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Abstract

This paper proposes a new approach for set-membership state estimation of switched discrete-time
linear systems subject to bounded disturbances and noises. A zonotopic outer approximation of the state
estimation domain is computed and a new criterion is proposed to reduce the size of the zonotope at
each sample time. The zonotopic set-membership estimator design for switched systems is provided
within the LMI framework. The extension of the proposed scheme to deal with unknown inputs is also
presented. An application to vehicle lateral dynamics state estimation is provided. Simulation results
demonstrate the effectiveness of the proposed algorithm and highlight its advantages over the existing
methods.

1. Introduction

In recent years, switched systems have attracted an increasing interest in the scientific
community because of their ability to represent complex and nonlinear behaviours and their
applicability to real systems [l]. Switched systems [2,3] is an important class of hybrid
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dynamic systems [4], involving a collection of subsystems and a switching discrete law
determining at each time the active subsystem dynamics. The motivation to study this class
of systems is mainly twofold. First, several physical and engineering systems can be repre-
sented by switched systems, as e.g. chemical processes [5], switching power converters [6],
networked control systems [7], automotive and aircraft control [8,9], among other. Second,
the design of switched controllers provides a way to overcome the weaknesses of a single
controller, which often leads to conservative performances when the system has to operate a
wide operating range and parameter variations.

Nowadays, important theoretical results have already been achieved in the literature of
switched systems dealing with stability, stabilization and controllability [2,3,10—13], observ-
ability, detectability and estimation [14,15]. Since the major problem that is commonly in-
herent to all dynamic systems is the lack of complete state measurements, the state estima-
tion problem for switched systems has attracted a lot of attention during the last decades
[16,17]. The state estimation problem of switched systems was originally studied in [18].
Later, Alessandri and Coletta proposed in [17], a Luenberger-like observer for continuous-
time deterministic linear switched systems with known discrete law evolution. In [19], this
approach has been extended to the case of unknown discrete modes and a method of discrete
and continuous state estimation for linear switched systems has been presented. In [20], an
alternative method based on second-order sliding mode observer has been successfully im-
plemented to reconstruct the continuous and discrete states for switched Lagrangian systems.
Nevertheless, the state estimation in the presence of model uncertainties represented by un-
known (even time-varying) parameters, external disturbances or measurement noises poses
great challenges in practical applications. Indeed, in this case, observer design is structurally
complicated, since all uncertainties should be either estimated simultaneously or decoupled
from the observer equation. In [21-23], the previous approaches are generalized to cover
linear and nonlinear switched systems with unknown inputs. In [24,25], classical adaptive ob-
server as well as sliding-mode-based observers techniques have been applied for continuous
state reconstruction in the presence of model uncertainty. Besides, robust H, filter design
has been widely proposed for switched systems (see [26—29] and references therein). It is
noteworthy that, the applicability of each of the aforementioned punctual observers depends
heavily on systems uncertainties, especially, if we have to deal with large uncertainties in
model parameters, inputs and measurements.

Recently, an attractive alternative approach, known as, bounded-error description, has been
proposed [30-35]. In this framework, initiated by Schweppe [36] and Witsenhausen [37],
the modeling errors, disturbance, and measurement noise are assumed to be unknown but
bounded by a priori known bounds. This hypothesis is motivated by the fact that a lower and
upper bounds on model errors and/or measurement is often the only information available in
various practical situations. In the literature, several approaches have been proposed to solve
the state bounding problem. On the one hand, interval observers based on cooperative systems
theory and, on the other hand, set-membership estimators based on set theory. Several types
of sets have been used to implement these approaches as ellipsoids [38-40], parallelotopes
[41], zonotopes [42—44] and intervals [32,45,46].

This paper proposes a new zonotopic set-membership state estimation approach for uncer-
tain discrete-time switched systems affected by unknown but bounded disturbances and mea-
surement noises. A zonotopic outer approximation of the state estimation domain is computed
and a new W-radius minimization criterion is proposed to reduce the size of the zonotope at
each sample time. Our methodology offers a good compromise between estimation accuracy



and computational complexity. Compared to the relevant existing literature [35,44,47,48],

the main contributions of this paper are:

» This paper proposes a new approach for set-membership state estimation of switched
discrete-time linear systems subject to bounded disturbances and noises.

* The zonotopic set-membership estimator design for switched systems is provided within
the LMI framework;

» Robustness against worst-case disturbances is ensured in a straightforward manner by min-

imizing directly the effect that the worst-possible input disturbances can have on the re-

sulting W-radius of the state bounding zonotope. Notably, our approach avoids introducing

additional constraints and decision variables related to ellipsoid minimization problems

used conventionally to minimize the W-radius of the zonotope as done in [49,50]. Sim-

ulation results demonstrate the effectiveness of the proposed algorithm and highlight its

advantages over the existing methods.

The developed set-membership state estimation approach is shown to be equivalent to a

switched zonotopic observer;

An extension of the proposed methodology is presented when the system is subject to both

bounded uncertainties and unknown inputs;

Application to vehicle sideslip angle set-membership estimation is presented with and

without considering road curvature (unknown input). Experimental evaluation based on

real data confirms the efficiency and reliability of the proposed method.

This paper is organized as follows: Section 2 presents the background material regarding
zonotopes. In Section 3, zonotopic guaranteed set-membership approach for uncertain switched
discrete-time systems is proposed. First, parameterized intersection zonotope is computed by
intersecting the measurement state set and the predicted state set. Then, a new optimization
methodology subject to LMI constraints is proposed to minimize the radius of the obtained
zonotope. Section 4 discusses the equivalence between the proposed set-membership and the
zonotopic observer approaches. Section 5 introduces the extension of the proposed observer to
the case of dealing with unknown inputs through an Unknown Input Observer (UIO) scheme.
Section 6 illustrates the effectiveness of the proposed scheme through an application to vehicle
sideslip angle estimation. Finally, conclusions are drawn in Section 7.

2. Preliminaries

In this section, some basic set definitions and operations that will be used along this paper
are introduced.

Definition 1. An unitary interval is a vector denoted by B = [—1, 1]. An unitary box in R"™,
is a box composed of n, unitary intervals.

Definition 2 [44]. A zonotope of order m in R" is the translation by the center p € R”
of the image of an unitary hypercube of dimension m in IR” under a linear transformation
H € R™™, the zonotope X is defined by:

X={(p, HH=p®HB" ={p+Hz: 7€ B"} €))]



Definition 3. The Minkowski sum of two sets X; and X; is given by X; & X, = {x; +x, :
X] € Xl, Xy € Xg}.

Property 1. The Minskowski sum of two zonotopes X, = p; & HiB™' and X, = p, & H,B™
is also a zonotope defined by X = X| ® Xy = (p1 + p2) ® [H; H,]B™ ™™,

Definition 4 (Zonotope interval hull [44]). Consider the zonotope X = p & HB", the smallest
interval box that contains this zonotope, i.e. its interval hull denoted by [, is computed by:

OX=p®rs(H)B" 2)
where rs(H) is a diagonal matrix such that rs(H); = 21}1:1 |Hijl, i=1,...,n.

Definition 5 (W-radius [51]). Given a zonotope X = (p, H) C R" and a weighting matrix
W =WT > 0, the W-radius of X is defined by

lW

2 2
= max|lx — pll3 y = max||Hzll3 y (3)
xeX ’ zeB4 ’

where |.|l2.w is the weighted 2-norm, i.e. |Hz|3, =z H' WHz.

Property 2 (Zonotope reduction [51]). A reduction operator, denoted |,w, allows to re-
duce the number of generators of a zonotope X to a fixed number n < g < m, such that
X=(p, H) C{(p,{qw H). A common procedure for implementing the operator |, w is sum-
marized as follows:

(1) Sort the column of segment matrix H € R™™ in decreasing weighted vector norm ||.||w,
H=[hi,....hj, ... b, 1B = Rl

(2) Enclose the set H. generated by the m — q + n smaller columns into a box (i.e.,
interval hull): If m <gq, then |,w H=H, Else |,w H=[H-, rs(H.)] € R™,
He =[hi,....hg—n), Ho = [hg—nsis -5 Bl

where ||.||w is the Frobenius norm and rs(H.) is a diagonal matrix with diagonal elements
of rs(H.);; = Z;"Zl Ho|ij,i=1,...,n

There are other zonotope reduction procedures. A thorough comparison about the existing
methods is presented in [52].

3. Set-membership estimator for uncertain switched discrete-time systems

In this work, the following class of stable (or stabilisable) uncertain discrete-time switched
systems is considered

Xir1 = Ao )Xk + Bo Uk + 0o k) “4)
Vi = Co )Xk + Vs k) (5)
where x; € R™, u; € R™, y, € R™ denote the vectors of state, input and measurement out-
put, respectively. o (k) : Ng — I ={1,2,...,N} is the switching law that determines the

discrete mode. It is assumed to be a priori unknown but online available. Ay k) € R™"™,
By € R™ " and C, ) € R™™ are state, input and output matrices. Since no model can
exactly represent the state and measurement of the real system considering only the known



inputs, the validity of the switched model Eq. (5) includes uncertainty model (modeling er-
rors, disturbances, measurement noise, etc.) with the two additional inputs w, k), € R™ and
Us k) € IR™. Only the knowledge of a bound on their realizations is supposed and no statistical
property must be satisfied contrarily to the Kalman filtering approach.

Before we proceed with the detailed set-estimator design, the following assumptions are
introduced.

Assumption 1. The initial state is assumed to be unknown but bounded by a zonotope Xy =
(po, Hy), where pg € R™ and Hy € R™*™ are the center and segment matrix of this zonotope,
respectively.

Assumption 2. w, ) € R™ and v, ) € R™ are assumed to be unknown but bounded by
zonotopes W,y = (0, Dy(y) and Vi, = (0, F, 1)), respectively.

3.1. Parameterized intersection zonotope

Hereafter, a set-membership state estimation approach based on zonotopes for switched
discrete-time system Eq. (5) is proposed. This approach is based on parameterized intersection
zonotope for implementing the measurement consistency test. Before stating the main results,
the uncertain state set, measurement state set and exact uncertain set are defined as in [35].

Definition 6 (Uncertain state set). Given the switched system Eq. (5) with xp € X =
(po, Ho), wok) € Wey, Yo (k) and for all k € N, the uncertain state set X; is defined by

Xk = {x e R™

X € Ay Xi—1 © By ytti—1 Wa(k)} (6)

Definition 7 (Measurement state set). Given the switched system Eq. (5), a measurement
output vector y; and v; € V, (), Yo (k) and for all k € N, the measurement state set Py is
defined by

P, = {)C e R™

CotXk — Yk = Fy(y52. Vs2 € B™} )

Definition 8 (Exact uncertain set). Given the switched system Eq. (5), a measurement output
vector yi, Wgk) € Wok), Uk € Yo, Yo (k) and for all k € N, the exact uncertain state set
X(k) is defined by

X, =X, NP, 8)

The goal is to compute an approximation Xk of the exact uncertain set X; by an outer
approximation of the intersection between the uncertain trajectory X; and the region of the
state space that is consistent with the measured output y; and the initial state set X, (see
Fig. 1).

Based on the prediction and correction steps (detailed in the algorithm below), the pro-
cedure of this technique is similar to that of Kalman filter. While the Kalman filter deals
with the average case, the proposed set-membership estimator considers the worst case. Now,
let us assume that x; € X; C Xk = (Pr, ﬁk) at time k£ € N that also satisfies xy € X, at time
k = 0. Suppose in addition that a measured output y; is obtained at time instant k. Under
these assumptions, an outer bound of the exact uncertain state set X; can be estimated using
the Algorithm 1.
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Fig. 1. Set-membership state estimation.

Algorithm 1 Set-membership state estimation.

1. Prediction step: Given the switched system Eq. (5), compute the zonotope X; that bounds
the set of predicted states Eq. (6) for the uncertain trajectory of the system using properties
of zonotopes in Section 5;

2. Measurement step: Parametrize the measurement state set P, by using Eq. (7) and taking
into account the measurement vector Vi .

3. Correction step: To find the state estimation set, compute an outer approximation Xj of
the intersection between Xk and [P

Now let describe how this algorithm can be practically implemented using zonotopes. The
key issue is to find a parameterized zonotope Xk that contains the intersection of the two
sets X; and P, used in the correction step of the previous algorithm. The zonotope Xy is
parameterized with respect to a switched correction matrix A, € IR™*™. The structure of
this zonotope is given below.

Proposition 1. Given the switched system Eq. (5), a measurement output vector yi, Xy € Xo,
0oty € Wowy, Uk € Vouy and xp—1 € (Pr—1, Hi—1) S (Pr—1, Hi—1) with Hyr_y ={gw (Hi-1),
Vo (k). Then, for any switched correction matrix Aygy € R™ ™, we have x; € {Xk N ]P’k} -

Xy = (pr, Hy), where

D = I, — Ao yCo ) Ao (k) Pi—1 + (n, — Aoy Co (k) Bo (kyttk—1 + Ao (i) Vi (9a)
H, = [T, — Ao Cow)AciHi—1, o, — Ao Co)Dorys  AotyFo ] (9b)

Proof. . For any x; € {fik N IP’k}, it follows that x; € Xk and x; € P;. Consider the switched

system Eq. (5) with the inclusion x;_; € {px_1, H,_) C (Pr—1, Hi—1) and w, ) € Wy 1), there



exists a vector s; € B¢ such that

Xt = Aoy Pk—1 + Bowyttk—1 + [AciyHi=1, Do |s1 (10)
In addition, from x; € [P, there exists a vector s, € B™ such that

Comxx — Yk = Fo )52 (11)

Let A € R™™. Adding and subtracting the term A, xCo[AsHi-1 Dog]si in
Eq. (10), we obtain Vo (k)

X = Aoy Pr—1 + Boyutk—1 + Ao 10 Co ) [Aa(k)ﬁkq Da(k)]sl

+ [, = Ao Cot)AsHi—1 L, — AoCot)) Doy )1 (12)
By substituting x; in Eq. (11) by Eq. (10), we also have
Cow[AswHi=1 Do ]s1 = Yk + Frt)52 — Co oy (Aot Pr—1 + Bo oy tt—1) (13)

then, by replacing Cg(k)[Aa(k)ﬁk_l Da(k)]sl in Eq. (12), it follows that
X = (I, — Ao )Co ) As k) Pk—1 + Un, — Mo 1)Co (1)) Bo (k) Uik—1 + Ao i)Yk

—= s
+ [, = Ao Cow)AswHi—1 U, — Ao@yCot)Dory  AoyFow ] |:S£| (14)
Thus, Egs. (9a) and (9b) are obtained and the proof is complete. [

3.2. Optimal switched correction matrix design

The approach considered in this paper consists in computing a weighting matrix W; =
WiT > 0 and a correction matrix A; such that for all i € I and for all £k > 0, the W;-radius of
the zonotopic state estimation set is decreased.

According to Definition 5, the size of the intersection zonotope Xy given by Eq. (9) can
be measured by the W;-radius as follows:

2
lW

Y = max|[xx — pr(Ag))
X €Xy 2,Wo iy
2
= max ||Hy(Asp))z
ZeB(q+»xx+/xy) 2,Wg(k)
THT 2
= max z H; (Aow)WouHi (Aoi))z (15)
zeB(q+ux+ny)

where W, ) = W;, Vi € I is the weighting matrix of appropriate dimensions for the ith subsys-
tem. As stated above, a suitable design of the correction matrix A, is required to minimize
the effects of uncertainties and guarantee that the size of the intersection zonotope is not
increasing. Then, if there exists a scalars o,y and ) associated with each subsystem
o (k) =i such that

Aiw,l <~ | + Vo €ow) (16)

where Ai‘”_l =1V — 1}V, and €, () is a positive switched constant that represents the maximum
influence of disturbances and measurement noises as follows:

Fyab| a7

ot = %
1

Dy xyb1 ||§ + ﬂ%’ﬁv
2



then, the size of Xk is decreasing. If Eq. (16) holds, then for time instant k — oo, this
expression is equivalent for all i € I to

Y =1 —a)l? +yie (18)

it follows that

€
W =y—, Vie(l,...,N} (19)

i

To minimize the W-radius (i.e lo"g), for given «; and ¢;, the attenuation gain y; should be
minimized Vi € I. Then, the design of the correction matrix A; associated with each subsys-
tem i involves solving a Multi-Objective Global Minimum Optimization problem with LMIs
constraints according to the following theorem.

Theorem 2. Consider the intersection zonotope X = (py, H) in (Eq. 9). Inequality
Eq. (16) holds if there exists a matrix Y; € R™™, a positive definite matrix W; € R™*",
scalars y > 0, y; > 0 for given scalar a; € (0, 1) that are obtained by solving the following
LMI optimization problem

AT
Yi<vVy (20a)
(a; — DHW; * * *
0 — ,DTDl * *
0 y o _ETE | <0 (20b)
W: = Y.CHA; (W, — Y.C)D; YiF; —Wi

Viel, withY;, = WA,
Proof. Let z=[z" s s ]T e B/t with 7 € BY, s; € B and s, € B", then using
Eq. (15) we have

2 2

7 A = =
AW = max Hk(Aa<k>)zH — max Hk_le Q1)
zeB@Hnetm) 2Woqy  zeB? 2,Wo k)
it follows that
) R 2 — 2
AY = max HHk(Ao(k))ZH — HHkﬂZH
ZeBY, zeBltmtm) 2,Wo 2,Wo )
AT _
Z Z
~r N
= max st | Hy (Do) WotoHie (Ao @) | St
zeB?,s,eB™ s,€B™Y 5> 55

=T —
_ZTHk_lwa(k)Hk—IZ) (22)



_ 2
By adding and subtracting the terms —y, )€ k) and max oo i) HH k_]ZHZ , where €, ) 1s
€ »Wo k)
given by Eqs. (17), (22) is rewritten as
_aT
z

Aiw_l = st | BN (Ao@)Wo iy Hi (Ao | 51

S2 52

max
zeB?,5,eB™ 5,€B™Y

T T 7 = =TT o = T T
+ o0 Hi \WouyHi—1Z =7 Hi_ \WoHi—1Z — Vo )51 D 1y Do ()51
T T 7 = 2
— Yo 52 F5 ) Fo (k)52 — Max o (r) HHquH W T Yew€od (23)
4

2,Wo k)

Substituting Eq. (9b) into Eq. (23), the above inequality can be rewritten as

Hi 12 !
Afcw—l = zeB‘i,s,I;ll?"-)f(,szeB".v 51 (®§(k)WU(k)®U(k)+
$2
(ot — DWo ) 0 0 HiZ 24)
0 ~Yo ()DL 1y Do) 0 51
0 0 Yo Fy gy Foto 52

_ 2
—max o H;_ ZH + €
ey o (k) H k—1 W Yo (k) €o (k)

ol

(I, = Do Co ) Ao ()

where Oy = (In, — Ao t)Co (k) Do () . If the following inequality holds Vi € [
n, — Ao )Co ) Do 0 Fo 1)
(a; — DW, 0 0
CHACTES 0 —y:.D!I'D; 0 <0 (25)
0 0 —vF'F;

which is equivalent by means of the application of the Schur complement to Eq. (20b), then,
it follows from Eq. (24) that

AV < —al) 4 yie, Yiel (26)

Hence, by minimizing the gain y;, Vi € I, the intersection zonotope Xkﬂ can be made as tight
as possible. In order to solve this multi-objective optimization problem, one objective scalar
y is minimized while the others are transformed into constraints y; < y. This completes the
proof of Theorem 2. [

Remark 1. Note that the order of the zonotopes grows with both operations Eqs. (9a) and (9b),
increasing the computational and storage requirements. In zonotope-based set-membership
state estimation, it is a common practice to iteratively reduce the zonotope order such that
it remains upper bounded [51]. When reduction operations take place, the prediction sets in
(9) are computed using the reduced order zonotope Hi =lq¢w (ﬁk_l). Different methods
for reducing the order of a zonotope are reviewed in .



3.3. Comparison with existing LMI methods for set-membership estimation

To compare the proposed approach with the existing ones, a straightforward extension of
the classical results of zonotopic state estimation [44] to the class of switched system Eq. (5) is
presented. Note that, as in the previous sections, a similar two-step procedure (prediction and
correction) is applied. Then, according to ([44], Chapter 3) the decreasing condition of the
W-radius Eq. (15) can be expressed in the case of switched system as follows:

<@l +em 27)

Fle“; As W, and V; are convex

- 2
where ;) € (0,1) and €;4) = max D1b1||2 + max
bl eB™ b2 eB™

sets and the 2-norm is a convex function, the constant €, can be easily deduced. Subse-
quently, when k goes to infinity, the condition Eq. (27) is written as lo“é = o?ilz +¢,Viel,
leading to

€
W=_- Vie{l,...,N} (28)

- ~
0 1—0(,'

Consider the ith ellipsoid = {x cxTWx < ﬁ} which is normalized as follows: & = {x :
x! Wx < 1}. This ellipsoid is related to the W;-Radius of the guaranteed zonotopic state

> of the zonotope §§k can be
obtained by finding the ellipsoid &;, Vi € I of the smallest diameter. This leads to solving the
following optimization problem [44]:

estimation at infinity. Thus, the minimum W,--radius, ie. IV

max T
T, @, Wi, ¥
subject to
T,>T (29a)
1—a)W
(I —a) > o, (29b)
€;
W, * * *
0 D! D; * %
0 0 FTF =0 (29¢)
WiA; —YiCiA; WD —YCDi - YiF; W,

The decision variables are & € (0,1), 7, ©; >0, W, = WiT =0, W, e R**™ and Y, =
W;A; € R™>™_ The BMI optimization problem Eq. (29) is solved by using a search loop on
a; leading to an LMI problem.

In comparison with the optimization problem Eq. (29), Theorem 2 gives a new formulation
of robust guaranteed state estimation with guaranteed cost, i.e. y;. If for the switched system
Eq. (5), Theorem 2 provides feasible solution for W; and Y; such that the objective function y;
attains its minimum value. Then, the resulting zonotope X; admits a W;-radius upper-bounded
by

w €; .
W=y, Viel (30)

i



Zk41 = Aa(k)i'k + Bg(k)uk =+ wg

Trt1 = 2kt + Lo (k1 — Co (k) 2ht1]

4
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Fig. 2. Zonotopic observer approach.

It should be noticed that the term y;, which has no counterpart in the classical zonotopic
set-membership estimation theory [44], plays an important role in making the proposed cri-
terion Eq. (30) less conservative than the existing one Eq. (28). The scalar parameter y;
in Theorem 2 can be appropriately tuned to reduce the adverse effect of disturbance upper
bound ¢; (i.e. worst case) on the W;-radius Eq. (26). Accordingly, the main feature of the
proposed method is to yield a robust guaranteed estimation procedure, simple to implement,
with reduced complexity and less computation time without resorting to ellipsoid minimization
problems.

4. Equivalence of the proposed set-membership estimator with a zonotopic observer

In the previous section, a set-membership estimation approach for switched systems based
on zonotopes has been proposed. An estimate Xk of the exact consistent state set X; has
been computed by intersecting the uncertain state set X; consistent with the model and the
one consistent with the measurements P, (see Fig. 1). In the sequel, the equivalence of the
proposed set-membership estimator and a zonotopic observer for the class of switched sys-
tem Eq. (5) will be presented. The equivalent switched observer is based on the classical
Kalman filter structure [53] where zonotopic sets are used instead of usual Gaussian proba-
bility distributions. As illustrated in Fig. 2, the zonotopic observer is a recursive algorithm,
that incorporates all the provided information (model and observations) and processes the
available measurements to estimate the current state set of the system X;" Note that set-
membership and interval observer based approaches are commonly thought to be different,
although they are already compared to each other in case of LTI systems [54]. In this section,
we show that these approaches are actually equivalent, and, produce mathematically identical
zonotopes. Comparison of the centers and segments of the obtained zonotopes establish a
clear equivalence between the two approaches.

Let us consider the uncertain switched discrete-time system Eq. (5), the structure of the
Zonotopic Observer is expressed as

% = Ao () Xk—1 + Bo (o) Uk—1 (31a)

Xk =2 + Lo [Yk - Co(k)zk] G



where z; € R™ is the apriori estimate of x; based only on the model and X; € R™ is the
posterior estimate of x; considering both the model and the measurements. Ly ) € R™ ™ is
the gain matrix to be designed.

The following theorem presents the time evolution of the state zonotopic sets.

Theorem 3. Given the switched system Egq. (5), measured output yi, xo € Xo, wgu) €
A N A7 7720 . F7R0 Eg

Wewy, Uk € Vo, Yo (k), xio1 € (D3 HE ) S (P HiZy) with Hy_y =lg,w (HY,) and

a switched gain matrix Ly € R"™™. The zonotope bounding uncertain states can be recur-

N0

sively defined by x; € Xi” = (py, I:I,f"), where

P = Uy, — LoyCo))As iy iy + U, — Lo 6)Co 6))Bo (k) k. + Lo (k)Y (32a)
ﬁ;fa = [, — LowCot)AsHy 15 Un. — LoyCot)Dottys Lo Fow] (32b)

Proof. Let ¢, = x; — X be the state estimation error. From Eq. (31), we have

X = I, — Lo Co ti))As ) Xk—1 + (In, — Lo (1) Co (1)) Bo () Uk + Lo (k) Vi (33)

Then, the dynamics estimation error can be expressed as

ex = X — (L, — Lo 1)Co ) Av i Xk—1 — (I, — Lot Co (k) Bor (k) Uk
— Lo (1)Co )Xk — Lo (k) Vo (k)
= (I, — LoyCo k)X — (In, — Lo (6)Co (k) A6 (k) Xk —1
— (I, = Lo )Co (k) Bo () Uk — Lo (k) Vo ()
= (I, — LoyCo ) Ay k-1 + (n, — Lot)Co (6))@o (k) — Lo (k) Vo k) (34

From Eqgs. (33) and (34), the uncertain system state x; is given by

Xp = e + X
= (I, — Loy Co ) Aty €i—1 + (o, — Lo 1)Co (1)) @o (k) — Lo () Vo (k)
+ (I, — Lo ())Co ) Ao () Xk—1 + (In, — Lo ) Co k))Bo () Uk—1 + Lo () Yk
= (I, — Lo yCo ) Ao ) Xk—1 + (n, — Lo)Co (6))@o (k) — Lo () Vo k)
+ (n, — Lo )Co (k))Bo )k + Lo () Vi (35)

Considering the uncertain system state x;_; € X3” | = (p;,, I:I,jfl) c P, ﬁi(;) as prior,
the uncertain state at time instant k can also be bounded by the zonotope X}’ = (p;’, H{’)
that is defined as follows:

Xir1 = (I, — Lo )Co ) Aoty Pk + U, — Lot Co (k) Bo (i Uk + Lo 0 Vit 1

51
+ [, — LoyCot)AsyHis o, — Lo@Cot))Dottys Lo Fomy]| 52 (36)
—5

where 51 € B?, s, € B" and s3 € B"™. Thus, Eqgs. (32a) and (32b) are obtained and the proof
is complete. [

Remark 2. Recall that, the zonotope reduction operator |, w (.) defined in Property 2 is used
in order to reduce the computational complexity during the state propagations.
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Fig. 3. Zonotopic Observer (ZO) versus Set-Membership Approach (SMA) using zonotopes.

Note that the predicted center and segments Eq. (32) computed using the zonotopic
interval-observer approach are similar in structure to those in Eq. (9) provided using the
set-membership state estimation approach. As shown in Fig. 3, since the two structures are
equivalent, the observer gain L, ), can be obtained by using the same optimization problem
proposed for the set-membership approach in Theorem 2, i.e. to obtain Ag ).

Corollary 4. Given the zonotopic observer with the structure defined in Theorem 3, the op-
timal switched gain matrix L,y can be obtained following the same procedure as the one
described in Theorem 2.

This equivalence is illustrated using the case study presented in Section 6.

5. Extension to consider unknown inputs

In this section, we will extend the proposed set-membership state estimation approach for
uncertain switched discrete-time systems subject to unknown inputs.

Let us consider again discrete-time switched model Eq. (5) but now including unknown
inputs

X1 = Aoy Xk + By oy + Eg oy di + 05k

37
Yk = Co )Xk + Vo (k) 37

where x; € R™, u, € R™, d, € R™, y, € R™ denote the state, known and unknown inputs
and measurement output vectors, respectively. Ay k) € R™ "™, By € R™* ™ E;qy € R™*"
and C, ) € R™*™ are state, input, unknown input and output distribution matrices. The
switching signal o (k) is a piecewise-constant function, which takes its values in the finite
set I ={1,...,N}, where N > 1 is the number of subsystems. wsx) € R™ and vy ) € R™
represent the state disturbance and measurement noise vectors, respectively.

Before we proceed with the detailed set-estimator design, the following additional assump-
tions are considered.

Assumption 3. For the switched system Eq. (37), let us assume that the following rank
condition is satisfied Yo (k) € I, k e N:

rank(Ca'(k)Eo—(k)) = I”(lnk(Eg(k)) = ny (38)



Thus, there exists a non-empty set of solutions of switched matrices Py ) and M ) satisfying
Vo (k)

Powy + Mo )Co (k) = In,

PowyEowy =0 &9
Remark 3. Assumption 3 means that all the unknown inputs contained in the vector di are
able to be decoupled by the proposed unknown input set-membership estimator. However, it
should be pointed out that, there could be some difficulties to satisfy the rank condition given
in Eq. (38). In this case, the design conditions of the traditional unknown input observers can
be solved by decoupling a part of unknown inputs included in dj, and, by rewriting:

1
=[]

where dk1 € R™" denotes the unknown input vector that can be actively decoupled, while
d,f € R" is the remaining number of unknown inputs to be treated as bounded uncertainties.
Correspondingly, the matrix E, ) can be rewritten as

Esp) = [E;(k) E(%(k)] 41)

where E, € R™™' and EZ, € R"™*. As a result, the switched system dynamics
Eq. (37) can be further rewritten as

Xir1 = Aoy Xk + Bo oy + E;(k)d]: + wzlj(k)

42
Yk = Co )Xk + Vs (k) (42)

with rank(CE;(k)) = rank(E;(k)) = ng, and w}y(k) = W (k) +E3(k)d,3 is assumed to be un-
known bounded by a given zonotope (i.e., a)}j(k) € W}T(k)). It should be emphasized that the
decomposition Eq. (40) can be also used to overcome some limitations of the set-based ap-
proaches, namely, when some system disturbances are unknown and difficult or impossible
to be bounded in a predefined zonotope. In this case, unbounded disturbances are considered
as unknown inputs and are decoupled completely in the switched observer design.

In Section 3, an outer-approximation Xk of the intersection between uncertain trajectory
X, and the region of the state space P, which is consistent with the measured output is
computed. The outer-approximation is parameterized by the correction matrix Ay using a
zonotope-based procedure. In what follows, this approach is extended to the class of systems
of the form Eq. (37). For sake of clarity, measurement state set [P, and exact uncertain set
X are defined in the same way as in Definitions Eqgs. (7) and (8) while the uncertain state
set Xk is redefined below in order to take into account the effect of the unknown input dj.
Subsequently, an outer bound of the exact uncertain state set X; is estimated using the same
steps as in Algorithm 1. Based on a judicious design methodology, the effect of the unknown
inputs is effectively cancelled.

Definition 9 (Uncertain state set). Given the switched system Eq. (37) with xo € Xo, ws ) €
Wos k), Yo (k) and for all k € N, the uncertain state set X; is defined by

Xk = {x e R™

X € ApXi—1 @ Booytti—1 © Doy Wo i) ® Ea(k)dk—l} (43)



5.1. Guaranteed state intersection

We now present the set-membership state estimation approach for the uncertain switched
discrete-time system Eq. (37). An outer approximation of the exact estimation set Xj is
obtained by intersecting the predicted state X and the measurement set ;. This statement
is summarized by means of the following theorem.

Theorem 5. Given the switched system Eq. (37), a measurement output vector Y, Xo €
Xo, Woty € Woy, Uk € Yoy, Yo (k), xk—1 € (Pr—1, Hi—1) S (Pr—1, Hr—1) with Hi_y =l 4w
(Hk-1), Poky € R™™ and My gy € R"™ ™ satisfying Eq. (39). Then, for any switched cor-

rection matrix Ayqy € R™ ™, x; € X N IPk} - Xk = (px, I:Ik), where

Pk = To 00 Po 0 As 0 Pr—1 + To0) P ) Bo (1) Uic—1
+ Mowy) + Aoty — Doty Co )Mo ) Vi (44a)

He = [TowPowAcioHiot  TowoPowDowy  TotoMowFotty  DotoFow] (44b)

where T iy = I, — Ao 1)Co (k).

Proof. For any x; € {Xk N IPk], we know x; € X; and x; € ;. Consider the switched system

Eq. (37) with the inclusion x;_; € (ﬁk_l,I:Ik_l) C (pr_1, Hy_1) and w, k) € W, 1), there exists
a vector s; € B9 such that

Xk = Aoty Pr—1 + Bowytti—1 + Egydi—1 + [AeyHi—1, Do ]si (45)
Besides, from x; € [Py, there exists a vector s, € B™ such that
CotyXx — Yk = Fo )52 (46)

Considering a pair of switched matrices P, ) and M, ) satisfying Eq. (39) Yo (k), combining
Egs. (45) and (46) leads to

(Po () + Mo ) Co (1) )Xk = Py i0As () Pk—1 + Po (k) Bo k-1 + Po () Eo iy dk—1+

47
M oy + [Po(k)Aa(k)Hk—l Pu(k)Da(k)]sl + Moo Fo )52 “7)

Set R(T(k) = [Pa(k)Ao(k)ﬁkfl Pa(k)Da(k) Mg(k)Fa(k)] and s = [S{, Sg]T. If the matrix
Eq. (39) hold, then Eq. (47) can be simplified as follows

X = PryAs ) Pk—1 + Po(yBo k=1 + Mo )Yk + Ro (i) (48)

Let Ay € IR™™, by adding and substituting a correction term Ay ) Co)Rok)s in Eq. (48),
we obtain Vo (k)
Xk = PoryAo () Pk—1 + Po()Bo oy Uik—1 + Mo o) Vi 49)
+ Aot CowRo)s + (n, — Mo Co ) )Ro )8

By multiplying in both side of Eq. (49) by Cs) and substituting Cyyxx in Eq. (49) by
Eq. (46), we have

CotRo 18 = Yk — CoyMo Yk — Co k) P (1A cr (k) Pi—1
— Co (1) Ps ) Bo (k) Uk—1 + F (1)1 (50)



then, by replacing C, )Ry )s in Eq. (49) by Eq. (50), it follows that

X = (L, — AotCo 1) PotrAc ity Pr—1 + Un, — Ao (1)Co (k)) Por (k) B () i1
+ Moy + Aoy — Doty CotyMo )Yk

s
+ [, = Ao Cow)Rott)s  AowyFow] [S1:| (51

Thus, by using the above definition of R,y and by letting T4 = I, — Ao)Co )
Egs. (44a) and (44b) are obtained and the proof is complete. [

5.2. Optimal switched correction matrix design

Following the same methodology as in the previous section, the size of the intersection
zonotope Xjy; is measured by the W;-Radius as follows

2
IZV = max Hk(AJ(k))Z
zeBltntn) 2, Wo )
= max ' H (Aoi)Womn Hi(Ao))z (52)
ZEB(qﬂquZn)»)
where W,y =W, Vie {l,...,N} is the weighting matrix for the ith subsystem. If there

exists a scalars o) and y, ) associated with each subsystem o (k) =i such that
!
AY < =il + Yo o (53)

where €, is a positive switched constant that represents the maximum influence of distur-
bances and measurement noises:

Fowsal); (54)

€5 (k) = Mmax |

s EB’lm B"U

Dq (1)1 ||§ + Srrelax
2

then, the size of the zonotope Xk is decreasing. If Eq. (53) holds, then for time instant
k — 0o, we have

=Y vieq, .. N (55)
To minimize the W;-Radius (i.e ), the smallest performance level gain y; is sought for the
ith subsystem. It is clear from Eq. (55) that the gain y;, Vi € I provides a tighter information
in terms of the effect of g;, Vi € I on the W;-Radius lo“é. This leads to solve the following
optimization problem:

Theorem 6. Given the intersection zonotope Xk = (Pr, I:Ik) in (Eq. 44). Inequal-
ity Eq. (53) holds if there exists a matrix Y; € R™™, a positive definite matrix W; € R™*",
for given scalars o; € (0, 1), vy > and €¢; > 0 such that the following LMI problem holds

min y
Yio Wi, Y

yi <y, Vie{l,...,N} (56)



(o; — DW; * * * "
0 —v:D! Di * * *
0 0 —FTF; * * [ <0,Viel (57
0 0 0 0 *
W =Y,CHPA; (W, = Y.C)PD; (W, —Y.COM;F; Y.F, —W,
with Y; = WA,

_ T N
Proof. Let Af{"[l =1 —1",, and, z= [ZT st st s%"] € Bt with 7€ BY, s €
B™, s, € B™ and s3 € B™, then using Eq. (52) we have

2 2
I A~ = =
Ay = max Aoz - max|Hz (58)
ZeB@ 2y 2.Wouy — zeB? 2,Wo
this leads to
) . 2 _ 2
apy o= omax (o]~ [Fuaewz
zeBY,s,eB™ s,€B™ ,53€B™ 2,Wy i) 2,Wo k)
_aT _
Z Z
= S AT (Mg )Wy 0 Hi (A 51 (59)
= max ¢ (Do) Wo iy Hi (Mg 1)) -
zeBY,5,eB™ 5,eB™ 53€B™Y 82 82
$3 §3

Jp— ——
ZTHklwa(k)HklZ>

_ 2
By adding and subtracting the terms max o ) HHk_IZ” and —y, k) €sk) Where €, (k) 1S
zeB 2,Wo )

given by Eqgs. (54), (59) is rewritten as

_aT _
Z Z
Aiwl = max o I:Ig(Ao(k))Wa(k)I:Ik(Aa(k)) St
- zeB,s,eB™ ,5,€B™ ,s3€B™ 52 §2
53 53 (60)
=TT T =_<THg T = T nT
02 Hi (WotyHi1ZT =7 Hy \Wo o Hi1Z = Yo )81 Dy 1) Do (k)51
2
T T T =
s5 F2 o Fogys2 | — max o HH_zH + €
Yo (k)82 L'y k) Lo (k) 2) e o k) [T k—1 Wit Yo (k)€o (k)
Substituting Eq. (44b) into Eq. (60), we get
— AT
Hp 1z
Sl ( T
max O WeiOs 1+
ZeBY 5, By B 53 B ( $5 o) Vo) Yo k)
53
(o) = DWo) 0 0 0| [Heiz 61)
0 ~Yo D} Doty OT 0 ) 51
0 0 Yo ls@Fory 0 )
0 0 0 0 53

_ 2
—mMax o (x) HHk—1ZH + Yo k) €0 (k)
zeB? 2 (5]

s Wao (i



Fig. 4. Schematic diagram of the vehicle bicycle model.

15 (0 Po () A (k)
where O,y = Tot Bo o Do . If the following inequality holds Vi € I
15 1Mo (i Fs (1)
Aoy Fo )
(o) — DWo iy 0 0 0
0 _Va(k)Dg(k)Do(k) 0 0
+0r  Wy18®5x) <0
0 0 —]/zr(k)FaT(k)Fo(k) 0 o (k) "o k)So (k)
0 0 0 0
(62)
which is equivalent by Schur complement to Eq. (57), then
Aiw_l < =l + Voo (63)

from which we prove that satisfying Eq. (57) is enough to fulfill the condition Eq. (53).
Furthermore, the tight size of the intersection zonotope must be sought, hence the introduction
of the conditions Eq. (56) which completes the proof of Theorem 6. [J

6. Application to vehicle sideslip angle estimation

Vehicle lateral dynamics may be modeled using a two degree of freedom (2-DOF) model
known as the “bicycle model” to describe the lateral and yaw motions [55]. The vehicle’s
left and right wheels are grouped together to form a single steerable front wheel and rear
wheel with negligible inertia as shown in Fig. 4. This representation, also known as “single
track model”, has been proven to perfectly represent the vehicle lateral dynamics behavior
and especially when evaluating sideslip angle and studying lateral efforts. In this model, roll
movement is neglected and vertical motions are ignored.

The two-dimensional model describing the vehicle lateral behavior can be represented by
the following differential equations:

{mVxB + mvxw = F)f + Fyr

: 64
LY =By = L Fy 64

where m, I, are the mass and the yaw moment, v, is the longitudinal velocity, 8 and  are
vehicle sideslip angle and yaw rate, Iy, [, are distances from front and rear axle to the center



of gravity (CG), while F,; and F;, are lateral tire force of front and rear tires. The lateral
forces Fy; and F;, are assumed to be proportional to the tire slip angles ay and o, for small
sideslip angle [56]:

{Fyf = crap =c; (6 — B — L)

F;W’ =Gty = Cr(_,B + ‘Z)_fl[f) (65)

where cy, ¢, are the cornering stiffness of front and rear tires while §; represents the front
steering angle.

Gathering Eqs. (64) and (65) and choosing 8 and w', as state variables, leads to the
following state equations:

. crtcr crly—cyly cr
B T, m? 1 B mvy

|:w = cly—cyly CrngFCfl/2 w + ﬂ 8f (66)
I T Ly, Iz

The bicycle model Eq. (66) was first discretized using zero order hold method. Next,
a switched representation of the vehicle model Eq. (66) is considered to take into account
vehicle longitudinal velocity variations. A switched system where each subsystem operates
around a given constant longitudinal velocity value (for example, three subsystems defined
for low, average and high longitudinal speed) is adopted in this paper. Then, a switching
signal depending on the measured longitudinal velocity is considered. Note that, all vehicle
model parameters are assumed to be known. Environmental disturbances as well as non-
modelled effects (unknown wind gust, cornering stiffness variations) are added to the vehicle
model through additive state disturbance and measurement noise vectors wg ) and &4 ). The
available measurements are yaw rate v, longitudinal velocity v, and front steering angle & I3
The real data used in the validation process are based on measurements obtained from tests
carried out on an instrumented vehicle of the LIVIC! laboratory in a test track located in the
city of Versailles-Satory, France (Fig. 5). The track is 3.5km length with various curvatures
ranging between 30m and 600m.

The vehicle is equipped with several exteroceptive and proprioceptive sensors. Here, we
present, in a succinct manner, the sensors used to collect the measurements of the variables
required in this study:

« Yaw rate v and lateral acceleration a, are measured by a three-axis inertial unit which
provides the accelerations and rotational velocities along the three axes (roll, pitch and
yaw).

* Steering angle input 87 is provided by an absolute optical encoder.

* Longitudinal velocity v, is measured by an odometer.

* Sideslip angle B is obtained using a Correvit sensor. The measure is not used in the
observer design. It serves only for validation.

6.1. Case 1

In order to examine the performance of the proposed design, a first experimental data set is
used, where three subsystems are defined for v! = 8.50 m/s, v? = 13.55 m/s and v} = 18.05

! Laboratory for Vehicle Infrastructure Driver Interactions.



Fig. 5. Test track (Satory, France) [57].
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Fig. 6. Steering angle §y.

m/s. The choice between the modes is done according to vehicle longitudinal measure in
Fig. 7. The switching rule is then designed as follows:

1 if 6m/s <v, < 11m/s
ot)=12 if 1lms <v, <16m/s (67)
3 if 16m/s < v, <20m/s

where the three modes correspond to three different driving conditions: low, medium, and
high longitudinal speed. Steering angle and the considered switching law are shown in Figs. 6

and 8. The disturbance and noise vectors satisfy |wi| < [0.002 O.OI]T and |v¢| < 0.03. The
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Fig. 8. Switching signal o (k).
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Fig. 9. Interval estimation of vehicle side slip angle 8 using Theorem 2 (dashed gray line) and optimization problem
(29) (red line). (For interpretation of the references to colour in this figure legend, the reader is referred to the web
version of this article.)

switched correction matrices A4 ) and [\a(k) are obtained by solving constraints Egs. (20) and
(29), respectively. The scalar 8 in Eq. (29) and (1 —as)) in Eq. (20) are set equal for
comparison purpose. This allows to show the usefulness of adding the gain y, ) in the new
formulation (20). Therefore, the following feasible solutions are obtained by solving LMI
constraints Eq. (29) and Eq. (20) for &¢; = & = a3 = 0.1 and 1 = ap = 3 = 0.9:

—0.0003 —0.0071 ~0.0002
A= [ 0.0996 } Az = [ 0.1460 } As = [ 0.1339 ]

-~ [00113] :  [00233] s _ [0.0240
A= [0.5817]’ Ao = [0.7969]’ As = [0.8903]

The results of interval estimation are depicted in Figs. 9 and 10. As shown, the proposed
method allows to obtain an accurate and tight interval estimation of vehicle state variables
than the method in [44]. The attenuation of disturbance and measurement noise effects can
clearly be observed. Figure 11 and 12 compare interval width for sideslip angle eg = B—5

and yaw rate e, = v — ¥. It can be noticed that the proposed estimation framework can
handle additive uncertainties more effectively than the conventional methods.

The state estimation using the zonotopic observer and the set-membership approach is
compared in order to validate the obtained mathematical equivalence. Using Theorem 2, the
switched observer gains L;, Vi € I are obtained for ¢ =&, = &3 = 0.1 and o) = = a3 =
0.9:

;. _[-0.0003] 000717 , _ [-0.0002
710096 |© 727 | 0.1460 |© ™~ | 0.1339
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Fig. 10. Interval estimation of vehicle yaw rate vy using Theorem 2 (dashed gray line) and optimization problem

Eq. (29) (red line). (For interpretation of the references to colour in this figure legend, the reader is referred to the
web version of this article.)
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Fig. 11. Interval error eg using Theorem 2 (gray line) and optimization problem Eq. (29) (red line). (For interpretation
of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 12. Interval error e using Theorem 2 (gray line) and optimization problem Eq. (29) (red line). (For interpretation
of the references to colour in this figure legend, the reader is referred to the web version of this article.)

As the computation time needed for solving optimization problems is the most important mat-
ter in assessing the efficiency of an algorithm. A comparison in terms of the computational
time required for solving the optimization problem Eq. (29) and the one presented in Theo-
rem 2 was done. Experiment were conducted using an Intel Core i7 with a processor running
at 29GHz in MATLAB R2016a running under Windows 10. The results are presented in
Fig. 13.

In terms of the required computation time, the optimization problem in Eq. (29) requires
a highest computational demand compared to Theorem 2 (Three time larger for a 2nd or-
der system). The proposed design strategy exhibits very small computation time. Thus, the
proposed method outperforms the conventional design significantly.

The interval estimation of the vehicle sideslip angle and yaw rate are compared to those
obtained using SMA and illustrated in Figs. 14 and 15. Both approaches are able to provide
interval state estimation results with the same performance as have been shown in Section 4.
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Fig. 14. Interval estimation of vehicle side slip angle 8 using Zonotopic Observer (dashed gray line) and Set-
Membership Approach (red line). (For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)

0.5

ld}(rad.s_l)

0.5

0 20 40 60 80 100 120 140
Time (s)
Fig. 15. Interval estimation of vehicle yaw rate v/ using Zonotopic Observer (dashed gray line) and Set-Membership

Approach (red line). (For interpretation of the references to colour in this figure legend, the reader is referred to the
web version of this article.)



Fig. 16. Vision system measurement.

6.2. Case 2

In order to illustrate the inclusion of the unknown input improvement presented in Sec-
tion 5, vehicle lateral dynamics in a cornering lane is considered. The vision system model
providing vehicle angular and lateral displacements from the center-line at a look ahead dis-
tance I; (See Fig. 16) is used. These measurements are extracted from images obtained with
a suitable vision system, taking into consideration the motion of the vehicle and changes in
the road geometry.

The equations describing the evolution of the vision system measurement are given as
follows:

{I.pL = Iﬂ — VxP . (68)
yL=vy+ Ve + L (Y —vip)

which can be rewritten in the following state representation form:

/73 0 0]|lyeL 0 1], —V,
i 1 N f A R e ®
where y; and i, are the offset and angular displacements at a look ahead distance /;, while,
p represents the road curvature.
Combining the two degrees of freedom model describing the vehicle yaw and lateral mo-
tions Eq. (64) together with the equations describing the evolution of the vehicle angular and
lateral displacements Eq. (69), leads to a single dynamical system subject to the road curvature

as an unknown input. By adopting a switched representation of the resulted discretized vehi-
cle model and considering that the state and measurement equations are subject to additive
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Fig. 19. Road curvature.

disturbance and noise, an uncertain discrete-time switched system of the form Eq. (37) is
obtained.

A second set of experimental data is used to evaluate the proposed unknown input set-
membership state estimator. The measurements are acquired using the same prototype vehicle
described above. The lateral offset and angular displacements y; and i, are measured using
clustering of a video, camera mounted under the mirror of the vehicle, and vision algorithms.
For the simulation scenario, three subsystems are defined for v! = 3.1m/s, v? = 8.5m/s and
v} = 13.75m/s. The steering angle, longitudinal velocity, road curvature and the considered
switching law are shown in Figs. 17-20.

The disturbance and noise vectors satisfy |wi| <[0.002 0.004 0.02 0.003]T and

lvel < [0.005 0.04 0.003]T. The switched matrices M, ) and P, , are obtained by solv-
ing constraints Eq. (39) using the generalized inverse. Therefore, the following feasible solu-
tions are considered:

I —-0.0100 -0.0013  0.0010 0.0100 0.0013  —0.0010

P — 0 1.0100 0.0013  —0.0010 M. — —0.0100 —0.0013  0.0010
=10 —0.0100 0.6178 —0.4846|" "'~ | 0.0100 0.3822 0.4846
0 —-0.0100 —0.4869 0.3819 0.0100 0.4869 0.6181
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The optimal correction switched matrix A, ) is designed by solving the optimization problem
in Theorem 6 for a reduction operator ¢ = 40. The optimal solution is given by

[—0.0116
0.4104
—0.3159

| —0.0075

[—0.0154
0.9368
—0.0289

| —0.0013

A =

As =

—0.0052  —0.0040 | —0.0500 —0.0116
0.0007  —0.0006 Ay — 0.6279  —0.0001
0.1211  —0.6489 | 72~ | 0.1061 0.4455
—0.0004  0.9969 | 0.0159  —0.0030
—0.0142  0.0024 ]

0.0236 0.0967

0.9374  —0.2064

0.0005 1.0018 |

—0.0018

—0.0262

—1.3249
0.9928

for a; = ap = a3 = 0.99. The results of interval estimation are depicted in Figs. 21-24 which
shows that the proposed method allows to obtain a very accurate interval estimation of vehicle

state variables.
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Fig. 22. Interval estimation of yaw rate.
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Fig. 23. Interval estimation of offset displacement.
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Fig. 24. Interval estimation of angular displacement.

7. Conclusion

This paper has presented a new zonotopic set-membership estimation approach for uncer-
tain switched systems. As it has been demonstrated by application example, Theorem 2 pro-
vides much simpler and less conservative conditions than the traditional guaranteed state
estimation based on W;-radius minimization. The synthesized solution has less complexity
and requires shorter computational time. It has been shown that the proposed set-membership
is equivalent to a zonotopic observer. An extension to set-membership state estimation of
switched systems subject to both unknown and bounded inputs is presented. This extension
allows to deal with several limitations. Namely, the relaxation of the strong unknown input
decoupling assumption (defined as rank constraint, i.e. rank(CE;) = rank(E;), Vi € I). In ad-
dition, the proposed method can also be considered to deal with unknown and unbounded
disturbances which present one of the weakness in the set-based approaches. The suggested
methods are efficiently applied to estimate the vehicle sideslip angle. Performance of the
proposed algorithms are illustrated through simulations and comparisons with experimental
data.
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