticed, the estimation666
tracks the real value in less than 20 seconds, so the con-667
vergence of the states is really fast and accurate.668

As the flow rates of 5 ml/min are relatively low for669
the considered system, it is expected to find a sub-670
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Figure 12: Measured and estimated profiles of the volt-
age output.

stantial difference between the cell and tank concentra-671
tions, as it was shown in Figure 3. In order to analyze672
this effect, the evolution of 𝑐𝑐2 and 𝑐𝑡2 have been plotted.673

Figure 13 shows the evolution of 𝑐𝑐2 and 𝑐𝑡2 where it674
is possible to see how there exists a clear distinction be-675
tween cell and tank concentrations due to the low flow676
rate. Therefore, although the voltage reaches a value of677
1.7 V which is obtained when the SOC of the cell is near678
to the 100 %, the real SOC is near the 80 %. This is be-679
cause the volume of the tanks is much greater than the680
one of the cells, and the real SOC of the global system681
is related with the tank concentrations.682

Thus, it is possible to see the effect that generates a683
low flow rate in the determination of the real SOC of a684
VRFB, and how assuming cell and tanks concentrations685
are equal may lead to large estimation errors.686
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Figure 13: Estimated SOC and cell and tank concentra-
tions of vanadium species V2+.

In order to validate the accuracy of the SOC estima-687
tion, a coulomb counting analysis has been performed688

[25]. The coulomb counting has been obtained integrat-689
ing the current, which in this case is constant, obtaining690
a ramp that defines the real SOC of the system, assum-691
ing that the initial conditions are known. Its compu-692
tation depends on the nominal capacity of the battery693
which can be directly related with the total charge 𝑐𝑡694
using the Avogadro constant 𝑁𝐴:695

SOC(𝑡) = SOC(0) + 1
𝑐𝑡 · 𝑁𝐴

∫ 𝑡

0
𝑗 𝑑𝑡 (28)

The drawback of this method, is the requirement of696
knowing the initial conditions in terms of SOC(0) and697
the nominal capacity of the system. With respect to698
the nominal capacity, it is possible to compute its value699
knowing the total charge of the system, which has been700
seen is conserved along the time.701

With respect to the initial SOC, its value will de-702
pend on the distribution of concentrations in each side,703
accordingly to (9). Therefore, in order to initialize704
the Coulomb counting method it is necessary to know705
which are the proportion of concentrations of species to706
determine the initial SOC(0). Therefore, to get a certain707
idea of its value, what is commonly done is to take the708
system to a known operating point, where species con-709
centrations can be approximated with non-significant710
error. Usually, to determine the initial SOC(0), the op-711
erating point that is used is the one corresponding to712
the end of a charging or discharging process. There-713
fore, it is possible to initialize the Coulomb counting714
assuming that the initial SOC(0) is close to 100% or 0%,715
respectively.716

In order to validate the observer presented in this717
work, it has been considered the case where the sys-718
tem is totally discharged, starting from a 0% SOC. It719
should be stated, that the proposed observer approach720
does not need to know the initial conditions of the sys-721
tem.722

Figure 14 shows the profile of the measured SOC723
by means of the coulomb counting technique, the esti-724
mated one ŜOC and the ones estimated using the cell725
dynamics and assuming that the concentration in tanks726
and cells are equal �SOCc.727

As can be noticed in Figure 14, the SOC estimation728
using the assumption of equal concentration in tanks729
and cells leads to a low accuracy estimation of the real730
SOC of the system. On the other hand, by means of731
the proposed observer, the estimation presents a low732
error compared to the measured value. Comparing the733
MSE of each case, computing the MSE with the cell734
SOC leads to 230.56, while for the case of computing735
the SOC with the proposed observer, its value is only736
3.8615 which is low. Therefore, it is possible to verify737
the correctness of the observer proposed for SOC esti-738
mation in cases of low and unequal flow rates.739
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Figure 14: Estimated SOC with low order model (�SOCc),
proposed in this work (ŜOC) and the computed by the
coulomb counting (SOC).

7 CONCLUSIONS740

This work has presented an observer-based methodol-741
ogy to estimate the SOC of VRFB, proposed methodol-742
ogy combines a nonlinear electrochemical VRFB model743
and OCV real-time measures. Differently, from previ-744
ous existing methodologies, in this work it is not as-745
sumed cell and tanks concentrations are the same, con-746
sequently our method can be applied to wider range of747
operation conditions.748

In order to validate the proposed observer both sim-749
ulation and experimental analysis have been developed.750
The experimental results have been validated with a751
common technique used in the literature to estimate752
the SOC of any electrochemical system, which consists753
on the coulomb counting method. Moreover, the pro-754
posed technique has been compared with one of the755
most developed to estimate the SOC of VRFB systems,756
which consists on the use of a reduced order model. The757
results show that the use of this novel observer signifi-758
cantly reduces the estimation error, obtaining that the759
MSE can be reduced a 60% compared to previous ob-760
servers, in both conditions of different flow rates or low761
values.762

Finding a SOC observer that can handle any flow763
condition allows it to be used for many purposes such as764
optimal flow rate control or the development of a volt-765
age controller. However, it is necessary to obtain certain766
knowledge of the system, in terms of mass imbalance,767
so a possible future line of work may be the implemen-768
tation of the observer with an online estimation of the769
unbalance variable, which would make it possible not770
to treat it as a parameter, but as a very slow dynamic771
variable.772
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APPENDIX787

A1. Model parameters788

Table 3: VRFB model parameters and constants

Parameter Meaning (Units)
𝑐𝑡 Total charge of the system (C)
𝑗 Current (A)
𝑞− Anolyte flow rate (m3 · s−1)
𝑞+ Catholyte flow rate (m3 · s−1)
𝑚𝑡 Number of moles (mol)
𝑚+ Number of moles in the catholyte (mol)
𝑣𝑐 Cell volume (m3)
𝑣𝑡− Anolyte tank volume (m3)
𝑣𝑡+ Catholyte tank volume (m3)
𝐹 Faraday constant (96 485 A · s · mol−1)
𝑅 Ideal gas constant (8.311 J · mol−1 · K−1)
𝑇 Electrolyte temperature (298 K)

A2. Original model matrices and vectors789

A- =



− 1
𝑣𝑐

0 0 0 1
𝑣𝑐

0 0 0
0 − 1

𝑣𝑐
0 0 0 1

𝑣𝑐
0 0

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1
𝑣𝑡−

0 0 0 − 1
𝑣𝑡−

0 0 0
0 1

𝑣𝑡−
0 0 0 − 1

𝑣𝑡−
0 0

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0


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A+ =



0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 − 1

𝑣𝑐
0 0 0 1

𝑣𝑐
0

0 0 0 − 1
𝑣𝑐

0 0 0 1
𝑣𝑐

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 1

𝑣𝑡+
0 0 0 − 1

𝑣𝑡+
0

0 0 0 1
𝑣𝑡+

0 0 0 − 1
𝑣𝑡+


b =

1
𝐹 · 𝑣𝑐

[
1 − 1 − 1 1 0 0 0 0

]⊤
A3. Reduced model matrices and vectors790

Ā =
1
𝑣𝑐



𝑎11𝑣
𝑐 0 𝑎13𝑣

𝑐 𝑎14𝑣
𝑐 𝑞−

0 𝑎22𝑣
𝑐 𝑎23𝑣

𝑐 𝑎24𝑣
𝑐 −𝑞−

0 0 −2𝑞+ −𝑞+ −𝑞+
0 0 0 −𝑞+ 𝑞+

0 0 0
𝑣𝑐

𝑣𝑡+
𝑞+ − 𝑣𝑐

𝑣𝑡+
𝑞+


b̄ =

𝑠𝑒

𝐹 · 𝑣𝑐
[
1 − 1 − 1 1 0

]⊤

𝝓 =
1
𝑣𝑐



(
3𝑚𝑡

𝑣𝑡−
+ 4𝑚+

𝑣𝑐
− 3𝑚+𝑣𝑡+

𝑣𝑐𝑣𝑡−
− 𝑐𝑡

𝑣𝑡−

)
𝑞−(

𝑐𝑡

𝑣𝑡−
+ 2𝑚+𝑣𝑡+

𝑣𝑐𝑣𝑡−
− 2𝑚𝑡

𝑣𝑡−
− 4𝑚+

𝑣𝑐

)
𝑞−

𝑚+
𝑣𝑐

𝑞+

0
0


𝑎11 =

(
− 1
𝑣𝑐

− 1
𝑣𝑡−

)
𝑞− 𝑎13 =

(
1
𝑣𝑡−

+ 3𝑣𝑡+
𝑣𝑐𝑣𝑡−

− 4
𝑣𝑐

)
𝑞−

𝑎14 =

(
1
𝑣𝑡−

+ 3𝑣𝑡+
𝑣𝑐𝑣𝑡−

− 4
𝑣𝑐

)
𝑞− 𝑎22 =

(
− 1
𝑣𝑐

− 1
𝑣𝑡−

)
𝑞−

𝑎23 =

(
4
𝑣𝑐

− 2
𝑣𝑡−

− 2𝑣𝑡+
𝑣𝑐𝑣𝑡−

)
𝑞− 𝑎24 = 𝑎23 −

(
1
𝑣𝑡−

)
𝑞−

A4. Observer proof791

Considering the system represented in (24), the dynam-
ics of the estimation error 𝑒 = (𝒙 − ˆ̄𝒙) takes the follow-
ing form:

¤𝑒 = (Ā −𝜿1𝒌𝒉,1)𝑒 −𝜿1 [ℎ̄(𝒙) − ℎ̄( ˆ̄𝒙 +𝜿2 (ℎ(𝒙) −ℎ( ˆ̄𝒙))] ,

that can be expressed in a more compact way as:792

¤𝑒 = (Ā − 𝜿1𝒌𝒉,1)𝑒 − 𝜿1𝜓, (29)

being𝜓 a time-varying function of 𝑒 . This can be proved
by means of the mean value theorem, that makes pos-
sible to express𝜓 as [36]:

𝜓 = ℎ̄(𝒙) − ℎ̄( ˆ̄𝒙 + 𝜿2 (ℎ(𝒙) − ℎ( ˆ̄𝒙))

=

(
𝜕ℎ

𝜕𝒙
− 𝒌𝒉,1

) (
I − 𝜿2

𝜕ℎ

𝜕𝒙

)
(𝒙 − ˆ̄𝒙) . (30)

Considering also the bounded jacobian property of793
the output, as it is shown in (19), it is possible to obtain794
the following constraint:795

𝜓⊤
[
𝜓 − (𝒌𝒉,2 − 𝒌𝒉,1)

(
I − 𝜿2

𝜕ℎ

𝜕𝒙

)
𝑒

]
≤ 0 . (31)

By means of this formulation, the system consti-796
tutes a Lur’e-system representation. Taking V as a Lya-797
punov function candidate for the error dynamics pre-798
sented in (29), if V has the form:799

V = 𝑒⊤P𝑒, P > 0 , (32)

and satisfies the following inequality:800

¤V + 2𝜖V ≤ 0 , (33)

then, the exponential stability condition expressed by801
means of (26) is fulfilled [17]. As the left side of (25)802
takes the following quadratic form:803 [

𝑒

𝜓

]⊤ [
Ā⊤P + PĀ + 2𝜖P ∗

−𝜿1
⊤P 0

] [
𝑒

𝜓

]
(34)

and by considering the condition for 𝑒 and𝜓 computed804
in (31) it is possible to obtain the semidefinite con-805
straints of the LMI formulation presented in (25) ap-806
plying the S-Procedure [30], that makes asymptotically807
stable the error 𝑒 if the gain values of 𝜿1 and 𝜿2 are cor-808
rectly tuned.809

810
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la saturación de agua ĺıquida en pilas de com-836
bustible tipo pem. Revista Iberoamericana de Au-837
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