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Kleinberg introduced three natural clustering properties, or axioms, and showed they cannot be simulta-
neously satisfied by any clustering algorithm. We present a new clustering property, Monotonic Consis-
tency, which avoids the well-known problematic behaviour of Kleinberg’s Consistency axiom, and the im-
possibility result. Namely, we describe a clustering algorithm, Morse Clustering, inspired by Morse Theory
in Differential Topology, which satisfies Kleinberg’s original axioms with Consistency replaced by Mono-
tonic Consistency. Morse clustering uncovers the underlying flow structure on a set or graph and returns
a partition into trees representing basins of attraction of critical vertices. We also generalise Kleinberg's
axiomatic approach to sparse graphs, showing an impossibility result for Consistency, and a possibility
result for Monotonic Consistency and Morse clustering.
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1. Introduction

Given a set of objects and a pairwise similarity function, a clus-
tering algorithm is a formal procedure that groups together objects
which are similar and separate the ones which are not [1], mimick-
ing the human ability to categorize and group together objects by
similarity. Methods and approaches to clustering algorithms have
been growing for decades [1-5], with clustering becoming a stan-
dard data analytic technique [6]. This has been complemented by
an interest in underlying principles and general desirable proper-
ties (sometimes called axioms) of clustering algorithms [7], espe-
cially as clustering is an infamously ill-defined problem in the ab-
stract [6,8].

A more recent interest in the axiomatic approach was sparked
by Kleinberg’s impossibility theorem [9]. In the spirit of Arrow’s
impossibility theorem in social science [10], Kleinberg gives three
natural properties a clustering algorithm should have, namely Scale
Invariance, Richness, and Consistency, then proves that they cannot
be simultaneously satisfied. Scale Invariance guarantees that the
output of the clustering algorithm remains the same if we multiply
(scale) all distances by a factor @ > 0, and similarly for Consistency,
when we decrease intra-cluster distances and increase inter-cluster
distances. Finally, Richness is the property that guarantees that an

* Corresponding author.
E-mail addresses:  fabio.strazzeri@upc.edu (F. Strazzeri), R.Sanchez-Garcia@
soton.ac.uk (RJ. Sanchez-Garcia).

https://doi.org/10.1016/j.patcog.2022.108687

arbitrary partition of any set X can be achieved by the algorithm,
for a suitably defined distance function on X (see Section 2.1 for
formal statements).

Several authors have since criticised Kleinberg’s approach, par-
ticularly the Consistency axiom [11-13], and proposed alternative
frameworks that circumvent the impossibility result. For instance,
by restricting clustering functions to k-partitions, for a fixed k, the
axioms can coexist [14]; if we allow arbitrary parameters, Klein-
berg’s axioms are compatible when applied to a parametric family
of a clustering algorithm, as discussed in [13]; and, by replacing
partitions by dendrograms as the output of a clustering function,
the authors in [15] show a possibility and uniqueness result sat-
isfied by single-linkage hierarchical clustering. In all these cases,
Kleinberg's impossibility is avoided by either restricting or extend-
ing the definition of clustering function. Other authors shift the
axiomatic focus to clustering quality measures [11,16-18], or cost
functions [19,20].

In this article, we remain close to Kleinberg's original setting
and directly address the problematic behaviour of the Consistency
axiom instead. Namely, we replace Kleinberg’'s Consistency by a
weaker condition that we call Monotonic Consistency, where the
rate of expansion, respectively contraction, of inter-, respectively
intra-, cluster distances is not arbitrary, but globally controlled by
an expansive function n (Section 2.2). In essence, 1 controls the
inter-cluster expansion, while its inverse n~! controls the intra-
cluster contraction. As n is a function on distances, not pairs of
points, the control is global, with points at similar distances expe-
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riencing the same expansion or contraction. Without such global
condition, we would recover Outer or Inner Consistency, each in-
compatible with Scale Invariance and Richness [12].

Monotonic Consistency avoids the problematic behaviour of
Consistency (see Section 2.5), and, unlike Consistency, it is compat-
ible with the other two axioms (Corollary 16). As far as we know,
this is the only alternative in the literature to the Consistency ax-
iom that is compatible with Richness and Scale Invariance without
modifying the definition of clustering function.

Our possibility result relies on a clustering method that we call
Morse Clustering, inspired by Morse Theory in Differential Topol-
ogy. Although naturally a vertex-weighted clustering algorithm (in
the sense of [21]), an unweighted version (which we call agnostic
Morse Clustering) satisfies Kleinberg’s original axioms, with Con-
sistency replaced by Monotonic Consistency.

We present three instances of Morse Clustering, corresponding
to three choices of vertex and edge preorders, then show that each
of them satisfy a pair of Kleinberg’s original axioms, and that all of
them satisfy Monotonic Consistency (Section 3.4). In particular, one
of them satisfy Monotonic Consistency, Scale Invariance and Rich-
ness, which are therefore mutually compatible clustering axioms
(Corollary 16).

Our last contribution is a generalisation of Kleinberg’s impossi-
bility result to graph clustering (Section 4). A distance function d
on a set X can be represented by a complete graph G with vertex
set X and edges weighted by d(u,v) > 0. In fact, many clustering
algorithms (including Morse Clustering) work on this graph repre-
sentation. A classical example is Single Linkage, which, in fact, only
depends on a minimum spanning tree of G [22]. A natural gener-
alisation of Kleinberg’s setting is, therefore, the case when G is an
arbitrary, rather than complete, graph. That is, we fix a graph G
and consider distances supported on the edge set (this is the nat-
ural setting of graph clustering [23]). In Section 4, we justify this
approach, consider Kleinberg's axioms in this graph clustering set-
ting, show that the impossibility result still holds, even when Rich-
ness is relaxed naturally to Connected-Richness (partitions where
every cluster is a connected subgraph), and give a possibility re-
sult for Monotonic Consistency and the same instance of Morse
Clustering. Our result contains the original impossibility theorem
[9] as a particular case, and, we argue, provides the appropriate
impossibility result in the context of graph clustering.

Related work. Kleinberg’s impossibility result applies to generic
clustering algorithms encoded as arbitrary functions

F : {d distance on X} — {P partition on X},

where X is a non-empty, finite set (see Section 2.1). All extensions
of Kleinberg's work either restrict or extend this definition of clus-
tering function, and none addresses the problematic Consistency
axiom without either modifying the definition of clustering algo-
rithm, or the other two axioms. In [14], the authors restrict the
codomain of F to k-partitions, for fixed k,

F : {d distance on X} — {P k-partition on X}.

This solves the problematic behaviour of Consistency at the cost of
fixing the number of clusters a-priori, effectively substituting Klein-
berg’s Richness axiom by k-Richness. This assumes that each clus-
tering algorithm has a target number of clusters (which may not
always be the case), and separates clustering algorithms by target
cluster number. In [13], the author proves several possibility re-
sults for parametric clustering, that is, the domain of the clustering
functions is extended to include additional input parameters

F : {d distance on X} x {parameters} — {P partition on X}.

The approach in [15] goes somewhat in the opposite direction: it
only considers clustering algorithms that depend on the distance
d alone in a way that is called functorial. An immediate drawback
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is that standard clustering algorithms such as k-means or spectral
clustering are not functorial and thus excluded from their analy-
sis. Additionally, the authors change the codomain of a clustering
algorithm function from partitions to hierarchical arrangements of
clusters (dendrograms),

F : {d distance on X} — {P dendrogram on X},
and F functorial.

Other line of related work [11,16,20] focuses on clustering quality
measures instead, that is, functions that assign a score to a parti-
tion of a data set. In this approach, the axioms refer to the clus-
tering quality functions rather than to the clustering algorithms
themselves.

In contrast to the above, our approach retains Kleinberg’s sim-
plicity, by keeping his original definition of clustering algorithm,
and changes the Consistency axiom only, in a way directly moti-
vated by its problematic behaviour (see Fig. 1 and Section 2.5), into
a compatible axiom. Indeed, several authors have criticised Klein-
berg’s original Consistency axiom along these lines [11-13]. The
authors in [12], for instance, argue that Consistency ‘may sound
desirable and natural’, however it ‘may be viewed as the main
weakness of Kleinbergs impossibility result’.

Overview of results. We define a new clustering property (or
axiom) called Monotonic Consistency (Definition 5), and describe
it in terms of expansive and contractive maps (Section 2.2) and
monotonic transformations (Sections 2.3 and 2.4). We explicitly
show how the problematic behaviour of Kleinberg’s Consistency
axiom is avoided by Monotonic Consistency (Section 2.5). We then
show that Monotonic Consistency is compatible with the other two
Kleinberg’s original axioms. Namely, we describe a family of clus-
tering functions (Sections 3.2 and 3.3), which we call Morse clus-
tering, that satisfy, in three different instances, each pair or Klein-
berg's axioms, as well as the three axioms when Consistency is
replaced by Monotonic Consistency (Section 3.4, Corollary 16). In
Section 4, we generalise our results to graph clustering. First, we
generalise Kleinberg’s original impossibility theorem to graph clus-
tering (Section 4.2, Theorem 20), then we prove a possibility theo-
rem for Monotonic Consistency and an instance of Morse Cluster-
ing (Section 4.2, Theorem 22).

2. Monotonic consistency

In this section, we introduce a weakening of the Consistency
axiom that we call Monotonic Consistency. We start with a review
of Kleinberg’s original axioms and the problematic behaviour of
Consistency.

2.1. A critique of Kleinberg’s axioms

Given a set X of n objects that we want to compare, a dissimi-
larity on X is a pairwise function

d:XxX—-R

such that d(i, j) = d(j,i) > 0, and d(i, j) = 0 if and only if i = j, for
all i, j € X. We will adhere to the convention in the literature and
refer to d from now on as a distance, although it may not satisfy
the triangle inequality. Following [9], we define a clustering algo-
rithm on X as a map

F : {d distance on X} — {P partition of X}. (1)

A partition of X is a disjoint union X =X; U...UX,, and we call
each X; a cluster of the partition. If P = {X;,..., Xy} is a partition
of X and x,y € X, we use the notation x ~p y if x and y belong to
the same cluster of P, and x #p y if not.

Kleinberg [9] introduced three natural properties for a cluster-
ing algorithm, then proved that they cannot be simultaneously sat-
isfied by any clustering algorithm F. These properties are:
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Fig. 1. Problematic behaviour of the Consistency axiom. We can arbitrarily emphasize any subcluster structure without affecting the output of the clustering algorithm. (Left)
A point cloud representing the pairwise distances in a set and the output of some clustering algorithm F intro three clusters. (Right) New internal structure emphasizing
a subdivision of the third cluster (top to bottom). If F satisfies the Consistency axiom, its output will be the same in both cases. This behaviour is explicitly avoided by

Monotonic Consistency (Section 2.5).

« Scale Invariance: Given a distance d on X and o > 0, we
have F(d) = F(« - d);

« Richness: Given a partition P of X, there exists a distance d
on X such that F(d) =P;

+ Consistency: Given two distances d and d’ on X with P =
F(d), if d’ is a P-transformation of d, that is,

if v~pw, and
if vopw,

(2)

dw,w)<d,w)
dw,w)>dw,w)

then F(d) = F(d").

Kleinberg also showed that each pair of these properties can
be simultaneously satisfied, in fact by three different versions of
Single Linkage.

Our first contribution is a weakening of the Consistency prop-
erty which is both very natural, and can coexist with Richness
and Scale-Invariance. To motivate our definition, we first discuss
the problematic behaviour of Kleinberg’s Consistency in the pres-
ence of Richness and Scale Invariance (see also [12-14]). Given F a
consistent and scale-invariant clustering algorithm, and two differ-
ent partitions F(d;) # F(d5), it can be shown [9, Theorem 3.1] that
each partition is not the refinement of the other (a partition P is a
refinement of Q if each cluster of P is contained in a cluster of Q).
In particular, given a distance d and associated partition P = F(d),
we can never obtain a partition identical to 7 but with one, or
more, of its clusters further subdivided (Fig. 1). On the other hand,
consider any distance d’ satisfying

dw,w) <dw,w) ifv,we(,
dw,w) <dv,w) ifr,weG,
d'(v,w) =d(v,w) otherwise,

where C is a cluster of P and C = C; UG, is an arbitrary partition of
C. Note that any such d’ is a P-transformation of d. This means that
we can arbitrarily emphasize the subcluster structure, to the point
that it could be more natural to consider C; and C, as separate
clusters (Fig. 1), while Consistency implies F(d) = F(d’) regardless.
We propose a more restrictive definition of Consistency which
avoids this type of behaviour. The idea is to globally fix the rate at
which we can increase (decrease) the intra-cluster (inter-cluster)
distances. We do this restricting to P-transformations obtained
through a particular class of functions, which we describe next.

2.2. Expansive and contractive maps

Definition 1. Let X and Y be subsets of R. We call a continuous
map 71 : X — Y expansive if

[n(x) —=n)| =[x -yl forallx,yeX. (3)
By reversing the inequality, we define a contractive map.

Expansive maps can be defined more generally for maps be-
tween metric spaces [24] as maps that do not decrease distances
between pairs of points, and we have added the continuity hy-
pothesis for convenience (see Remark 3). We will use expansive
maps to expand and contract distances with respect to a partition,
namely, d’'(u,v) =n(d(u,v)) if u and v belong to different clus-
ters, and d’(u, v) = n~1(d(u, v)) if they belong to the same cluster.
In particular, we take X =Y = [0, o0) in the definition above, and
assume 7(0) = 0. The following lemma summarises some useful
properties.

Lemma 2. Let n:[0,00) — [0,00) be a continuous expansive map
with 1n(0) = 0. Then:

(i) n is strictly increasing, a bijection, and satisfies n(x) > x for all
X,

(ii) n=' is strictly increasing, a contractive map, and satisfies
n~1(x) < x for all x.

-1

Proof. (i) By contradiction, if n is not strictly increasing, we can
find x > y with n(x) < n(y), so that n(0) =0 < n(x) < n(y) and, by
the Intermediate Value Theorem, we can find z € [0,y] such that
1n(z) = n(x), a contradiction. The growth condition is immediate
from the expansion property (3) for y =0,
MCOl=nx) = x| =x,
for all x € [0, 00). Since 7 is strictly increasing, it is injective. It
is also surjective: The growth condition above gives n(x) — oo as
X — oo and, together with 1(0) = 0 and continuity, we have that n
takes all values in [0, co).

(i) Since 7 is bijective, it has an inverse n~'. The inverse of
a (strictly) increasing function is also (strictly) increasing. To show
this, and the two remaining properties, one can simply use the cor-
responding properties of 1 in (i) on X = n(x) and y' = n(y). O

Example 1. The following are examples of expansive functions 7 :
[0, 00) — [0, 00) with n(0) =0.

1. (Linear) n(x) = ax for o > 1 (Fig. 2a).
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(a) Linear

(c) Differentiable
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(b) Piecewise linear

(d) Differentiable

Fig. 2. Examples of expansive functions and one counterexample (solid blue lines). At each point, the function growths at least as fast as the line y = x (dashed red line).
(For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

2. (Piecewise linear) n=n(d;) +a;j(x—d;) for xel[d;, diq],
where 0=d; <dy <...<dy, n(0) =0, and «; > 1, for all i
(Fig. 2b).

3. (Differentiable) A differentiable function 7 : [0, c0) — [0, c0)
with 7(0) = 0 is expansive if and only if 7’(x) > 1 for all x
(Fig. 2c).

4. (Graphical criterion) A continuous function 7 :[0, ) —
[0, o) is expansive if and only if the function 7(x) — x is in-
creasing (this follows from Remark 3).

Remark 3. If n is increasing, Eq. (3) is equivalent to

nx)—-ny)>x-y forallx>y. (4)
In fact, this equation alone implies 7 increasing and thus Eq. (3).
We could drop the continuity hypothesis in Definition 1, and de-
fine an expansive function simply by Eq. (4). In practice, however,
a monotonic transformation (Definition 4) can always be realised
by a continuous, piecewise linear function n (Lemma 6).

2.3. Monotonic transformations

In Kleinberg’s original Consistency axiom, arbitrary transfor-
mations that increase inter-cluster distances and decrease intra-
cluster distances are allowed. To avoid an impossibility result, we
restrict to transformations obtained via an expansive function 7,
as follows. Recall that we write x ~p y if x and y are in the same
cluster with respect to a partition P, and x #p y if not.

Definition 4. Let d be a distance on a set X, and P a partition of
X. A P-monotonic transformation of d is any distance d’ on X such

that

dx,y) =n(d(x,y))
dx,y) =n"1(d'(x.y))

for some expansive map 7 : [0, o) — [0, 00), and all x, y € X. (Note
that such 7 necessarily satisfies 7(0) = 0.)

if x ~py, and

ifX’%/Pyv (5)

Definition 5. A clustering algorithm F is Monotonic Consistent if
F(d") = F(d) whenever d’ is a F(d)-monotonic transformation of

Note that, given d and P, d’ is uniquely determined by 7. Since
n(x) > x and n~1(x) <x for all x (Lemma 2), the distance function
d’ increases inter-cluster distances and decreases intra-cluster dis-
tances (hence Consistency implies Monotonic Consistency). How-
ever, our allowed transformations do so globally (d’ depends on
distances between points, not the actual points) and monotonically
(the rates at which we expand or contract distances are the in-
verse of one another). Finally, note that P-monotonic transforma-
tions can be composed and this corresponds to the composition
1 o Ny of expansive maps.

Example 2. The following are examples of P-monotonic transfor-
mations.

1. (Linear) Let n(x)=ax, o >1. The corresponding 7P-
monotonic transformation multiplies inter-cluster distances
by «, and intra-cluster distances by 1/«. This is similar to
Inner and Outer Consistency, introduced in [12], except that
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Fig. 3. Expansive map (left) and linear interpolation (right) through the points in the subset S (as in Lemma 6). Both maps determine the same P-monotonic transformation
d’ of a distance d. In the linear interpolation (right), the slope of each successive segment must be at least 1.

the expansion and contraction rates are not arbitrary, but
the reciprocal of one another.
2. (Linear step function) This is the function

X 0<x=<dy,
nx)=qax—-d)+d dy <x=<d, (6)
(x—dy)+ady dy<x,

for some 0<d; <d, and o >1. The associated P-
monotonic transformation preserves (inter- or intra-cluster)
distances below d;, scales distances between d; and d, as
in Fig. 2b, and (necessarily) translates distances above d,,
adding 7(d,) = ad; to inter-cluster distances, and subtract-
ing n(dy) to intra-cluster distances. Note that d, can be
equal to +oco and so the third line in Eq. (6) becomes ob-
solete.

3. (Piecewise linear) This is generalises both (1) and (2): For
the piecewise linear 7 as in Fig. 2c, we have a rate of expan-
sion/contraction ¢;, and a translation by 7n(d;), for distances
in the interval [d;, d;;1] where 5 is linear. It can be shown
that each piecewise linear function is a composition of lin-
ear step functions.

Below, we show that every P-monotonic transformation is in-
duced by a piecewise linear 5, or, equivalently, by a finite compo-
sition of linear step functions.

2.4. Characterisation of monotonic transformations

Although d’ is uniquely determined by 7, this n is not unique,
that is, different choices of n may result in the same P-monotonic
transformation d’. Indeed, any expansive 7 interpolating the points
(d'(x,y),d(x,y)) with x~py and (d(x,y),d'(x,y)) with x #py
necessarily gives the same 7-monotonic transformation d’, by
Eq. (5). In particular, we can always assume 7 to be piecewise lin-
ear in Definition 4, and, in fact, we can determine whether such
function exists directly from d’, as the next result shows.

Lemma 6. Let d and d’ be distances on a finite set X and P a parti-
tion of X. Then d’ is a P-monotonic transformation of d if and only if
a linear interpolation of the points

S={(dx.y).d' x.y) | x~p y}
U {(d @y dx ) [x ey} < B2
is a well-defined expansive map 7 : [0, 00) — [0, c0).

Proof. Clearly, if there exists a linear interpolation n of the points
in S such that it is a well-defined expansive map, then d’ is a P-
monotonic transformation of d, by definition (Fig. 3).

Now assume d’ is a P-monotonic transformation of d. Then we
can write

S={dxy).ndx.y))) | x~» y}
U {(d' @), n(d (x.¥) | x #p ¥},

where 7 : [0, 00) — [0, c0) is an expansive map. To define a linear
interpolation of S we will assume that S is ordered lexicographi-
cally

S={(x0.Y0). X1.¥1). ..., xn. YN},

where y; =n(x;) for 0 <i <N and x; <X;,q. We can assume the
latter since 7 is injective: if x; = x;,; then y; = y;,1. Consider now
the linear interpolation of S consisting of segments between con-
secutive pairs of points (x;,y;) and (x;.1,yi.1). As every point in S
is of the form (x, n(x)), we have that the slope of each segment is

N(Xis1) = Xig1 1.
n(x;) — X

as n is expansive, Eq. (4). From this we have that the linear inter-
polation above, effectively a discretization of 7, is in fact a well-
defined expansive map. O

2.5. Avoidance of problematic behaviour

Recall that Kleinberg's Consistency axiom allows us to arbi-
trarily emphasize any subcluster structure within a cluster with-
out changing the output of the clustering algorithm (Fig. 1). We
now show how this problematic behaviour is explicitly avoided by
Monotonic Consistency. Suppose that we have a set X and a parti-
tion P = F(d) with respect to a clustering algorithm F and a dis-
tance d on X. Choose a cluster C and a partition C = C; UG, that
we wish to emphasize on a new distance d’ which (necessarily)
decreases the intra-cluster distances, but in a way that distances
within each C; and G, decrease much faster than distances be-
tween C; and G,, in order to achieve the behaviour depicted in
Fig. 1.

Let u,ve(C; distinct and we G, and call x=d(u,v), X' =
d(u,v),y=d(u,w) and y’ = d’(u, w). We impose ¥ <x and y’ <y,
and, in addition, we want to make x — x’ large while keeping y — y’
small (Fig. 4). This is not possible if d’ if a P-monotonic transfor-
mation of d, as follows. Let n be an expansive map realising d’.
Then x = n(x’) and y = n(y’). Assume first x < y. Then Eq. (4) gives

ny) -y =n)—x < y-y =x-x. (7)

This implies that if we want to reduce the distances inside of
a subcluster (x —x’ large), we need to reduce the distances be-
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Fig. 4. Avoidance of the problematic behaviour by Monotonic Consistency. A P-monotonic transformation of d reduces the distance from u to v by x —x’, and the distance
from u to w by y —y’ (here shown with subscripts ‘b’ and ‘a’ indicating ‘before’ and ‘after’ the transformation). Then either x' >y’ (Eq. (8)), or y —y' > x —x’ (Eq. (7)). In

either case, we cannot separate u and v from w within the same cluster.

tween the clusters (y —y’) by at least the same amount. The re-
maining case, x > y, follows from 7~ being a decreasing function
(Lemma 2),

xzy=x=n"0=n"y =y, (8)
so that we cannot decrease the intra-cluster distance x without
also decreasing the inter-cluster distance y.

We finish Section 2 by exploring Monotonic Consistency for Sin-
gle Linkage, and for metrics.

2.6. Single linkage does not satisfy monotonic consistency

We will show that Monotonic-Consistency, a weakening
of Consistency, can be satisfied together with Richness and
Scale-Invariance by a particular instance of Morse clustering
(Corollary 16). This is in contrast with Single Linkage, which, with
different stopping conditions, satisfies each pair of Kleinberg’s ax-
ioms [9]. The instance of Single-Linkage satisfying Richness and
Scale Invariance, namely Scale-o Single Linkage with 0 <« <1,
does not satisfy Monotonic Consistency, as we show next. This
means that no version of Single Linkage can be used to show
our possibility result for Monotonic Consistency. Recall that Scale-
o Single Linkage applied to (X,d) returns the connected com-
ponents of the graph with vertex X and edges (i, j) such that
d(i, j) < o - maxg ex d(s, £).

Lemma 7. Let o € (0, 1). Then Scale-o Single-Linkage does not sat-
isfy Monotonic Consistency.

Proof. Let X be any set with at least three points, P any partition
of X with at least two clusters, and x, y € X such that x %y y. Define
d on X as follows

o .

—, if u ~p U,
duv) =11 ifu=xv=y,

o, otherwise.

Let dmax = Maxg cx d(s,t) = 1. If we represent (X,d) by a com-
plete graph with vertex set X and edges (i, j), i# j, weighted

by d(i, j) > 0, Scale-o Single-Linkage returns the connected com-
ponent of the graph obtained after removing all edges (i, j)
with value d(i, j) > @ dmax = @, in this case. Consequently, Scale-«
Single-Linkage applied to d returns the original partition P.

Let d’ be the P-monotonic transformation of d given by
X +x

PV
(Note that 1(0) =0 and n’(x) = 2+ > 1 for all x, so 7 is indeed
expansive.) Then

777](%) _ —1+4/1+202

nKx) =

ifu~pv,

2 )
d'(u,v) = n() =2, ifu=xv=y,
na)=1+c«o, otherwise.
We now have df,, = n(1) =§ and thus scale—a Single-Linkage

removes the edges (i, j) with d(i, j) > ad},,« = 2. Since « < 1, the
only removed edge is d(x,y) and, since X has at least three points,
the algorithm returns the trivial partition {X}, clearly not 7. O

2.7. Monotonic consistency for metrics

A metric is a distance (in the sense of this article) which also
satisfies the triangle inequality, d(u, w) <d(u,v) +d(v,w) for all
u, v, w. Metrics arise naturally when X is embedded in a met-
ric space such as R™, and, in fact, for many clustering algorithms
(for example k-means clustering), the distance function is always
a metric. It is therefore natural to ask whether Monotonic Consis-
tency is a useful property in this context, namely, whether a non-
trivial (that is,  not the identity) 7P-monotonic transformation of
a metric can be a metric. (If not, Monotonic Consistency would be-
come an empty clustering axiom for metrics.) Of course, not every
‘P-monotonic transformation of a metric will be a metric, but we
show below that, given a metric d and an arbitrary partition P,
we can always find P-monotonic transformations of d which are
metrics.

Given a distance d on a set X, we call a triple of points i, j, k € X
aligned if they are distinct and d(i, k) = d(i, j) + d(j, k).
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Theorem 8. Let X be a set, P a partition of X, and d a distance on
X such that no triple of nodes is aligned. Then there exists a con-
stant c(d, P) > 1 such that, for all s € [1,c(d, P)), the P-monotonic
transformation of d given by n(x) = sx is a metric. Moreover, there
is a universal constant c(d) independent of the partition, that is,
1 < c(d) < c(d, P) for all partitions P of X.

Proof. Let d’ be the P-monotonic transformation of d given by
n(x) = sx for some s > 1. We will find conditions on s to guarantee
that d’ satisfies the triangle inequality. Let i, j, k € X distinct (if not,
the triangle inequality is automatically satisfied). We want to show
that

d(i, k) <d(, j)+d(, k) =d ,k) <d 3 j)+d k).
Recall that

sd(i. j)
d'(i. j) = | d(i, j)
N

If i, j and k are in the same cluster then clearly
d@. k) _ dd. j) N dy. k)

s ~ s S
If they are all in pairwise different clusters, then
sd(i, k) <sd(,j)+sd(j, k).
If i and k are in the same cluster but j is not, then (recall s > 1)

dd, k)
S

if i ~p j,

otherwise.

<d(i,k) <sd(i, j)+sd(j, k).

Since i and k are interchangeable in the triangle inequality above,
the only remaining case is when i and j are in the same cluster,
but k is not. In this case, we want to show that

d(is’j) +sd(j. k). (9)

If d(i,k) <d(j, k) then sd(i,k) <sd(j, k) and Eq. (9) is automati-
cally satisfied. If d(i, k) > d(j, k), Eq. (9) is satisfied if and only if

) ) . / dd, j)
Sz(d(l»k)_d(J» k)) <d(,j) < s< m

Define

B . dad, j)
P = mn \rmoagw

d(i.k)>d(j.k)

_ . / dad, j)
c(d) = d(i,lgllt?(j,k) d@i, k) —d(j, k)’

Clearly, c(d) < c(d, P) for all partitions P. To finish the proof, note
that the triangle inequality for d guarantees c(d) > 1, and c(d) =1
if and only if there is an aligned triple of points. O

sd(i, k) <

Defining the minimum of an empty set as infinity, we might
have c(d,P) = oo (or c(d) = o), meaning that the P-monotonic
transformation of d given by n(x) = sx is a metric for any s > 1,
and Theorem 8 still holds. Of course, this would only occur if for
all i, j, k with i ~p j and i %p k, we have d(i, k) = d(j, k).

3. Morse clustering

In this section we consider the clustering algorithm Morse in
the form of three variants: SiR-Morse, k-Morse and §-Morse
(the last two are described in full detail in Appendix A). Each of
them satisfy one pair of the original Kleinberg axioms, and all
of them satisfy Monotonic Consistency. In particular, one of them
(SiR-Morse) satisfies Scale Invariance and Richness, showing that
our three axioms can be simultaneously satisfied (Corollary 16).
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Morse clustering is inspired by Topology and Differential Geome-
try, namely Morse theory [25] and its discretisation due to Forman
[26]. We start with a brief introduction to both continuous and dis-
crete Morse theory and explain how they motivate our clustering
algorithm.

3.1. Morse theory

Topology is the mathematical study of ‘shape’ [27]. It considers
properties of a space (such as a 2D surface, or 3D object) which are
invariant under continuous deformations such as stretching, bend-
ing or collapsing. A topological invariant is a property, for example
whether the space is disconnected, which is invariant under such
deformations. A standard approach in Topology is to study a space
via functions defined on the space. Morse theory [25] considers
potential-like functions called Morse functions and their associated
flow on the space, defined by the unique direction of maximal de-
scent at every point, except at a few critical points (see Fig. 5).

Forman [26] introduced a discrete version of Morse Theory
which applies to discretisations of continuous spaces, such as a
polygonal mesh of a continuous surface. Such discretisation de-
composes the space into vertices, edges, triangles, etc. called sim-
plices. A discrete Morse function assigns a real number to each
simplex under certain combinatorial restrictions, and we have
associated notions of critical simplex, and discrete Morse flow
(Fig. 6).

Discrete Morse theory can be applied to clustering by repre-
senting a set X with distance d as an undirected weighted graph G
with vertex set X, and an edge between i and j if d(i, j) > 0, and
no such edge otherwise. (This is an all-to-all, or complete, graph.)
A graph is a discretisation of a curve and hence discrete Morse
theory applies. To obtain a partition of X using Morse theory, first
we extend the edge weights given by the distances d(i, j) > 0 to
a Morse function on the graph by assigning weights to the ver-
tices as well. This Morse function determines a unique flow on the
vertices which, in turn, gives a natural partition of the vertex set.
The clusters are the connected components of the graph after re-
moving the critical edges (edges not participating in the flow), and
each cluster becomes a tree rooted at a critical vertex (a sink of
the flow), see Fig. 6. We describe this in detail next.

3.2. Morse flow

Let X be a finite set and d a distance (dissimilarity) on X. The
Morse clustering of (X, d) is obtained from the Morse flow on the
graph representation of (X, d), by removing the edges not partic-
ipating in the flow. In turn, the Morse flow is determined by the
direction of maximal descent at every vertex together with the ini-
tial and final vertex weights (to guarantee a descending path). In
its more general form, rather than weights, we only need a way of
comparing vertices and edges locally. Formally, this consists on a
choice of vertex and edge preorders.

A preorder on a set is a binary relation < that is reflexive (a < a
for all a) and transitive (a < b and b < ¢ implies a < c for all a, b, ¢).
We write a < b if a < b and b £ a (that is, b < a does not hold). A
preorder is total if a < b or b < a for all a, b. Our main examples are
the total preorders induced by an edge or vertex weight function
on a graph (Example 3). By a graph G = (V,E) we mean a non-
empty vertex set V and an edge set E CV xV so that (u,v) € E
represents a directed edge from u to v. A graph is undirected if
(v,w) € E whenever (w,v) e E, for all v,w eV, loopless if (v,v) ¢E
for all v e V, and finite if V (and therefore E) is a finite set.

Example 3. Let G = (V,E) be a graph.

(1) (Edge weights) For any function w : E — R, the relation e < f
if w(e) <w(f) is a total preorder on E.
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height

D

Fig. 5. Morse function (vertical height) on a torus, critical points (red), and associated flow (blue). The flow represents a unique maximal descent (or ascend, if we reverse
time) path that a particle, such as a drop of water, would follow on the surface. It is defined everywhere except at four critical points, which can be thought of as a flow
source (A), sink (D) or a combination of both (B, C). The number and type of critical points, for any Morse function, is a topological invariant of the torus. (For interpretation
of the references to colour in this figure legend, the reader is referred to the web version of this article.)

4 4 0 0

Fig. 6. Morse flows on the same discrete space (here a small graph) associated to a discrete Morse function (left) and to arbitrary edge and vertex weight (right). Our
algorithm (Algorithm 1) generalises the standard construction [26] of the Morse flow associated to a discrete Morse function (left) to the Morse flow of an arbitrary edge
and vertex weighted on a graph (right). In both cases, we show the associated discrete Morse flow as blue directed edges and critical simplices (vertices and edges) in red.
A particle on a vertex has a unique direction of descent following the blue arrow, except at the two critical vertices shown in red, both sinks of the flow. After removing the
critical edge, we have two connected components, each a tree rooted at a critical vertex (Algorithm 2). (For interpretation of the references to colour in this figure legend,
the reader is referred to the web version of this article.)

Morse clustering applies to an arbitrary finite graph G with a
choice of edge and vertex preorders <¢ and =<y. First, it finds the
(ascending) Morse flow associated to (G, <g, <y) (Algorithm 1 ),
then the vertex partition associated to the Morse flow, that is,
the connected components of the graph after removing the critical
edges (Algorithm 2 ); see also Fig. 6. First, we need to introduce
some notation and terminology.

Given a node v, we define the set of edges at v as

(2) (Vertex weights) For any function w:V — R, the relation
u=<vif w(u) <w(v) is a total preorder on V.

A distance d on a set X is an edge weight function for the
complete graph with vertex set X, and hence induces a total edge
preorder on the graph representation of X. Similarly, a labelling
X ={x1,%5,..., %y} induces a vertex weight w(x;) =i and hence a
total preorder on the vertices V = X of such graph representation.

. pel . . E,={(v,w) € E}.
Remark 9. A preorder is an order if it is also anti-symmetric (a < b

and b < a implies a = b). Our examples above are not necessarily
orders, as we may have w(a) = w(b) with a # b. If < is a total or-
der, a < b is equivalent to a < b and a # b. Note that any total pre-
order on a set is induced by a weight function w: X — N.

A maximal edge at v is a maximum for E, with respect to the edge
preorder, that is, an edge e € E;, such that f < e for all f € E,. Note
that a maximal edge at ¥ may not exist (e.g. if the preorder is not
total), or it may not be unique (e.g. if w(e) = w(f) for some edge
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Algorithm 1: Morse flow algorithm.
Input: graph G = (V,E), edge preorder <g, vertex preorder

v
Output: Morse flow ®:V — V

foreach v €V do
if maximal edge e, = (v, w) of E, exists and it is unique and

v <y w then
| o) =w
else
| o) =v
end

end

Algorithm 2: Morse clustering algorithm.

Input: graph ¢ = (V,E), edge preorder <, vertex preorder
v

Output: partition P of V

n < |V|

initialise Gyorse t0 an empty graph on n vertices

® « MorseFlow(G, <, <y)

foreach v eV do
if ®(v) # v then
| add edge (v. ®(V)) t0 Gyorse
end
end

P « connected components of Gyorse

weights). An edge (v, w) is ascending, or admissible, if v <y w. If an
edge is the unique maximal edge at v, and it is ascending, we call
it a non-critical or flow edge at v.

We define the Morse flow of a graph G with a choice of pre-
orders <g and =<y as the map @ : V — V given by

w if (v,w) is the unique maximal edge at v,
and it is ascending v <y w,
v otherwise.

P =

Remark 10. There is a similar notion of descending edges and
Morse flow. For simplicity, we define Morse flow as ascending, and
achieve descending flows simply by reversing the vertex preorder
=y.

Graphically, we can represent a Morse flow as directed edges
(v,w) whenever ®(v) =w (blue directed edges in Fig. 6). Edges
not participating in the flow (red edges in Fig. 6) are called critical
edges, and fixed points of the flow, ®(v) = v, are called critical ver-
tices (red vertices in Fig. 6), and correspond to ‘sinks’ of the flow.

The Morse flow of a graph can be computed using Algorithm 1.
This algorithm can be easily implemented so that each edge is vis-
ited only once, and thus has linear time complexity O(m) where
m is the number of edges.

An important observation is that we first use the edge preorder
to extract the maximal edge at a vertex (if it exists and is unique),
and then use it in the flow only if it is also ascending. In particular,
if the maximal edge does not exist, or it is not unique, or, crucially,
it is not ascending, we define ®(v) = v, that is, the flow stops at
v. This design choice works well in practice [28], produces a rich
family of clustering algorithms (Section 3.4 and Appendix A) and,
crucially, allows us to distinguish local maxima (Fig. 7) without in-
troducing additional scaling/threshold parameters.

Note that the Morse flow algorithm work for both directed and
undirected networks. For undirected networks (the case we are
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concern with in this paper), each undirected edge {(v,w), (w,v)}
is evaluated twice, once at v and once at w. Since at most one of
(v,w) or (w,v) is admissible (ascending), at most one of them be-
longs to the flow. The fact that the flow is (strictly) ascending, also
means that there cannot be any cycles in the flow.

Recall that an edge is critical if it does not participate in the
flow, and a vertex is critical if it is a fixed point, ®(v) = v, that is,
a ‘sink’ of the flow. Formally, we define

Vaic={veV | ®Ww)=v} and Eqi={@Ww,w)eE|dW)#w}

We will see that, after removing the critical edges, what re-
mains is a partition of the graph into a disjoint union of directed
trees rooted at critical vertices (edge directions given by the flow).
The cluster associated to a critical vertex v is

T, ={weV | ®¥(w) = v for some N > 0}. (10)

Here ®N is the composition of ® with itself N times (and ®? is
the identity map), so that ®N(w) is the vertex at which we arrive
from w after following the flow N steps (across N edges). In the dy-
namical system terminology, we can describe each T, as the ‘basin
of attraction’ of v.

Let us write 7, for the subgraph with vertex set T, and edge set
all non-critical edges between vertices in T,. Recall that the depth
of a rooted tree is the maximal distance to its root.

Theorem 11. Let G = (V,E) be a finite graph with edge and vertex
preorders <g and <y, and associated Morse flow ® :V — V. Then:

(i) The Morse flow stabilises, that is, there is N > 0 such that ®N =
q)NH:

(ii) {Ty | v € Vyi¢} is a partition of V;

(iii) 7y is a directed (edge directions given by the flow) rooted tree
with root v;

(iv) Within T, the vertex v is the only critical vertex, and it is max-
imal with respect to the vertex preorder;

(v) max{depth(Ty) | v € Vo;jt} = min{N > 0 | &N = oN+1};

(vi) The graph (V,E \ E.;;) equals the disjoint union of the graphs
Ty for v € V.

Proof. (i) Let v e V. By the definition of the Morse flow, either
®(v) =v (a critical vertex), or ®(v) =w and v <y w (which im-
plies v # w by reflexivity). Therefore, the sequence v = vy, V1, V>, ...
where v; = ®i(v), must contain a critical vertex before the first
repetition: otherwise, we would have v; <y Vi1 <y ... <y Uy =;
and thus v; <y v; by transitivity, a contradiction. Since the graph
is finite, say |V| = n, there will be repetition in any subset of n + 1
vertices. Consequently, there is a critical vertex v, = ®*(v) in the
sequence above and, in fact, k < n. All in all, the flow stabilises af-
ter at most n = |V| steps. (The case N =0 can occur if all vertices
are critical.)

(i) Let v e V. By the argument in (i), the sequence v; = &' (v)
(i > 0) stabilises, that is, there is k > 0 such that {v; | 0 <i < k} are
distinct, non-critical, and v; = v critical for all j > k. In particular,
v € Ty,, by Eq. (10). This shows that every vertex belong to a set T,
for v € V4, and that these sets must be disjoint.

(iii) Since all edges in 7, are non-critical, we have v <y w across
each edge and thus a cycle would imply u <y u for some vertex u,
a contradiction. All edges are directed and point towards the root
v, by the discussion above.

(iv) For each critical vertex w, we have ®(w) =w hence w ¢
Tw. Since, by (ii), they form a partition of the vertex set, v is the
only critical vertex in T,. Every (directed) edge (u,w) in 7, is not
critical, hence admissible, so that u <y w. As v is the root of the
tree 7y, it must then be maximal with respect to =y,.

(v) It suffices to show that, for any v € V4, and any N > 0 such
that ®N = ®N+1, we have depth(7y) < N. Let k = depth(7;). Then
there is w e T, such that w; = ®(w), i > 0, stabilises after exactly
k steps. In particular, wy, ..., wy_; are all distinct and hence k < N.
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Fig. 7. Morse clustering can separate nearby local maxima. Left: Toy graph with node weights shown by colour from low (dark blue) to high (red, critical vertex). Right:
Output of the Morse flow and clustering algorithm (two clusters, shown by colour). The closest (highest weight) edge at each red vertex is a ‘downhill’ edge to a blue vertex.
Hence both vertices, and the edge between them, are critical. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version

of this article.)

(vi) Let G = (V,E \ E¢;¢) and G, the disjoint union of the graphs
Ty for v € V. Since {Ty, | v € V) is a partition of V, both G; and
G, have the same vertex set. We show they also have the same
edge set and hence they are equal. The edges in G, are non-
critical thus a subset of E \ E.;. Conversely, given a non-critical
edge (v,w) in Gy, we have w = ®(v) and the sequence v, ®(v) =
w, ®2(v), ... shows that v and w belong to the same tree critical
tree, and thus this tree contains the edge (v,w). O

3.3. Morse clustering algorithm

The Morse partition of a graph G with a choice of vertex and
edge preorders <y and =g is the partition of the vertex set given
by the connected components of the graph Gyorse = (V, E \ Egiip)-
By Theorem 11, there is a cluster for each critical vertex, and, in
fact, Guorse is @ disjoint union of directed rooted trees with roots
at the critical vertices.

A complete algorithm that returns the Morse clustering of
(G, =v, <) is given below (Algorithm 2). Its time complexity is
clearly linear on the number of vertices and edges. Alternatively,
the Morse flow and clustering can be computed simultaneously
one edge at a time, by keeping a list of critical edges and of the
maximal edge at each vertex. Therefore, the time complexity of
(any instance of) Morse clustering is O(m) where m is the num-
ber of edges of the graph.

We finish with a useful result, needed later, to determine when
two Morse partitions are equal.

Lemma 12. Let ® and ®’ be Morse flows on X with associated Morse
partitions P and P’. If x ~p ®’(x) for all x € X, then P’ is a refine-
ment of P.

Proof. Write P = {X;,..., Xz} and P' = {X{,..., X' }. Write x;, re-
spectively x}, for the critical vertex in X;, respectively X]f, for all
i, j. Choose N > 1 such that both ® and @’ stabilise, that is, ®N =
®N+1 and (P)N = (¥/)N+1, We need to show that, for each j there
is i such that Xjf c X.

10

Let x € XJ’. and consider the flow paths

p(x) = {x, ®(x),..., ®P"(x) =x;} and
P = {x ®X),.... () (x) =x)}

By definition of Morse partition, all points in p(x) are in the same
cluster of P, namely X;, and all points in p’(x) in the same cluster
of P/, namely X]f. By hypothesis, (&) (x) ~p (&)1 (x) for all n >
0, so p’(x) € X;. In particular x} ~p X;.

Given any other y € X]f,

py) = {y. ®W),.... " (y) =x} € X, and
Py =W, ... (@)Y =¥} <X,

for a possibly different cluster X;. Again, by hypothesis, we have
P'(y) € X, and, in particular, x;. ~p X¢. Then x; eX;iNX, #¢¥ and
hence i =k, as distinct clusters are disjoint. Since y was arbitrary,
we conclude that X]’. cX. O

Note that two partitions are equal if and only if each is the re-
finement of the other, or if they have the same size (number of
clusters) and one is the refinement of the other.

3.4. A possibility theorem for monotonic consistency

Morse Clustering depends on a choice of edge and vertex pre-
orders on a given graph. Different choices of edge and vertex
preorders result in different instances of Morse Clustering. We
now show an instance of Morse Clustering that satisfies Scale-
Invariance and Richness (Theorem 14) as well as Monotonic Con-
sistency (Theorem 15), proving that these three axioms are mutu-
ally compatible.

Remark 13. One can in fact define two further instances of Morse
Clustering, that we call k-Morse and §-Morse, which satisfy the
other two pairs of Kleinberg's axioms, namely Consistency and
Scale-Invariance and Consistency and Richness, resp. k-Morse and
6-Morse. Furthermore, they both satisfy Monotonic Consistency
(see Table 1 and Appendix A).
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Table 1
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Clustering axioms and three instances of Morse clustering.

Scale-Invariance  Richness  Consistency = Monotonic-Consistency
SiR-Morse v/ v X v
k-Morse ' X v v
8-Morse X v v v

Let (X,d) be a set with a distance function, and consider the
complete graph with vertex set X. Let us fix, once and for all, a
labelling X = {x{, X5, ..., Xs}, which we will use to create the vertex
preorders (see the remarks at the end of this section on labelling).
We also assume that X has at least three points.

We now define an instance of Morse Clustering that we call
SiR-Morse (Scale-invariant and Rich). It is given the following
choice of vertex and edge preorders.

. U,‘jvl’j lflS_]
s (1,w) <p (v,t) ifd(v,w) >d(,t)

Note that the vertex preorder is a total order, and the edge pre-
order is also locally total (at each vertex). The corresponding Morse
flow chooses, at each vertex v, the edge with smallest distance, if
it is unique and admissible. On the other hand, if more than one
edge at v achieves the smallest distance, or if such edge is not ad-
missible, then v is critical, that is, the Morse flow fixes v, ®(v) = v.

Theorem 14. StR-Morse is Scale-Invariant and Rich.

Proof. (Scale-invariance) Scale-Invariance does not affect the ver-
tex or edge preorders, since <y is independent of d and, for <g,
d(v,w) <d(v,t) if and only if ad(v,w) <ad(v,t) for all « > 0.
Hence the output of siR-Morse for (X,d) and for (X, ad) are the
same.

(Richness) Consider V =V U... UV, an arbitrary partition of V.
Let v; be the maximal vertex in V; (xy is a total order) and define
a distance d as follows

d(w. w) = {;

otherwise,

for all v# w. If v € V;, the edge to v; is always admissible and the
largest with respect to <g, so ®(v) = v; for the Morse flow, and we
recover the partition V; U...UV,. O

Our main result is that this instance of Morse Clustering also
satisfies Monotonic Consistency.

Theorem 15. SiR-Morse satisfies Monotonic Consistency.

Proof. Let d be a distance on X, P the output partition of
SiR-Morse on (X, d), and d’ a P-monotonic transformation of d.
We want to show that SiR-Morse produces the same partition
on (X,d"). We will prove that, in fact, the associated Morse flows
® and @’ are identical.

Let n be a monotonic transformation realising d’, that is,

d(u,v) =n(d'(u,v))
d(u,v) =0~ (d'(u,v))

Let v € X and consider first the case w = ®(v) # v. Then, by the
definition of SiR-Morse preorders,

if u~p v, and
if u#pv.

d(v,w) <d(v,s) for all s # v, w.

To prove that ®’(v) = w, we need to show that d’(v,w) < d’'(v,s)
for all s # v, w. We have two subcases.

1. If s~pv, we have d'(v,w)=n"1(d(v,w)) and d'(v,s) =
n~1(d(v,s)), so

d(v,w) < d(v,s) implies d'(v,w) <d (v,s),

as ! is increasing (Lemma 2).

if v, w eV, for some i, and either v =v; or w =1,

1

2. If s#pv, we have d'(v,w) =n~1(d(v,w)) and d'(v,s) =
n(d(v,s)), so

d(v,w) < d(v,s) implies d’'(v,w) <d(v,w) <d(v,s) <d (v,s),
as n~1(x) < x < n(x) for all x (Lemma 2).

In conclusion, we have d’'(v,w) <d'(v,s) for all s#v,w so
D' (v) =w.

The remaining case is ®(v) = v. Suppose, by contradiction, that
w = ®'(v) #v. This implies v <y w and d’(v,w) < d'(v,s) for all
s # v, w. Note that, since v is critical and therefore maximal within
its cluster, we have v %p w. On the other hand, ®(v) = v means
that either the unique maximal edge is not admissible, or it is ad-
missible but the maximum is not unique.

First we show that d(v, w) is also a minimal distance at v (pos-
sibly not unique). Suppose, by contradiction, d(v,s) < d(v, w) for
some s # v, w. There are two subcases.

1. If s ~p v, then we have d’(v,s) = n~1(d(v,s)) and d’ (v, w) =
n(d(v,w)), so

d(v,s) < d(v,w) implies d’'(v,s) <d(,s) <d(v,w) <d'(v,w),

as n~1(x) <x < n(x) (Lemma 2).
2. If s #p v, then we have d'(v,s) =n(d(v,s)) and d'(v,w) =
n(d(v, w)), so

d(v,s) < d(v,w) implies d'(v,s) < d'(v,w),
as 7 is increasing (Lemma 2).

In either case, we have d’(v, s) < d’'(v, w), a contradiction to the
minimality of d’ (v, w).

Since d(v,w) is a minimal distance and v <y w, but ®(v) =
v # w, the minimal distance (maximal edge) cannot be unique. Let
d(v,s) = d(v,w) for some s # v, w. We have, again, two subcases.

1. If s ~p v, then we have d’(v,s) = n~1(d(v,s)) and d’ (v, w) =
n(d(v,w)), so

d(v,s) =d(v,w) implies d'(v,s) <d(v,s) =d(v,w) <d (v,w),

as n71(x) <x < n(x) (Lemma 2).
2. If s #p v, then we have d’'(v,s) = n(d(v,s)) and d'(v,w) =
n(d(v,w)), so

d(v,s) =d(v,w) implies d'(v,s) = d' (v, w),
as 7 is injective (Lemma 2).

This implies that d’(v,s) <d’'(v,w), so d'(v,w) cannot be the
unique minimal distance for d’ at v, a contradiction. O

Corollary 16. Scale Invariance, Richness and Monotonic Consistency
are mutually compatible clustering axioms.

4. Axiomatic approach to graph clustering

In this section, we consider the axiomatic approach in the con-
text of graph clustering, that is, of distances supported on a given
graph G. Mathematically, we allow the distance function to take
the value 0 (Definition 17). Conceptually, there are two different
approaches depending on whether 0 is considered a numerical
value (minimum distance) or indicating that the distance is ‘not
defined’. The first approach is essentially equivalent to that of [16],
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where a possibility theorem for Kleinberg’s axioms is shown. The
second approach, on the other hand, is closer to the usual inter-
pretation of graph clustering, or partitioning, in network and com-
puter science [23,29]. In this case, we prove an impossibility result
for Consistency (Section 4.2), even when Richness is replaced by
the more natural Connected-Richness axiom, and a possibility re-
sult for Monotonic Consistency (Section 4.3). First, we discuss the
two approaches.

4.1. Two approaches to graph clustering

If we allow a distance function to take the value 0 between
pairs of distinct points, we obtain what we call a pseudo-distance.

Definition 17. A pseudo-distance on a set X is a function d : X x
X — R such that d(v,w) =d(w,v) >0 and d(v,v) =0 for all v, w ¢
X (that is, we allow d(u,v) = 0 for u # v).

We can represent a pseudo-distance on X as a graph with ver-
tex set X in the usual way: an edge between i and j if d(i, j) > O,
and no such edge if d(i, j) = 0. Pseudo-distances occur naturally in
network clustering or community detection [30] to represent ab-
sent edges, as well as in distance measures [31] that allow 0 val-
ues, such as the Pearson correlation distance or the cosine distance
for unnormalised vectors.

A direct generalisation of Kleinberg’'s definition of clustering al-
gorithm, Eq. (1), is

F : {d pseudo-distance on X} — {P partition of X}. (11)

Kleinberg’s original axioms make sense in this setting, however
a possibility result now holds: the function that returns the con-
nected components of the graph representation of d (as above), is
clearly scale-invariant, rich and consistent (cf. [16]).

The main issue with Eq. (11) is that the graph becomes irrel-
evant: although Scale-Invariance does not change the underlying
graph, the Consistency axiom can create and eliminate edges, by
setting their values to zero, or not zero. Hence this approach fo-
cuses on the set X rather than on a fixed graph G.

Remark 18. In [16] the authors define a graph as a pair V vertex
set and E :V xV — R=0, with 0 effectively signifying the lack of
an edge. Their Consistence axiom (which they call Consistency Im-
provement), allows E’(i, j) > E(i, j) whenever i ~¢ j and E'(i, j) <
E(i, j) whenever i % j, for a clustering C of the same vertex set V.
In particular, we are allowed to create or eliminate edges by set-
ting E’(i, j) > E(i, j) = 0, respectively E'(i, j) = 0 < E(i, j).

Instead, we suggest a more natural approach when the focus is
on the graph G = (V,E): we allow arbitrary positive distances on
edges while keeping d(u,v) = 0 whenever (u,v) ¢ E. In clustering
problems, we are normally interested in minimising the edge cut
[23], and hence the absence of an edge is significant. In fact, the
underlying hypothesis in graph clustering is that the structure of
the graph, or network, carries information. For this reason, we fix
a graph G and restrict to distances supported on (the edges of) G,
and define distances, and clustering algorithms, accordingly.

Definition 19. A pseudo-distance on a graph G = (V,E) is a pseudo-
distance d on the vertex set V that is supported on the edge set,
that is, d(v, w) # 0 if and only if (v, w) € E. (Equivalently, a positive
weight function on undirected edges.)

Note that, for this definition to make sense, G must be loopless
and undirected (we will assume this from now on). Given a graph
G = (V,E), we define a graph clustering algorithm as any function

(12)

Clearly, a distance on a set X is the same as a pseudo-distance
on the complete graph with vertex set V = X. Hence this so-called

F : {d pseudo-distance on G} — {P partition of V}.

12
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sparse setting generalises Kleinberg’s setting from a complete to an
arbitrary (but fixed) graph on X.

4.2. An impossibility theorem for graph clustering

Kleinberg’s axioms can be stated in the graph clustering setting
above (Eq. (12)), as follows.

- Scale-invariance: For any pseudo-distance d on G and « > 0,
we have F(d) = F(x - d);

« Richness: Given a partition P, there exists a pseudo-distance
d on G such that F(d) = P;

« Consistency: Given pseudo-distances d and d’ on G with
P =F(d), if d’ is a P-transformation of d, that is,

{d’(v, w) <dw,w) if v~pw, and

d'w.w) > dw.w) if vrpw, (13)

then F(d") = F(d).

(If G is a complete graph these axioms coincide with Kleinberg’s
for the set X =V.)

In the sparse setting it seems natural to restrict to connected
partitions, that is, partitions where each cluster is a connected sub-
graph of G. Otherwise, we would be grouping together objects
which are unknown to be similar or not, in apparent contradic-
tion with the very principle of clustering. Therefore, we define a
weaker Richness axiom:

- Connected-Richness: Given a connected partition P, there
exists a pseudo-distance d on G such that F(d) = P.

Similarly, we will only consider connected graphs from now on
(it seems sensible to assume F(G) = F(G;) UF(G,) whenever G is
the disjoint union of graphs G; and G,).

Connected-Richness is clearly equivalent to Richness in the
complete case. In the sparse case, however, many graph clus-
tering algorithms, such as Single Linkage, or Morse Clustering
(Algorithms 1 and 2), always produce a connected partition (which
seems very sensible in any case). Since clustering algorithms can-
not create new edges, such algorithms cannot satisfy Richness in
its general form. Since Richness implies Connected-Richness, our
impossibility result also holds for Scale-Invariance, Consistency and
Richness.

Theorem 20 (An Impossibility Theorem for Graph Clustering). Let
G be a connected graph with at least three vertices, and F a graph
clustering algorithm on G. Then F cannot satisfy Scale-Invariance,
Consistency and Connected-Richness.

Before proving this theorem, we introduce some notation. Given
a pseudo-distance d on G= (V,E) and a partition P of V, let
g(P,d) = (x,y) and h(P,d) = (p,q) where

x = max{d(u,v) | (u,v) e E,u~p v},
p=min{d(u,v) | (u,v) €eE,u~p v},
y=min{d(u,v) | (u,v) € E,u +#p v},
q = max{d(u,v) | (u,v) e E,u +#p v},

the maximal (minimal) intra (inter) cluster distances, and, if P is
the trivial partition, we set y =q = 0.

We observe that, if d and d’ are pseudo-distances on G and P
is a partition of V, the condition h(P, d) = g(P, d’) guarantees that
d’ is a P-transformation of d.

Proof. Note that, in any connected graph, we can always remove
a vertex so that the remaining graph is connected. For example,
if T is a spanning tree of G, v any vertex, and s the vertex real-
ising the maximal (shortest path) distance from v in T, then the
graph induced by V \ {s} must still be connected. Since |V|> 3,
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we can repeat the argument on V \ {s} and find t # s such that
P ={{s}, X\ {s}} and P’ = {{s}, {t}. X \ {s,t}} are connected parti-
tions.

Since F satisfies Connected-Richness, there exist pseudo-
distances d and d’ on G such that F(d) =P and F(d") = P'. Let
h(P,d) = (p,q) and h(P’,d") = (p’,q’). Since F satisfies Consis-
tency, we can assume p < q and p’ < ¢'. Also, note that p, g and
g’ cannot be zero.

Let d* be the pseudo-distance on G defined by d*(s,v) =q if
v#s, d*(t,v) =p if v#£s.t, and d*(u,v) = (pp')/q if u,v#£s.t.
Then g(P, d*) = (p, q), since the only inter-cluster distance value is
g, and the only intra-cluster distance values are p and p(p’/q’) < p.
Therefore, g(P, d*) = h(P, d), hence d* is a P-transformation of d,
by the observation before the proof, and, consequently, F(d*) =
F(d), by Consistency.

On the other hand, g(P’,ad*) =ag(P’,d*) for any o posi-
tive constant. If we choose « =¢q'/p then we have g(P’, ad*) =
a((pp)/q,p) = (p'.q) =h(P’,d") so, by the same argument as
above, ad* is a P’-transformation of d’ and thus F(ad*) = F(d") =
P’, by Consistency. Since F satisfies Scale-Invariance, this im-
plies F(ad*) = F(d*) = F(d) =P and, therefore, P = P/, clearly a
contradiction. O

4.3. Monotonic consistency for graph clustering

Next we consider Monotonic Consistency and Morse Cluster-
ing in the sparse setting. We can extend Monotonic-Consistency
to connected graphs by considering monotonic transformations
(Definition 4) of pseudo-distances on a given graph.

+ Monotonic-Consistency: Given pseudo-distances d and d’
on G with P =F(d), if d’ is a P-monotonic transformation
of d, then F(d") = F(d).

The input of the Morse Clustering algorithm (Algorithm 2) is an
arbitrary graph, and the output flow always induces a connected
partition (Theorem 11). Therefore, we can consider Morse Cluster-
ing, and hence any of its instances, as graph clustering algorithms.

The three instances of Morse Clustering discussed in
Section 3.4 (and Appendix A) satisfy the analogous axioms as
in the complete case except that we need to allow the vertex
labelling (arbitrary but prefixed in the complete case) to be part
of the algorithm to satisfy Connected-Richness. This is a necessary
condition: once a vertex labelling (or preorder) is fixed, only
‘uphill’ edges are admissible, preventing certain configurations to
occur (for example, u and v cannot be in the same cluster if all
paths from u to v contain a vertex lower than both). This is not an
intrinsic limitation of Morse Clustering but reflects the fact that it
is fundamentally a vertex-weighted clustering algorithm, that is,
both distance and vertex preorder are part of the input data.

We can either allow the (so far arbitrary and prefixed) vertex
labelling to be part of the algorithm, or to restrict to partitions
compatible with such a choice of vertex labelling. Formally, given
a vertex preorder <y on V, we say that a partition P = {V;,...,V;}
of V is compatible with <y if there is a rooted spanning tree T; of
(the subgraph induced by) V; rooted at a vertex v; such that every
directed edge in T; (edges directed towards the root) is admissible
with respect to <y. Note that v; is necessarily the maximal ver-
tex in T; with respect to the preorder, and that P is necessarily a
connected partition.

Remark 21. One can show that P is compatible with <y if and
only if for every u ~p v there exists a path from u to v such that
no vertex in the path is strictly less than both u and v.

Clearly, for every partition there is a choice of compatible pre-
order =<y. This is also true for the SiR and &6-Morse vertex
preorders: given a partition, there is a choice of labelling V =

13
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{v1,...,vn} such that the preorder is compatible with the partition
(Section 3.4, Appendix A).

Formally, we define Morse-Richness for a Morse clustering al-
gorithm F on a graph G = (V,E) with a choice of vertex preorder
<y as follows.

+ Morse-Richness: Given a partition P of V compatible with
<y, there exists a pseudo-distance d on G and a vertex pre-
order such that F(d) = P.

(Morse-Richness is thus equivalent to Connected-Richness if we
accept the vertex labelling as an input of the algorithm.)

Now we can show that the three instances of Morse Cluster-
ing satisfy the analogous axioms as in Section 3 (see Table 1),
including a possibility theorem for Monotonic-Consistency and
SiR-Morse.

Theorem 22. Let G= (V,E) be a graph, and consider SiR-Morse,
k-Morse and &-Morse as graph clustering algorithms on G, for some
fixed labelling V = {vq, ..., vn}. Then:

(i) SiR-Morse satisfies Scale-Invariance, Morse-Richness and Mono-
tonic Consistency.
(ii) k-Morse satisfies Scale-Invariance and Consistency.
(ili) §-Morse satisfies Morse-Richness and Consistency.

Proof. m The proofs of Scale Invariance and Monotonic Con-
sistency are identical (they do not use the fact that G is a com-
plete graph) as those in Theorem 14. For Morse-Richness, consider
V =V, U...UV, an arbitrary connected partition of V. For each V;,
choose a spanning tree T; and a root v; such that each edge in T; is
admissible.

Define a pseudo-distance d on G as follows. If (s,t) is an edge
on T;, then d(s, t) is the maximum of the distance from s to v; in T;
and the distance from t to v; in T; (by distance in a tree we simply
mean the ‘hop’ distance). If (s,t) is an edge not in any spanning
tree, then d(s,t) = |V|.

With this choice, v; is critical and, if v € V;, then the maximal
edge at v is the one connecting it to a vertex in T; closer to v;, and
it is admissible. All in all, the associated tree T,, = T; and the Morse
flow recovers the original partition.

The proof of Scale Invariance is identical to that in
Theorem 23. For Consistency, let d be a pseudo-distance on G, P
the partition given by k-Morse, and d’ a P-transformation of d, that
is,

div,w) > d (v,w),
dlv,w) <d (v,w),

if v ~p W,
otherwise.

Let ® respectively ®' be the Morse flow corresponding to d re-
spectively d’. As in the proof of Theorem 23, for all i > n—k we
have that ®(v;) = v; = ' (v;), critical.

Suppose now ®(v;) =v; for some i<n-k Let J={v;]|
(v;, V) € E,v; <y v;}, the admissible edges from v;. By the defini-
tion of the edge preorder, if there are admissible edges (J # ¢) then
the maximal admissible edge exists and it is unique. Since v; is
critical, we must have | = @. Since there are no admissible edges
at v;, we also have ®’(v;) = v;. All in all, ® and &’ have the same
number of critical points and therefore P and P’ have the same
number of clusters (possibly more than k). The rest of the proof
goes as in the proof of Theorem 24.

The proof of Consistency is identical to that in
Theorem 25. For Morse-Richness, consider V =V, U...UV} an ar-
bitrary connected partition of V, and choose a spanning tree T; and
a root v; such that each edge in T; is admissible.

Define a pseudo-distance d on G as follows. If (s,t) is an edge in
some T;, then d(s, t) = §/2, and if (s, t) is not an edge in any T; then
d(s,t) = 8. By the definition of edge preorder, v; is critical and the
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maximal edge at v e V; \ {v;} is the only edge in T; connecting v to
a vertex closer to v; in T;. All in all, the tree associated to v; by the
Morse flow is T; and hence we recover the original partition. O

5. Conclusions

In this article, we presented a novel weakening of Kleinberg's
Consistency axiom, called Monotonic Consistency, which avoids
its well-known problematic behaviour and is compatible with the
other two axioms without replacing Kleinbergs original definition
of clustering algorithm. As far as we know, this is the only pos-
sibility theorem which only modifies the Consistency axiom while
keeping Kleinberg’s original set-up. Monotonic Consistency explic-
itly avoids Kleinberg’s Consistency problematic behaviour by re-
stricting the rate of expansion and contraction of the inter- and
intra-cluster distances.

In the process of proving our possibility theorem, we intro-
duced a family of clustering algorithms inspired by Morse Theory
in Differential Topology that uncovers the underlying flow struc-
ture in the natural graph representation of a data set with a simi-
larity function. Three different instances of these algorithms satisfy
each pair of Kleinberg’s axioms, and one instance, SiR Morse,
shows the possibility result for Monotonic Consistency. Although
Morse clustering is, in full generality, a vertex-weighted algorithm
[32], here it is used in an ‘agnostic way for axiomatic purposes
only: the vertex weights are an arbitrary, but fixed, labelling of the
vertices.

Lastly, we generalised Kleinbergs axiomatic setting to graph
clustering, including the impossibility result, and a possibility re-
sult for Monotonic Consistency and Morse clustering. These re-
sults generalise the previous ones in our paper from distances to
pseudo-distances, where we allow zero values between distinct
points. This is a more natural setting for graph clustering and com-
munity detection in networks, where a weight of value 0 simply
means the absence of an edge, that is, the distance is ‘not defined’,
rather than the actual 0 numerical value.

Although introduced in our work for axiomatic purposes only,
it would be interesting to study Morse Clustering on its own, as
a family of clustering algorithms for vertex-annotated data [32].
Moreover, we would like to know whether there are other clus-
tering algorithms that satisfy our possibility result (the usual can-
didate, single-linkage clustering, does not) and whether there are
any uniqueness results that characterise Morse clustering.
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Appendix A. Two further instances of Morse clustering

In this appendix, we define and study the two further instances
of Morse clustering mentioned in the Main Text (Section 3.4),
namely k-Morse and §-Morse. They illustrate the versatility of
Morse clustering and show that, for suitable choices of vertex and
edge preorders, Morse clustering can satisfy each pair of Klein-
berg’s axioms, in analogy to the three instances of Single-Linkage
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clustering with the same property in [9]. We keep the notation and
terminology from Section 3.4.

Let k > 1 be an integer. First, we present a Morse algorithm that
guarantees a partition with k clusters (Theorem 23), and thus it
cannot be rich. However, it satisfies Consistency and Scale Invari-
ance (Theorem 24). We call it k-Morse, and it corresponds to the
following choice of preorder.

cvizyvjifi=jori+k<j
s (v,w) <g (v, t) if

w=xy U=y t, or
d(v,w) >d(v,t) and v <y t, or
d(v,w) =d(v,t) and w <y t.

For this choice of vertex preorder, there are exactly k crit-
ical vertices, Vn, Vp_1, ..., Vp_g.1, and hence k clusters (see
Theorem 23 below). The edge preorder is defined such that ad-
missible edges are always greater than non-admissible ones, and
admissible ones are compared using distances, with the vertex pre-
order used as tie-breaking procedure. In particular, if there are ad-
missible edges at v, the maximal admissible edge at v exists and it
is unique.

Theorem 23. k-Morse always produces a partition with k clusters.

Proof. If v; ¢ X with i > n—k then there are no vertices greater
than v; with respect to <y, hence no admissible edges at v and
thus @ (v;) = v; critical. On the other hand, v; with i < n — k cannot
be critical, as there are admissible edges (v;,v;) € Ey, for all j >
i+k, so the maximum exists and it is unique. All in all, there are
exactly k critical vertices vn, Vp_q, ..., Vy_g,q and therefore exactly
k clusters. O

Theorem 24. k—-Morse is Consistent and Scale-Invariant.

Proof. (Scale-invariance) A distance transformation d’ =« -d for
o > 0 does not affect the k-Morse vertex or edge preorder, hence
we obtain the same partition.

(Consistency) Let d be a distance in X, P the partition given by
k-Morse on (X, d), and d’ a P-transformation of d, that is,

div,w)>d (v, w), ifv~pw, (A1)

d(v,w) <d'(v,w), otherwise. (A.2)

Let @ respectively &' be the Morse flow corresponding to d re-
spectively d’. The critical points depend on the vertex preorder
alone, hence, as in the proof of Theorem 23, we have ®(v;) =v; =
®'(v;) for all i > n — k and thus P and P’ have the same number of
clusters. Therefore, it suffices to show that x ~p ®’(x) for all x € X,
by Lemma 12.

Let x € X. If x is critical, ®(x) = ®’(x) as they have the same
critical points, so clearly x ~p ®(x) = ®’(x). If x is not critical,
let w= ®(x) and t = ®'(x). The maximality and the definition of
< implies d(x,w) <d(x,t) and d’'(x,t) < d’'(x,w). Since ®(x) =w,
they are in the same cluster, x ~p w, and thus d’(x, w) < d(x, w),
by Eq. (A.1) above. All in all,

dxt)<dxw) <dx w)<dxt). (A3)

Now, if d’(x,t) < d(x,t), they are necessarily in the same cluster,
X ~p t, by Egs. (A.1) and (A.2) above. The remaining case d’(x, t) =
d(x, t) implies equalities in Eq. (A.3), and, by the definition of the
edge preorders and the maximality of (x, w) with respect to d, we
have w = t. In both cases, x ~p t = ®'(x). O

Let § > 0. The final instance of Morse clustering, called §-
Morse, satisfies Consistency and Richness, and is given by the fol-
lowing choices of preorders.
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*Vixv U ifi<j

« (v,w) <g (v, t) if
w=t, or
d(v,t) < min{d(v,w), 8} and v <y t, or
dlv,w)=dw,t) <éand v <y w <y t.

With this preorder, only admissible edges with distance less
than the threshold parameter § are considered for the flow. Among
those edges, we choose the one with minimal distance, using the
vertex preorder to resolve ties. Note that, if there are admissible
edges at distance less than §, the maximum admissible edge exists
and it is unique.

Theorem 25. §—Morse satisfies Consistency and Richness.

Proof. (Richness) Consider an arbitrary partition X =X; U...UX;
and define the distance function

5 . .
dw.w) =17 if v, w are in the same cluster, and
§, otherwise,

for v # w. Let x; be the largest vertex in X; with respect to <y and
v € X; arbitrary. By the definition of d and the edge preorder, we
have that (v,x;) is the maximum admissible edge at v. Also, x; is
critical: the maximum edge at x; is of the form (x;, w) for w € X;,
hence not admissible or, if |X;| =1, any edge in Ey, is maximal,
hence unique (since |X| > 3). Therefore, 6—Morse reproduces the
partition X; U...UX (in fact, each cluster is a directed star with
root Xx;).

(Consistency) Let d be a distance in X, P the partition given by
8-Morse on (X, d), and d’ a P-transformation of d, that is,

dv,w)=d @w,w), if v~pw, (A4)

d(v,w) < d'(v,w), otherwise. (A.5)

Let @ respectively @' be the Morse flow corresponding to d re-
spectively d’. Let s e X arbitrary, v= ®(s) and w= &’(s) with
v,w#s. As in the proof of Theorem 24, we have d'(s,w) <
d'(s,v) <d(s,v) <d(s,w). Then either d’(s,w) < d(s,w), and so
s~pw by Eq. (A4), or d’(s,w) =d(s,w), which implies, by the
definition of edge preorder, v=w, and thus s ~p w = ®’(s) too.
As s was arbitrary, we conclude that P’ is a refinement of P, by
Lemma 12. To prove that they are equal, it suffices to show that
they have the same critical points (i.e. the same number of clus-
ters), that is, ®(v) = v if and only if ®’(v) = v.

Suppose that ®(v;) =v; and ' (v;) =v;, i # j. Since the vertex
preorder is strictly increasing along the flow, v; <y v}, that is, i <
j. By the definition of Morse clustering, v; ~» v; hence v; ~p v},
since P’ is a refinement. However, this contradicts v; being maxi-
mal in its P cluster as i < j.

Now suppose ®'(v;) =v; and ®(v;) =vj, i # j. The edge from
v; to v; is in the flow &, so d(v;, v;) < 8, however it is not in the
flow @’ so d’(v;,v;) = 8. However, as d’(v;,v;) < d(v;, v;) < 8, we
have that v; has at least one admissible edge. By the definition of
<g, V; cannot be critical for &, that is, a unique maximal edge that
is admissible must exist.

Finally, since v; ~p vj and d’ is a P-transformation, we have
d’(v;,vj) <d(v;, v;), and we arrive to a contradiction. O
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