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Abstract. The problem of intersecting two ellipses arises as a frequent
subproblem in computational kinematics and geometry. In this paper, an
efficient solution method to this problem is presented using the concept
of the power of a point with respect to an ellipse. The point-ellipse power
appears in Distance Geometry as a generalization to the squared distance
between two points. For establishing the intersection method, several
algebraic forms of ellipses are reviewed and the interoperability of distinct
definitions for the power of points and ellipses are outlined.
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1 Introduction

The problem to determine intersections between two ellipses can be identified as a
basic geometric problem with relevant applications in the areas of computational
kinematics and geometry. The ellipse intersection problem appears in robotics,
for example, in the design analysis of regional 3R manipulators [22,21,19,25,20].
In this paper, we focus on the geometric problem itself and report, following
the ideas of Wildberger [27] and Oomes [16], an efficient computation method
based on the squared-distance representation of an ellipse with respect to its
diagonals. The method relies on the concept of the power of a point and an
ellipse and permits to distinguish several subcases of geometric constellations [1].
The power concept generalizes the Steiner power of a point with respect to a
circle [3,26]. The paper works out that the point-ellipse power, and hence the
intersection method, can be adopted to different algebraic forms. A particular
application for a certain subcase of the present analysis to the kinematics of
regional 3R manipulators is presented in a second, accompanying paper.

The paper has the following structure: Section 2 reviews the diagonal form of
ellipses in light of other established forms. Section 3 compares distinct definitions
for the point-ellipse power in terms of these forms. As a result of the comparison,
Section 4 presents the intersection method. The paper is concluded with Section 5
and features an appendix which contains essential conversion formulae.
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2 Ellipse Representations

This section outlines different algebraic representations for ellipses, organized in
four paragraphs. Three squared-distance concepts are introduced in advance.

Quadrance of Directions and Points. In accordance with [27,3], the quadrance
of a vector V, given in coordinates v, is denoted by

Qu=Qv) =vxv=|v|?, (1)

and is computed as the sum vxv =) , Vi-v;. The quadrance between two points
P, and P, is determined by the sum

Qn = Q(pupz) = (pz - p1) * (pz - p1) . (2)

Quadrance of Points and Lines. For three dimensions m € R3, the axial square
matrix m® is introduced and adopted for two dimensions n € R? by

2 2
m; +m; —mm, —mm 2
® . Y D NG e o . le —nn,
m- = —-mm, m;+m; —m,m, n = 2 .

—-m,m, —mym, mf+my2 —nn, n

X

Thus, the quadrance of a point P and a line g is defined as

QPG = Q(p, g) = Q(pa (& ﬁ’) = Q(ﬁ’® : (p - C)) ) (3)

where A € St C R? is the unit direction and ¢ € R? any point of the line g.

Classic Forms. The classic Apollonian definition [11] of an ellipse €& C R? relies
on the focus, a point f € R?, the directrix, a line ¢ C R?, and the eccentricity,
a scalar ¢ € R, such that it can be summarized £ = ( f, g,¢ ). The eccentricity &

is characterized [17] by the equations ¢ = 5 =4/1-— Z—i < 1 with focal-distance

[ = vQ(e, f) and directrix-distance h = ¢ = 1/Q(c,g) for the center ¢, and

with a? = Q(a) and > = Q(b) for the major and the minor axes vectors a and
b (next paragraph). With these quantities, a quadrance-based definition of £ is
obtained [27,11] with

Q(p7 .f) — 82 }
Q(p,9)

using the quadrances of (2) and (3). The equations h- f = a? and p-a = b? hold,
with the parameter p = a - (1 — €2). Another classic definition® for an ellipse is
achieved via the ‘gardener’s construction’ [17,11] in the distance-based formula

E={peR’: p-f.l+lIp—Ff_l=2-a}. ()
The number a > f is the major radius and it holds that f = % Nf, = F_ll =

lle = fll = va? — b2. An example ellipse is indicated in Figure 1 including its
focal points f, and f_ and its corresponding directrices.

E={peR*: (4)

3 “An ellipse is defined as the locus of a point P, the sum of whose distances from two
given points, Fy and F_, is constant.” [17]
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CAB Forms. Another specification of an ellipse £ relies on a vector triplet
of a center vector ¢ € R?, a major axis vector @ € R2?, and a minor* axis
vector b € R?, compactly denoted by € = (c,a,b). By means of the ‘affine
version’ of Euler’s identity z(¢) = ¢+ cos(¢) - a + sin(¢) - b in terms of an angle

¢ € R, the vectors ¢, a,b, and the Weierstral substitution, cos(¢) = %Iﬁz and

sin(¢) = %, the ellipse is parametrized rationally in A € R as follows:
2 . _ 1— A2 2\
E={peR .p_z()\)—c+1+)\2~a+1+/\2-b}. (6)
An implicit form for £ is given via (¢, a, b) by the affine-bilinear form [8]
E={peR?: (p-)" K- (p-c)=1} (7)
and the symmetric matrix K = a-a | b-bT o R2X2 The example in Figure 1

) _Q2(a) Q*(b)
includes the center ¢ and the axis vectors a and b.

Homogeneous Form. For a homogeneous symmetric matrix H € R3*3 with
components and determinants [14] denoted as

Ay by
@, by, A:=det(H)  §:=—det (a** “W) , (8)
b

c xy ayy
yo “~oo

an ellipse & is given, for § < 0, as all points p = (z,y)T € R? that attain ‘zero
potential” with respect to F'(x,y) = 0, defined as the biquadratic polynomial
Ez{pERQ :F(m,y)::(x,y,l)-H-(x,y,l)T:O}. (9)
The equation expands to the component form®
F(,y) =a,-2*+a, -y +2-ay -2y +2-bo-2+2-by-y+cCop - (10)

The ellipse is invariant to scalar multiplications as F(m,y) = F(z,y)/A. An
example is sketched in Figure 2.

Diagonal Form. Yet another definition for £ is given via its diagonals. The
diagonal directions d, and d_ and their lines d, and d_ are defined by

d, = (a+b)/|a+b] d_:=(b-a)/|b-d

11
d+::d++€'(cxd+) d,::d,-i-E'(CXd,). ( )

It turns out [27,16] that the points of an ellipse can be characterized by the
constant value of the sum of quadrances to d, and d_, the diagonal lines. As an
arbitrary point of £, the point e := ¢+ a is introduced for convenience. With e,
and the definitions 4 := Q(a) = a? and B := Q(b) = b?, it can be shown that

4 The infinite lines of the major and minor axis vectors a and b with ||a|| = a and
Ib]] = b are also called transverse azis and conjugate axis [17).

® The relation of the CAB matrix form in (7) and the homogeneous matrix form in
(9) is addressed in Appendix A.
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Fig. 1. Illustration of distinct representations of an ellipse. Its focal points f_, f_ and
directrices g., g_ are drawn in blue. Its center, major vector, and minor vector, ¢, a,
and b, are drawn in green. The diagonals d; and d_ are drawn in red. The ellipse with
a® =16 and b? = 9 has the radiance (12) with value Re = Harm(16,9) = 11.52.

the ‘ellipse radiance’ R is characterized® by the harmonic mean

A-B

A+ B

Based on this invariant, the ellipse is characterized by the formula
Ez{pERQ : Q(z,d,)+Q(z,d) =Re } . (13)

With the point-line quadrance in (3), the constraint in (13) is reformed to

l(a+0)° (x—o)|* +[(b-a)® (z—¢)|" =2 (A-B)- (A+B)
The sketch in Figure 1 includes the diagonals d, and d_.

R = Q(e,d+) + Q(ea d*) =2

= Harm(A, B) . (12)

For the particular case of an ellipse centered to the origin, with ¢ = 0, and
aligned with the coordinate axes a || é« and b || é,, the equation simplifies to

l(a+b)° -z|*+||(b—a) z|*=2-A-B-(A+B)
and, with @ = (a,0)" and b = (0,0)", and
(a+b)=(5) = (") (b-ar=(3")"= (5"
further to
(B-x—ab-y)?+(—ab-z+A-y)> +(B-z+ab-y)* + (ab-z+ A-y)?
=2B%. 2% +2(ab-z)? +2(ab-y)* +24% - y*=2-A-B-(A+B) .
9 1

- — = 1, the standard ellipse

1
The equation can be simplified to z? - — +y 5

A

equation.

5 In terms of f and h, the invariant Re reads Re = (2- (h®f — hf?)/(2h — f).
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Fig. 2. The ellipse £ of Figure 1 matches the zero element of the level sets F(z,y) =
=2+ % -4y” — 1. The polynomial F(z,y), as given in (9) and (10), matches with the
Maley power (16) of the points with respect to £. The center point ¢ has the normalized
power F(c,,¢,) = W(e;E) = —1 and the Steiner power of ¢ and & equals W (c; ) =
Re - W(e; ) = —11.52. The point P with coordinates p = (6,3)T has the normalized
power W(p; £) = (1.2% + 62 — 11.52)/11.52 = (6> + 3% — 180/13)/(180/13) = 2.25.

3 Power Concepts

The concept of the power of a point with respect to a circle was introduced
by Steiner [23] in 1826. The idea was extended by Laguerre [12] to the power
of a point with respect to an algebraic curve of degree n in 1865.7 Distinct
definitions for the power of a point with respect to an ellipse have been introduced
later [7,15,14,6]. This section reflects some of these definitions. A more detailed
treatment can be found in [24].

We start with the quadrance of a point P and an ellipse £ defined by
QPE = Q(p7 5) = Q(pa d+) + Q(p7 d*) 3 (14)

evaluating the quadrance (3) sum of diagonals of (12) to the point P. By means
of Qpe and the radiance R of (12), the Steiner power Wy of a point P and an
ellipse £ is given as the difference

WPE :W(p,é') i:P*g:QPE*RE . (15)
In addition, the normalized version of the Steiner power is defined by

~ ~ W p, £ QPE - RE
Wee = W(p,é’) = WEC 53 = R s

adjusted such that the ellipse center ¢ attains a power of W(c, E) = —1. The
example in Figure 2 includes the evaluations for the center and another point.

7 As the product of distances from the point to the intersections of a circle through
the point with the curve, divided by the nth power of the circle’s diameter.
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Fig. 3. Ellipse pair with four intersection points, radical conics, and degenerate conic.

Maley [14] has introduced the normalized power M as the fraction

_ F(P)
M = M = —_—— 1
PE (p,€) F(O) (16)
of potentials F in (10). The center® attains a potential F(C') = —A/§ in terms
of the determinants A and ¢ in (8). The power of a point P with coordinates
p = (z,y)" has been defined by de Biasi [6] with respect to focus f, directrix g,
and eccentricity ¢ as the function

Le =T(2,y) = Q(p7 f)— e Q(p7 g) - (17)

The focal-quadrance and the directrix-quadrance in the definition of (4) appear
for T" in a difference. One can prove that all concepts correspond, expressed by
IA/I;’E:QPEiRE:7F‘I(P):& (18)
R R F(C) b2

This observation permits in particular to compute the power of a point with
respect to an ellipse efficiently without ‘conversions’ (Appendix A) independent
of the form (Apollonian, homogeneous, CAB) an ellipse is given in. For the limit
case of a circle £ — C, it holds that limg s (Wee) = limg—p(Lpe) = Woe = Qpc— Re.

MPE = WPE =

4 Two Ellipses

As addressed in the introduction, the thorough analysis of the mutual geometry
of two ellipses is crucial for solving constraint equations in relevant problems of
computational kinematics. The geometry of ellipses pairs has been analyzed and
classified, for example in [9,1]. In this context, the classification and computation

8 In [14], it is further proven that Mee = (d% —rZ)/r& holds for distances dee := | PC|
and ree := |CY]| = |CY;| with secant PC intersection points Y; and Y;.
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Algorithm 1 Compute ellipse intersections (Intersect)

In: Two ellipses & and &,, by tuples (¢, a,, b;) and (¢,, a,, b,)

Out: Four intersection points (s, ,,8,_,8_,,8__)

e, + ¢, +a, > point on &, (Sec. 2)
d,, «— (a,+ b,)/|la, + b,||, dy. < (b, — a,)/||b, — a| > diagonals (11)
R, + Q(ey 6, dy.) + Qley, e, dy) > ellipse radiance (12)
zZ(A) ¢ + % ca, + % - b, > rational parameter form (6)

)

Qr(A) + Q(z,(N), e, dy) + Q(2:(N), ¢,,d,) > point-line quadrances (14
VT/;Z()‘) — (1 + )‘2)2 : (le( ) )

Adis Ap, A, A Quartlc(W O) > quartic’s solutions, Alg. 2
Si4y81_,8S_4,8__ —z(A 1),z (N, ),zl()\ +hzi(A_) > z(\) of line 4

returns,,, s, _,8_,,8 _

> quartic Steiner power (15)

of intersections of an ellipse pair is of particular interest. For considering ellipse
intersections from a geometric point of view, another concept is introduced based
on the power concepts of the previous section: in accordance with de Biasi [6],
we define the power difference 3 of two ellipses & and &, as

27,(p) = Zz‘(p§51752) = Wi(p7g2) _Wi(P7g1) ) (19>
for W, € {1\7[7\7\7,1" }. A radical conic [6] is the zero set of ¥; with
R, =Ri(£,&) ={peR® : Wi(p,&)— W;(p,&)=0}. (20)
A radical conic R; is an element of the family of linear combinations

51212{{1)611%2 : Fag(x,y):a-Fl(%y)—l—ﬁ-Fl(x,y):O} : a,ﬂER}.

Every conic in £,, contains the intersection points of & and &,. The geometry
of an ellipse pair together with its degenerate and radical concics, as particular
members of L,;,, and its intersection points is illustrated in Figure 3.

With these preparations, an efficient method to determine intersection points
of an ellipse pair is outlined in Algorithm 1. A reference method for ellipse
intersections is described in detail in [8]. The ‘homogeneous approach’ via the
degenerate elements of the pencil of ellipses is outlined in [21, Sec. 5.2.1] in
context with regional 3R manipulators and described more generally in [18, Sec.
11.4] for a pair of conics. A similar approach to the presented is given by method
of Chrystal [4]: There, a quartic solution polynomial is obtained from matrix
minors entirely, as recently reported in [25]. More information on the connection
of quartic equations and ellipse geometry can be found in [10].

The input ellipses to Intersect in Algorithm 1 are given as two CAB triples
(¢;,a,,b,) and (¢, a,, b,). By means of the identities in (18) the algorithm can be
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Algorithm 2 Solve quartic equation (Quartic)

In: Quartic F(x) = Az* + Ba® + C2? + Dx + E by tuple (A, B,C, D, E)

Out: Complex roots of quartic equation with up to s real roots

1:

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:

2
3
4
5:
6
7
8
9

if A=B=C=D=FE=0 then

return { }

: elseif A=0 then

if B=0 then B+ ¢
X1,T2,T3 < cube(B,C,D,E)

return {xl,xz,x3 }

:elseif B=D =0 then

z,,2_ + quad(A,C, E)
return { \/Z,f\/ZHr\/Z,*\E}
else if A= F and B = D then
Yy, y_ < quad(A, B,C —24)
Ty, Ty < quad(+1, -y, +1)
x_,x__ + quad(+1,—y_,+1)
return {x++,x+,,x,+,x,, }
else if A= F and |B| = |D| then
Yy, y_ < quad(A, B,C + 2A)
Ty, @y quad(+1, —y,, —1)
T_,x__ + quad(+1,—-y_,—1)
return { Ty, Ty Ty, T }

else

LTy, Ty Ty, T < quart(Aa Ba Oa Dv E)

return { Ty Ty T, T__ }

> coincident:
> s =00

> tangent:
>se{1,2,3}

> aligned isoshape: disjoint,
> tangent, overlap, 7/2-turn
>se{0,1,2,3,4}

> shifted isoshape: disjoint,
> tangent, overlap
>se{0,1,2}

> rotated isoshape:
> skew-symm

>s=4

> generic: disjoint, osculating,

> overlap, proper
>se{0,1,2,4}

adopted easily to a different input format of & without any conversion. Due to
the chosen formulation, Intersect can be implemented in rational arithmetic.
Quartic in Algorithm 2 is called as a subroutine to solve the quartic constraint
equation. Quartic distinguishes several cases of mutual geometry [9,1] by condi-
tions on the parameters of the quartic [13]. The methods quad, cube, and quart
are called to compute the roots for the polynomials of respective degree.

From a geometric viewpoint, the method Intersect determines those points on
the ellipse &, that also feature zero Steiner power to &,: These are the intersection
points of the ellipse pair and also elements of the radical conic in (20).
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5 Conclusions

This paper considers the diagonal quadrance form of an ellipse in context with
other established forms. Based on the distinct algebraic representations, several
definitions for the power of a point and an ellipse are reviewed and their linear
equivalence is outlined. By means of the point-ellipse power, an efficient method
for computing the interesection points of two ellipses is formulated. The method
can be implemeted in rational arithmetics and distinguishes several types of
mutual ellipse geometry by a set of conditions on the algebraic coefficients.

A Conversions

CAB to Homogeneous. The entries of the homogeneous matrix H are obtained
from the vectors (¢, a,b) via the angle v = atan2(a,, a,), the values ¢, = cos(v)
and s, = sin(v), and the conversion formulae

2 2
C S
_ v _
G =5+ 33 bo=—(cc-au+¢ - ay)
82 C2
—_ v _
Ay = a2 + B2 byo - _(Cx Tl FCy ayy)
2 2
_ 1 1 _ (CX.CW+CY.SW)2 (CX'S'Y_Cy'C"r) 1
=56 (@ Tp) =Tt -

in terms of a = ||al|, b = ||b]|, and c¢,, ¢, as coordinates of ¢ € R?.

Homogeneous to CAB. The three vectors (¢, a,b) are obtained from the homo-
geneous matrix H of (8) in closed formulae [17,14,2]. The center ¢ = (¢,,¢,)" is
computed via the matrix minors

1 bo Gy 1 . by _ s, Oy
c = 5 - det (byo ayy) ¢, = 5 - det <axy by°> 0 = —det <axy ayy> .

The major and minor axes a and b are obtained via the ellipse attitude v by

1

4= (0 — Coo)? + (2D,)2 k= 5 det(H)
v =atan2(c,, — @ + ¢, 2b,) + T/2 a= \/2143/(axx +¢o—q) R- &
Rzexp(’y-(fl_ol)) b:\/Zk/(axx+Coo+q)~R-éy.
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