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ABSTRACT. We present an algorithm that, given an irreducible polynomial g over a general valued
field (K, v), finds the factorization of g over the Henselianization of K under certain conditions. The
analysis leading to the algorithm follows the footsteps of Ore, Mac Lane, Okutsu, Montes, Vaquié
and Herrera-Olalla-Mahboub-Spivakovsky, whose work we review in our context. The correctness
is based on a key new result (Theorem , exhibiting relations between generalized Newton
polygons and factorization in the context of an arbitrary valuation. This allows us to develop a
polynomial factorization algorithm and an irreducibility test that go beyond the classical discrete,
rank-one case. These foundational results may find applications for various computational tasks
involved in arithmetic of function fields, desingularization of hypersurfaces, multivariate Puiseux
series or valuation theory.

INTRODUCTION

In a pioneering work along the 1920s, @.Ore conjectured the existence of an algorithm to compute
the prime ideal decomposition of a prime number p in the number field Q[z]/(g) defined by an irre-
ducible polynomial g € Q[z] [36, B7]. Ore’s proposal was based in the iteration of two “dissections”:

e Computation of Newton polygons of g with respect to some valuations on Q[z].

e Factorization in certain residue fields, of residual polynomials of g associated to the sides of
the Newton polygons.

In the 1930s, S. Mac Lane solved this problem in a more general context. For a given discrete
rank-one valued field (K,v), he found an algorithm to compute all extensions of v to the field
K[z]/(g) defined by an irreducible polynomial g € K|x] [22], 23]. These extensions can be identified
with certain valuations p on K[z] with support g K [z], determined by the different irreducible factors
of g in K, [z], where K, is the completion of K at v. For each such p, Mac Lane constructed a chain
of augmentations of valuations on K|[z] getting arbitrarily close to it:

/’LO</‘L1<...</'LTL<...</'I‘

In these augmentations, some key polynomials for the valuations p,, are involved. This procedure can
be reinterpreted as a polynomial factorization algorithm in K,[z]. If a valuation p, is sufficiently
close to u, then its key polynomial is an approximation to the irreducible factor of g in K,[z]
intrinsically associated to p.

Motivated by the computation of integral bases in finite extensions of local fields, K. Okutsu
constructed similar approximations without using valuations on K[z], nor key polynomials [35] [12].
Still in the discrete rank-one case, J. Montes developed in 1999 certain residual polynomial operators
leading to the design of a practical algorithm following the exact pattern that Ore had foreseen
[24, T3], [14], [41]. This algorithm is known as the OM-algorithm, named after Ore, Mac Lane, Okutsu
and Montes.

Mountes’ ideas led to the computation of integral bases too [I6] [6l 42]. More generally, the OM-
algorithm is very efficient in the resolution of many arithmetic-geometric tasks in number fields and
function fields of algebraic curves [17, 15l 40].
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Mac Lane’s theory was generalized to arbitrary valued fields, independently by M. Vaquié [43]
44, [45] and F.-J. Herrera, M.-A. Olalla, W. Mahboub and M. Spivakovsky [18| [I9]. In this general
frame, limit augmentations and the corresponding limit key polynomials appear as a new feature.

A prototype of a general OM-algorithm was sketched in [I9]. Other partial approaches can be
found in [II] and [25] too. However, none of these ideas crystallizes into a real algorithm, because of
the existence of limit augmentations. Thus, the extension of Mac Lane’s work [23] to a polynomial
factorization algorithm over arbitrary Henselian fields is still an open problem.

Main results. In this paper, we present an executable OM-algorithm for arbitrary valued fields
(Theorem whose termination is guaranteed in cases strictly larger than what was previously
known. This leads to new results about factorization of polynomials over Henselian fields.

Let K" be a Henselization of (K,v). Denote p the residual characteristic of K. We assume that
usual arithmetic operations in K are available and that univariate factorization over the residue field
is available too (see Section for details). We prove :

Theorem 0.1. Assume that v has rank one (not necessarily discrete). There exists a deterministic
algorithm which, given g € K|x] irreducible with p > deg(g) or p =0, outputs
(a) Approximations to all irreducible factors of g over K"[z] up to an arbitrary given precision
(b) All extensions of v to the field K[x]/(g), together with a computation of their ramification
indices and residual degrees.

For valuations of arbitrary rank we get :

Theorem 0.2. Let v of arbitrary rank. There exists a deterministic algorithm which, given g € K |x]
irreducible with pt deg(g), tests if g is irreducible in K"[x]. In such a case, the algorithm computes
the ramification index and the residual degree of the unique extension of v to the field Kx]/(g).

Up to our knowledge, these results were known only for discrete rank one valuations. Notice that
in such a case, they hold with no restriction on the residual characteristic and we can give precise
complexity estimates [4I]. The extension of this accurate complexity analysis to the more general
setting of Theorem [0.I] and Theorem [0.2) is a delicate task, which goes beyond the scope of this
paper.

Applications. In analogy with the 0- and 1-dimensional cases, this general theory should lead to
the development of efficient algorithms for the resolution of arithmetic-geometric tasks involving
valuations of function fields of algebraic varieties of higher dimension. In particular, Theorem is
relevant for local uniformization thanks to a recent theorem of Novacoski-Spivakovsky which asserts
that local uniformization along rank one valuations implies local uniformization in its full generality
33 34].

Another application concerns the computation of multivariate Puiseux series, in the vein of Mac
Donald’s algorithm [21]. This algorithm uses a non discrete rank one valuation, and Theorem
should improve [21I] both from a complexity point of view (dealing with minimal residual exten-
sions, in the vein of [8, [39]) and from a practical point of view (computing the relevant arithmetic
information).

In the course of the paper, we will give an explicit illustration of such an application, by running
our algorithm on a particular polynomial g of degree 1152 over a non discrete, rank-one valued field
(Example [1.5). In Section we provide the factorization of g over K"[x] (see also Section .

Higher rank valuations are useful to take into account arithmetic and geometric informations
by mixing p-adic valuations (p € Z a prime) and t-adic valuations (¢ a variable), as illustrated by
additional examples in Section [5.5] As an application, we may hope to factorize polynomials in
Z[t, z] using a rank-two lifting and recombination strategy.

Organisation. In Sections 1-3, we review the necessary background on valuations on K|x], their
graded algebras and Mac Lane—Vaquié chains of augmented valuations.

In Section 4, we discuss Newton polygons and extend Ore’s dissections to this completely general
setting. If v has rank one, then K is dense in K" and the content of this section can be easily
deduced from Montes’ original arguments in the discrete case. However, for v of arbitrary rank, the
key polynomials for a valuation y on K[z] extending v need not be irreducible over K"[z]. Thus,
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the description of the unique extension of u to K"[x] is more subtle and the proof of the main result
(Theorem is more involved.

In Section 5, we present our general OM-algorithm and we prove that, if it terminates, it leads
to a solution of the above mentioned problems (a) and (b). The only obstacle for this algorithm to
terminate is the existence of infinite sequences of refinement steps. We show that there are exactly
three different situations where infinite refinements occur, and we exhibit concrete examples of each
one.

Finally, we present in Section [0] the proof of Theorems and The algorithms generalize
similar constructions by Poteaux-Weimann in the discrete rank-one case [4I]. Besides the underlying
OM-algorithm, a key ingredient is the use of approximate roots which allow to compute efficiently
optimal key polynomials under some assumptions on the residual characteristic (Proposition .
A second ingredient is a valuated Hensel lifting for arbitrary valuations which allows to increase
quadratically the precision of a given approximate factorization (Proposition . These results are
illustrated on Example [I.5 in Subsection [6.2.6]

Acknowledgement. We warmly thank the referees, whose enlightening comments led us to improve
the presentation, and Josnei Novacoski for sharing his insights about the content of Section 4.

Notation. For any field K, we denote by Irr(K) the set of monic, irreducible polynomials in K[z].

1. COMMENSURABLE EXTENSIONS OF A VALUATION TO THE POLYNOMIAL RING

Let (K,v) be a valued field with valuation ring O, maximal ideal M and residue class field
k=0O/M. Let I = v(K™*) be the value group and denote by I'g = I' ® Q the divisible hull of I". In
the sequel, we write I'goo instead of I'g U {o0}.

The equivalence classes of commensurable extensions of v to the polynomial ring K[z] are param-
eterized by the set 7 = T (K, T'g) of all I'g-valued valuations on K{z],

p: Klz] — T'goo,
whose restriction to K is v. The support of p is the prime ideal

p = supp(p) := p~ ' (00) € Spec(K[x]).

The valuation g induces a valuation & on the field L of fractions of K[z]/p. That is, L = K(z) if
p=0,or L =K]lz]/pif p=gK]x] for some g € Irr(K).

The residue field k, of u is, by definition, the residue field of 7z. The value group of u is the
subgroup I',, C T'q generated by p (K[z]\ p). By definition, /v commensurable means that the
quotient I', /T is a torsion group. We say that p is residually transcendental if the extension k,/k
is transcendental. In this case, its transcendence degree is necessarily equal to one [20].

The set 7 admits a partial ordering. For p,v € T we say that p < v if

u(f) <v(f), VfeKla]

The poset T has the structure of a tree. By this, we simply mean that all intervals (—oo, ] :=
{p € T | p < pu} are totally ordered [25, Thm. 3.9].

A node p € T is a leaf if it is a maximal element with respect to the ordering <. Otherwise, we
say that p is an inner node. We distinguish two kinds of leaves: finite and infinite. We denote

T=T" U Lgn U Loo
the subsets of inner nodes, finite leaves, and infinite leaves, respectively. For all u € T, the subset
to which p belongs can be characterized as follows [4], Sec. 1-2]:

e 4 € T if and only if y is residually transcendental.
e 1 € Lg, if and only if supp(u) # 0.
o 1€ L if and only if supp(p) = 0 and k, /k is algebraic.

The infinite leaves of T are valuation-algebraic in the terminology of Kuhlmann [20]. They play
no role in the polynomial factorization problem.
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Let us fix an algebraic closure K of K, and an extension ¥ of our base valuation v to K. This
determines a Henselization (K", v") of (K,v). If K®P is the separable closure of K in K, the field
K" C K5 is the fixed field of the decomposition group

Dy :={0 € Gal(K**’/K) | vo0o = 0}.
The valuation v” is the restriction of © to K" and it has a unique extension to K, namely 7.

Theorem 1.1. [20, Thm. A] Let T" := T(K",Tq) be the tree of commensurable extensions of v"
to K"[x]. Restriction of valuations induces an isomorphism of posets:

Th — T, V = V|K[z)]
preserving inner nodes, finite leaves and infinite leaves.

Actually, the bijection between finite leaves of 7" and T is a classical fact. To any F € Irr(K")
we can associate a valuation vg € Lg,(T") defined as

vr(q) == 9(q(h)) for all ¢ € K"[x],

where f € K is a root of F. By the Henselian property, this construction does not depend on the
choice of 6. Clearly, supp(vr) = FK"[x]. We denote the restriction of vr to K[z] by:

wr = (VF) gy € Lan(T).
Now, supp(wr) = Ngn /i (F)K[x], where Ngn i (F) € Irr(K) is the monic generator of the prime
ideal (FK"[z]) N K[x].
Proposition 1.2. [9 Sec. 17] The following two mappings are bijective:
Ir(K") — Lan(T") — Lan(T), F = vp — wp.

More generally, for any polynomial g € Irr(K), this construction facilitates the description of
the extensions of v to the simple extension K[z]/(g). Since K"/K is a separable extension, we
have g = G ---G, with pairwise different G; € Irr(K"). Since Ngn i (Gi) = g for all i, each
we, € Lan(T) induces a valuation We, on the field Kx]/(g).

g

Theorem 1.3. [9, Sec. 17] The extensions of v to K|x]/(g) are Wa,, ..., Wa,.-

In particular, wg,, ... wq, are all finite leaves of T with support gK|[z].

Summary. The irreducible factors of g in K”[z] can be identified with the extensions of v to
K|[z]/(g), which are in turn determined by some finite leaves of the tree 7. The main goal of the
OM-algorithm is to solve the following problem :

Problem 1.4. Compute, for each irreducible factor G € K"[z] of g, a chain of valuations in T™"
getting sufficiently close to wg to determine the ramification indexr and residual degree of W .

The valuations in the chains will be constructed using some key polynomials which eventually give
approximations of the irreducible factors of g. Hence, Problem is closely related to irreducibility
and factorization issues, as we will see in Section [6}

We now introduce a concrete polynomial with coefficients in a non-discrete valued field, to illus-
trate how our methods are able to solve Problem in previously untractable situations.

Example 1.5. Let p = 1523, and consider K = F,(t1,t2) with the valuation v defined by v(t1) =1
and v(ty) = /2. The value group T := Z + /27 C (R, +) has rank one, but rational rank 2. The
residue field is k = O/M =TF,. Consider the following polynomials in K|x]:

P=z*+z+1, Q= P™ + 140615 t5.
We aim to solve Problem[I.]] for the following polynomial of degree 1152:
g=Q%+ 1410} £3° P?® € K[z].
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2. GRADED ALGEBRA AND KEY POLYNOMIALS
Take any p € T and let p = supp(u). For all @ € 'y, consider the O-modules:
Po:={g € K[a] | ulg) = a} D Py = {g € K[z] | u(g) > o}.

The graded algebras of v and p are the integral domains:
— + — +
Gy 1= @aEF (Pa n K) / (Pa N K) ’ gl" T @(xef‘u Pa/Pa ’

There is an obvious embedding of graded algebras G, < G,,.

Consider the initial coefficient mapping in, : K[z] — G, given by in, p = 0 and assigning to each
g € K[x] \ p the following homogeneous element of grade u(g) :

: — + +
in,g:=g+ P/t(g) € PM(Q)/?N(g).

In this section, we will see that for any inner node p1 € T, the factorization of in, g in G,, determines
the directions we need to take in the tree 7 to get closer to the finite leaves wg > p determined
by the irreducible factors G of g in K"[z]. Furthermore, we will show that this factorization can be
efficiently computed by means of a residual polynomial operator.

2.1. Key polynomials. The mapping in, is multiplicative but not additive. For instance, if
u(f) = p(g) = a, then,

in,(f+g), if u(f+g) =a,

in, f+in,g=
wt nd {0, if p(f+g) >a.

Definition 2.1. Let g, h € K[z]. We say that

g, h are p-equivalent, and write g ~, h, if in, g = in, h.

g is p-divisible by h, and write h |, g, if in, h | in, g in G,.

g 1s p-irreducible if in,, g is a prime element.

g is p-minimal if g1, f for all nonzero f € K|x] with deg(f) < deg(g).

Consider the set H(G,) = {in, g | g € K[z] \ p} of all nonzero homogeneous elements in G,,. Let
H(G,;) € H(G,) be the multiplicative group of all homogeneous units. Recall that 7 € H(G,) is a
prime element if the homogeneous principal ideal of G,, generated by 7 is a prime ideal. In this case,
for all t € H(G,,) the order n = ord,(t) is determined by the conditions 7™ | ¢, 7"+ { ¢.

For all ¢ € K[z]\ K we define the truncation s as follows:

9= L m0" deg(ay) <deg(d) = pglg) :=min {p(and")} .

This function g is not necessarily a valuation, but it is useful to characterize the p-minimality
of ¢. Let us recall [27, Prop. 2.3].

Lemma 2.2. A polynomial ¢ € K[z|\ K is p-minimal if and only if py = p.

Definition 2.3. 4 (Mac Lane-Vaquié) key polynomial for u is a monic polynomial in Kx] which
is simultaneously p-minimal and p-irreducible. The set of key polynomials for u is denoted KP(u).
All key polynomials are irreducible in K|[x].

Example. Consider Gauss’ valuation:

(2.1) w (ano ana:") = min{v(a,) | n > 0}.

Then, KP(w) is the set of all monic polynomials in O[z] whose reduction modulo M is irreducible.
For instance, if v(a) < 0, then in,(z + a) = in, a is a homogeneous unit, so that = + a is neither
w-irreducible nor w-minimal.

The existence of key polynomials characterizes the inner nodes of 7.

Theorem 2.4. [27, Thm. 4.4] A valuation p € T is a leaf if and only if KP(u) = 0. This is
equivalent to H(G,,) = H(G},) too.
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From now on, we assume that p is an inner node of 7 and ¢ € KP(u) is a key polynomial. Also,
we denote
m=in, ¢, a:=iny,a forall a € K[z].

Since ¢ is p-minimal, Lemma [2.2] shows that p acts on ¢-expansions as follows

(22) 9= ,m0" deglan) <deg(d) = pulg)=min{u(ano")}.
Let us define
(2:3) Sus(g) ={n =01 p(ang™) = pu(g)}-
For all nonzero g € K|x], we have
(2.4) 7= Znes’w(g) a,m",  ordg(g) =min(S,4(9)).

If ¢ is a key polynomial of minimal degree, then all these coefficients @,, derived from a ¢-expansion
are homogeneous units in G, [27, Prop. 3.5].

Let Qg C G,, be the subalgebra generated by the set of all homogeneous units. Equivalently, gg
is the relative algebraic closure of G, in the embedding G, — G,,. The following result is classically
known (cf. for instance [32] Prop. 4.5]).

Theorem 2.5. Let ¢ be a key polynomial of minimal degree for y. Then, the prime m = in, ¢ is
transcendental over G and G, = G}[r].

Definition 2.6. For a nonzero g € Klx|, its pu-degree deg,(g) € N and its leading coefficient
le,(g) € 92 are defined to be the degree and leading coefficient of in, g as a polynomial in m = in,, ¢
with coefficients in Qg, for some ¢ € KP(u) of minimal degree.

These definitions are independent of the choice of ¢ among all key polynomials of minimal degree
for p. Note that a homogeneous element in,, g is a unit if and only if deg,(g) = 0. Also, we have in

general deg,,(9) = max (S, 4(9))-

Definition 2.7. The degree of an inner node p € T is deg(u) := deg(¢), where ¢ € KP(u) is any
key polynomial of minimal degree. For a finite leaf wp € Lg, we let deg(wp) := deg(F).

2.2. Tangent directions of inner nodes. A tangent direction of an inner node p of 7 is a p-
equivalence class [¢] e KP(u) containing all key polynomials having the same initial coefficient in
G,.. We denote the set of all tangent directions of u by:

¢d(p) = KP(1)/ ~y .
This terminology is justified by item (ii) of the following result.

Lemma 2.8. [4, Lem. 2.2, Prop. 2.4] Let p < v be two nodes in T. Let t(u,v) be the set of monic
polynomials ¢ € K[z] of minimal degree satisfying u(¢p) < v(e).
(i) The set t(u,v) is a tangent direction of p. Moreover, for any ¢ € t(u,v) and any nonzero
g € K[z], the equality 1(g) = v(g) holds if and only if ¢ 1, g.
(1) If u <v' for some v’ € T, then
6(,v) = (") = (0] 0 (1] £0.

Whenever © < v in 7, there is an homomorphism of graded algebras G, — G,,, defined by

n inufa ifp,(f)zy(f),
wf = {o, if u(f) < V().

By Lemma the kernel of G, — G, is the homogeneous prime ideal generated by in, ¢. The
image is the subalgebra G° 28 Cor. 2.6].

Let HP(G.) C H(G,) be the subset of all homogeneous prime elements in G,,. The multiplicative
group H(G;;) acts on H(G,) and HP(G,) by ordinary multiplication. We denote the orbit of any
t € H(G,) by

[t ]unit := tH(g;) € H(gu)/H(g;)-
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Clearly, two homogeneous prime elements generate the same ideal if and only if they have the same
class in HP(G,)/H(G,;). Thus, this quotient set can be identified with the set of all homogeneous
principal prime ideals in G,,. The next result, which follows easily from [27, Thm. 6.8], shows that
all these prime ideals are generated by initial coefficients of key polynomials.

Theorem 2.9. Let u € 70,

(i) Allt € H(G,) factorize as a product of prime elements. The factorization is unique up to
reordering the factors and multiplication by homogeneous units.
(ii) There is a canonical bijection:

td(p) — HP(G.)/H(G): [0l — [y dlunis-

For a given g € Irr(K), let F(g) be the set of monic irreducible factors of g in K"[z]. Also, for
all € 70 let us denote

Fulg) ={G € F(9) | p <wg}.

As mentioned in Problem the OM-algorithm aims to compute, for each G € F(g), a chain
of valuations in 7™ getting sufficiently close to the valuation wg. To this purpose, for a given
valuation p € 7", we need to compute the tangent directions of 11 “pointing out” to leaves wg € Lgn
associated to some G € F(g); that is, we need to solve :

Problem 2.10. Compute the tangent directions of ji determined by the set F,(g).
To this aim, we use the following criterion of Barnabé-Novacoski [5, Thms. 1.1,1.3].
Theorem 2.11. Let p € T and g € Irr(K). The image of the composition
Fulg) = td(p) = HP(Gu)/H(GL), Gt wa) = t(p, we)H(G,)-

is the set of prime homogeneous factors of in, g € G,,, up to units. In particular, F,(g) = 0 if and
only if in, g is a unit in G,,.

Problem is thus equivalent to :
Problem 2.12. Given a nonzero g € K|x], compute the prime factorization of in, g in G,,.

After Theorem this amounts to factorizing in, g in the algebra gﬂ [X] (where X is an inde-
terminate). However, working in this algebra is computationally painful. A crucial feature of the
OM-algorithm is that it provides the factorization of in, g by working in the subring

A, :=Po/P; C G,

of all homogeneous elements of grade zero, which is a polynomial ring with coefficients in a field.
This is the aim of Section

2.3. Residual polynomial operators. Let s := £(u) be the relative algebraic closure of & in k,.
There are canonical injective ring homomorphisms

kE—=krk—=A, =k,

Let T := {u(a) | a € K[z], 0 < deg(a) < deg(u)} be the subgroup of all grades of homogeneous
units. By (2.2), we have T, = (T9, u(¢) ).

Definition 2.13. The relative ramification index of u is e = el () := (Fu: Fﬁ), This is the least
positive integer such that ep(d) € I‘ﬁ.

The following result is classical. A proof can be found in [27, Thms. 4.5, 4.6].

Theorem 2.14. Let m = in, ¢ for a key polynomial ¢ of minimal degree. Take any homogeneous
unit w € H(G}) of grade eu(p). Then, § = méu~! € A, is transcendental over k and satisfies
A, = k[€]. Moreover, the canonical embedding A, — k,, induces an isomorphism r(§) ~ k.
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The pair ¢, u determines a residual polynomial operator
R=R, 4u: Klz] — E[y].

Let us recall its definition. We agree that R(0) = 0. Having in mind definition (2.3)), for a nonzero
g € K[z] with ¢-expansion g =}, -, a,¢", let us denote

S:=85,4(9), ¥fo:=min(S), £:=max(S)=deg,(9),
Note that a, =1c,(g). Let v = p(¢). For all n € N we have
nes < plan) +ny=plag) +by < (n—L)y=plag) — nlan).

This implies (n—£y)y € Fg, so that n — ¢y = je for some j € N. Since ¢ € S, this shows in particular
that ¢ — £y = de for some d € N. Let us denote

Ej::&)—l—je, 0<5<d.
Note that ¢4 = £. Finally, for all 0 < j < d, consider the residual coefficient
G = (ag) " ui—d ag, € Ay, = K, if ¢; €8,
7 0, otherwise.

Definition 2.15. R(g) := (o +Ciy+ -+ Ca1y?¥ P +y? € w[y].

Since ¢y € S, we have (g # 0. The following result reflects the essential property of this operator.
Theorem 2.16. For all nonzero g € K[z], in, g = lc,(g) u¢ 7’ R(g)(§).

Indeed, as Ic,(g) = @, this follows immediately from:
a, 'in, g = Z a, ‘a, mli = glo Z a, ‘ag, m° = ulmto Z ¢ (m¢/u).
L;es l;e8 l;eS
Corollary 2.17. [27, Cor. 5.4] For all g,h € K[x] we have R(gh) = R(g)R(h).
With this tool in hand, [27, Props. 6.3, 6.6] determine the whole set KP(y).
Theorem 2.18. For a residually transcendental u, take ¢ € KP(u) of minimal degree m. A monic
Q € K[z] is a key polynomial for p if and only if either
o deg(Q)=m and Q ~, ¢, or
o deg(Q) =medeg(R(Q)) and R(Q) is irreducible in Kly].
Moreover, for all Q, Q" € KP(un), we have
QlQ = Q@~,Q = R(Q)=R(Q) = deg(Q) = deg(Q").

Corollary 2.19. Let p be a valuation on K[z] admitting a key polynomial ¢ € KP(u). For any
valuation p < v, we have

t(u,v) = [0l = w6 <v(e).

Proof. If t(u,v) = [¢],, then u(¢) < v(¢) by the definition of the tangent direction. Conversely,
suppose u(¢) < v(¢) and let t(u,v) = [¢],. Then, ¢ |, ¢, and this implies ¢ ~, ¢ by Theorem
(I

It is easy to design a lifting routine [27, Cor. 5.6]

lifty ¢: Irr(k) \ {y} — KP(n), ¢ +—Q,
to construct @ € KP(u) with a given R(Q) = 1. We deduce a bijection

v, if Q~p ¢,
td(p) — Ir(k),  [Qlu— {R(Q), otherv;ise,

which depends on the choice of the pair ¢, u. The variation of R(Q) with respect to the pair ¢, u is
exhaustively discussed in [27), Sec. 5.
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Solution of Problem The efficient factorization of in, g follows from Theorem [2.16] Let us
factorize R(g) as a product of powers of pairwise different irreducible polynomials in &[y]:
R(g) =¢7 ... 40, U1, ..., 0, € Irr(k).

By [27, Lem. 6.1], we obtain a factorization R(g)(§) = ¥1(&)™ ..., (€)™ as a product of homo-
geneous prime elements in G,. Take Q; € KP(u) lifting ¢; and denote m; := in, @Q;, for all i. By

Theorem [2.16]

T ~unit 1,[)1(6) for all 1 < ) < r,
where ~ ;¢ indicates equality up to multiplication by some unit. Therefore, we obtain the following
factorization of in,, g:

(2.5) in, g ~unit TP (€)™ L P (E)™ ~opnis TOT LT
The exponents ni,...,n, are all positive, but £, = min(S,, 4(g)) might vanish.

Example. Let w be the Gauss’ valuation on K[z], as defined by . Consider the key polynomial
¢ = x and its corresponding homogeneous prime element 7 = in, x € G,,. Since w(1l) =0 = w(x),
we may consider u = in,, 1 and £ = 7. We have natural identifications k = x and A, = k[r]. Given
g = Y a;z' € Kz, the residual polynomial R, 4.(g9) € k[y] can be identified to the reduction
g :=g(y)/as (mod O,) where ¢ is the greatest exponent for which w(g) = v(a¢). The factorization
of mimicks the factorization of g into a product of irreducible polynomials in k[y]. The exponent
{p is equal to ord,(g).

Convention. Throughout the paper, we shall denote the operator R, 4, simply by R, 4, omitting
its dependence on the choice of a suitable homogeneous unit u € G,,. Note that the degree of R, 4(g)
does not depend on the choice of u.

Summary. Now that we know how to compute the direction in which we need to progress in the tree,
we must build from an inner node € T and a tangent direction [¢],, some suitable “augmented”
valuations @ < v. The next section is dedicated to describe the various kinds of augmentations
(ordinary or limit) together with the chain they form in the tree 7. Also, we compute the residual
degree and the ramification index of the end nodes of these chains.

3. MAc LANE-VAQUIE CHAINS

3.1. Depth-zero valuations and ordinary augmentations. For all ¢ € K, v € I'goo, we may
construct the depth-zero valuation p = [v;  — a,y] € T, defined in terms of (x — a)-expansions as

9= ano an(z —a)" = p(g) = min{v(a,) +ny|n > 0}.

Note that u(x —a) = 7. If v < oo, then p is an inner node of 7 and x — a is a key polynomial for
w of minimal degree. If v = oo, then p is the unique finite leaf of 7 with support (x — a)K|[z]. In
both cases, deg(u) = 1.

Let p be an inner node of 7. For all ¢ € KP(u) and all v € I'goo such that p(¢) < v, we may
construct the ordinary augmented valuation v = [u; ¢, 7] € T, defined in terms of ¢-expansions as

g= ano and”, deg(an) <deg(¢) = v(g)=min{u(a,)+ny|n >0},

Note that v(¢) = v, p < v and t(p,v) = [¢],. If v < oo, then v is an inner node of 7 and ¢ is a
key polynomial for v of minimal degree [27, Cor. 7.3]. If v = oo, then v is a finite leaf of 7 with
support ¢K[z]. In both cases, deg(v) = deg(¢).

3.2. Limit augmentation of valuations. Let C = (p;);c 4 be a totally ordered family of inner
nodes of 7, not admitting a last element. Assume that A is a totally ordered set and p; < p; if and
only if i < j in A.

We say that C has stable degree if deg(p;) is stable for all sufficiently large i € A. In this case, we
denote this stable degree by deg(C).

We say that g € K[z] is C-stable if for some index ¢ € A, we have p;(g) = p;(g) for all j > 4, and
C-unstable otherwise. We may define a stability function pc(g) = max{p;(g) | i € A}, on the set of
all C-stable polynomials.
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Definition 3.1. A limit key polynomial for C is a monic C-unstable polynomial of minimal degree.
Let KP o (C) be the set of all limit key polynomials. Since the product of stable polynomials is stable,
all limit key polynomials are irreducible in K|zx].

We say that C is an essential continuous family of valuations if it has stable degree and admits
limit key polynomials of degree greater than deg(C).

For all ¢ € KP4 (C) and all v € T'goo such that p;(¢) < v for all i € A, we may construct the
limit augmented valuation p = [C; ¢,7] € T, defined in terms of ¢-expansions as:

9= ,and", degla,) <deg(9) = pulg) = minfpe(an) +ny | n > 0}.

Note that pu(¢) =+ and p; < p for all i € A.
If v < 0o, then p is an inner node of 7 and ¢ is a key polynomial for p of minimal degree [27], Cor.
7.13]. If v = oo, then u is a finite leaf of T with support ¢K[z]. In both cases, deg(u) = deg(¢).

3.3. Mac Lane—Vaquié chains. Take a chain of finite length r, of valuations in 7

(3.1) T L T

in which po = [v; ¢o,70] is a depth-zero valuation, and each other node is an augmentation of the
previous node, of one of the two types:

Ordinary augmentation: fin11 = [tn; Grnt1sYnt1], for some @1 € KP(py,).

Limit augmentation:  piny1 = [Cnj Gnt1sYnti], for some ¢p1 € KPoo(Cp), where C, is an
essential continuous family whose first valuation is p,.

The continuous families C,, underlying the limit augmentations are omitted in the synthetic de-
scription (3.1)) of the chain.

Definition 3.2. A chain of mixed augmentations as in is said to be a Mac Lane—Vaquié
(MLV) chain if every augmentation step satisfies:

o If iy — ppt1 1s ordinary, then deg(u,) < deg(tnt1)-

° If Hn — fnt1 is limit; then deg(ﬂn) = deg(cn) and ¢n g t(,Ltn,,LLn+1)-

In this case, we have p(¢,) = 7, for all n. As shown in [28] Sec. 4.1], the MLV chain induces a
chain of value groups

r,_,=rcry,, c---cry =T,

such that I’ =T% forall 0 <n<r, and

Hn—1

(3.2) L., = <I‘#n_1,fyn> if v, < oo, L,=r,_, if v =o0.

For all 0 < n <, let us denote e, = eve1(ttn) = (T Tpn_y)-

Also, the homomorphisms G,,, — G,,,.,, induce a tower of finite and simple extensions of fields

Rlia) = b = k(o) = - — k() = £(p).

For all 0 < n < r, let us denote
Jn = [K(un-ﬁ-l): H(Mn)] = deg (Rumtﬁn ((bn-‘rl)) )

the last equality by [28, Lem. 5.2,5.3].

If 1 has nontrivial support gK[x], then we can read in the MLV chain of y the ramification index
e(fi/v) :== (I'z: T') and residual degree f(fi/v) := [kg : k] of the valuation 7 induced by  on the field
Klz]/(g). Obviously, I'y; =T, and (by definition) kyz = k,,.

Proposition 3.3. [28, Thm. 5.4] If v, = oo, then u is a finite leaf with k, = x(n). In particular,
e(ﬁ/v) =ep - €r—1 and f(ﬁ/v) =fo- fro1.

The following theorem is due to Mac Lane, for the discrete rank-one case [22], and Vaquié for the

general case [44]. Another proof may be found in [28, Thm. 4.3].

Theorem 3.4. All € T U Lg, are the end node of a finite MLV chain.
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The main advantage of MLV chains is that we may read in them several data intrinsically asso-
ciated to the valuation p, like the length of the chain, the positive integers deg(in), €n, fn for all
n > 0, and the character “ordinary” or “limit” of each augmentation step [28, Sec. 4.3].

Definition 3.5. The depth of u is the length of any MLV chain with end node u. We say that p is
inductive if all augmentations in its MLV chain are ordinary.

3.4. Inductive valuations and Henselization. Let (K", v") be a Henselization of (K, v) and let
u" be the unique common extension of 4 and v" to K"[z] (Theorem . The mapping in, g
in,» g, for all g € K[z], induces an embedding G,, < G,,» of graded algebras.

Theorem 3.6. [30, Thm. 1.2] For all valuations pu on K[z] the canonical embedding G, — G,n is
an isomorphism of graded algebras.

Lemma 3.7. Let p be an inductive valuation on K|[z|, admitting a MLV chain as in . Then,
KP(u) € KP(u") and p" is inductive, admitting a MLV chain with the same length r and data
(PnyYn) for all 0 <n <r:

h %00 B P11 h $2,72 h br % h __ h
L A A ' W R AR S B G Nl (A
Moreover, the numerical data eq, ..., er; fo,..., fr—1 attached to both chains coincide.

Proof. The first statement follows from [30, Sec. 5.2]. The value groups of both MLV chains
coincide by ; hence, both chains determine the same data eg, ..., e,.. Finally, the two towers of
fields £(pn) — K(ftnt1) and k(ul) — k(ph, ;) are isomorphic by Theoremand the commutativity
of the diagrams

g, — g

Hn+1
T T
gun — gun+1 .
Hence, both chains determine the same data fy, ..., f,_1 as well. O

Summary. We have seen how to extend a valuation p in a direction [¢], for a given parameter
v € I'goo. The next section is devoted to show that, as in the discrete rank one case, the slopes
of a certain Newton polygon provide the suitable v € I'goo which are necessary to construct MLV
chains solving our original Problem

4. NEWTON POLYGONS AND DOUBLE DISSECTIONS

Consider two points P = (n,a), @ = (m,3) in the Q-vector space Q x I'g. The segment joining
P and Q is the subset

$:={P+6PG| 6€Q 0<5<1} cQxTy,

If n # m, this segment has a natural slope: (8 —«a)/(m —n) € I'g.
A subset of Q x I'g is conver if it contains the segment joining any two points in the subset. The
convex hull of a finite subset C' C Q x I'g is the smallest convex subset of Q x I'g containing C'
The border of this hull is a sequence of chained segments. If the points in C' have different
abscissas, the leftmost and rightmost points are joined by two different chains of segments along the
border, called the upper and lower convex hull of C.

4.1. Classical Newton polygons. Let o be a fixed extension of v to K and (K”,v") the corre-
sponding Henselization of (K, v) . Let us recall the classical Newton polygon operator
Nyt Kz] — P(Q xTg),

where P (Q x I'g) is the power set of the rational vector space Q x I'g. The Newton polygon of the
zero polynomial is the empty set.

Definition 4.1. For a nonzero g = ag+ - - +asx’ € K[z, the Newton polygon N, .(g) is the lower
convex hull of the finite cloud of points {(n,v(ay)) | n > 0}.
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FIGURE 1. Newton polygon N = N, 4(g) of a general g € K[z].
T'g

(=]

[ )
[ ]
ordy(g) \\./ Ny Q

Thus, N := N, ,(g) is either a single point or a chain of segments, S1,...,S;, called the sides of
the polygon, ordered from left to right by increasing slopes. The abscissa of the left endpoint of NV
is ord,(g). We define the length £(S;) of a side as the length of its projection to the z-axis.

For all ¢ € K|[z], let Z(g) be the multiset of all roots of g in K, counting multiplicities. Also,
let V(g) be the multiset of all values ©(6) € I'g, for # running on Z(g) \ {0}. Both multisets have
cardinality £ = deg(g). We indicate A(™) for X repeated n times.

Theorem 4.2. [31, Satz 6.3] For a nonzero g € K[z, suppose that the sides of Ny (g) have slopes
A1 < -+ < =X\t and lengths {1, ..., 4. Then, V(g) = {)\gel), cee /\,EZ‘)}.

By the Henselian property, all roots of an irreducible polynomial in K”[z] have the same v-value.
Hence, Theorem [£.2] determines a slope factorization of g :

g=a"%WE . F F e K"z], deg(F;) =4,

where Fj is the product of all irreducible factors of g in K”[z] such that the o-value of its roots is
;. Therefore, the Newton polygon determines a dissection of the multiset F(g) of all irreducible
factors of g in K"[z], counting multiplicities.

Moreover, for each irreducible factor G € K"[z] of g, we have

G|F, = N <wg, foralll<i<t.

Thus, it is natural to take [v; x, A;] as the initial node of all MLV chains aiming to describe w¢ for
all irreducible factors G of F; in K"[z].
Example 4.3. Let us see how this applies to the polynomial g = Q% + 141037 30 P36 of Example
. Recall that P = 2? +x+1 and Q = P72+ 140615 t5 € Fy(t1,t2), with v(t;) = 1 and v(t2) = V2.

Since g has coefficients in O, the whole classical Newton polygon N ,(g) lies in the non-negative
quadrant. Moreover, g is monic and its constant coefficient is (1 + 1406t$t3)% + 141037 ¢3°, which
has value zero; therefore Ny ,,(g) consists of a single side of slope 0.

Thus, all MLV chains we are aiming to construct will have the same initial node: the Gauss’
valuation po = [v; ¢o, V0], where ¢pg = & and o = 0. Since I'y,, =T, we have eg = 1.

The dissection associated to Ny ,(g) being trivial, we detect no reducibility at this stage.

4.2. General Newton polygons. A type is a pair (u, @), where u is an inner node of 7 and ¢ is
a key polynomial for u. Any type (u, @) yields a Newton polygon operator

N,g¢: Klz] — P(Q xTq).
The Newton polygon of the zero polynomial is the empty set.

Definition 4.4. For a nonzero g € K[x] with ¢-expansion

9= 0" an €K, deg(an) <deg(9),
we define N := N, 4(g) as the lower convex hull of the finite set {(n, u(ay)) | n > 0}.

The abscissa of the left endpoint of N is ordys(g) in K[z]. The abscissa ¢(N) := |deg(g)/ deg(¢)]
of the right endpoint of N is called the length of N. In Figure [l} we displayed the typical shape of
such a polygon.
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FIGURE 2. A-component of N = N, 4(g). The line L has slope —\ and cuts the
vertical axis at (0, pux(g)), if A > p(¢) and px = [1; ¢, Al

L
\
px(9)
Sx(N)
"
0 ny = n’A

Definition 4.5. For all A € T'g, the A-component Sy(N) C N is the intersection of N with the line
of slope —\ which first touches N from below. In other words,

S\(N) :={(z,a) € N | o+ x\ is minimal }.
The abscissas of the endpoints of Sx(N) are denoted ny < n’. We say that N is one-sided of slope
—X if N =85(N), nx =0 and n, > 0.

If N has a side S of slope —A, then Sy(N) = S. Otherwise, Sy(N) is a vertex of N. Figure
illustrates both possibilities.

Definition 4.6. The principal Newton polygon N;d)(g) is the polygon formed by the sides of N, 4(g)
of slope less than —u (). If there are no such sides, then NI¢(g) 1s defined to be the left endpoint
of Nyug(9)-

Clearly, S, 4(g) (as defined by ) coincides with the set of abscissas of the points lying on
the segment S,,(4)(g). In particular, ¢ (N;¢(g)> = min(S,,4(g)). Hence, the following result is an
immediate consequence of .

Lemma 4.7. The integer £ (N;(b(g)) is the order with which the prime element in, ¢ divides in, g
in the graded algebra G,,.
Lemma 4.8. Let (i, @) be a type. For A > u(o), let pux = [u; ¢, \]. Then, for all nonzero g € Klz],

the line of slope —\ which first touches N, 4(g) from below, cuts the vertical azis at the point of
ordinate px(g).

Proof. The line of slope —\ passing through (z, ) cuts the vertical axis at the ordinate a + Az.
The minimal values of this ordinate are taken by (z, ) € S\(N, 4(9)). O

4.3. Dissection by Newton polygons. Recall that F,(g) is the set of irreducible factors G €
K"x] of g such that wg > p. Let us denote

Fuo(g) ={G € Fulg) | t(n,we) = [¢lu},

Fuo(@X) ={G € Fus(g) | wa(s) =A}, forall A eTq.
We will show that the slopes of NI¢(g) determine a partition of F, 4(g). A crucial point is the
consideration of a special irreducible factor of ¢ in K"[z], determined by the valuation .
Definition 4.9. The valuation [11; ¢,00] has support ¢K[z]. As we saw in Section[l], there exists a
unique irreducible factor Q = Q.4 € Irr(K") of ¢ such that

(15 ¢, 00] = we.

We say that Q is the irreducible factor of ¢ over K"[z] determined by p.

Theorem 4.10. Let pu be an inner node of T and ¢ € KP(u). Denote N = NI¢(g) and let
Q € Irr(K") be the irreducible factor of ¢ determined by u. Then,
(1) All G € F,,4(g) have degree a multiple of deg(Q).
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(ii) For all A € T'g, we have
Zaeﬂ,(b(g)(,\) deg(G) = £ (SA(IN)) deg(Q).

In particular, if £ (Sx(N)) = 1, then F, 4(9)(\) contains a unique irreducible factor of g in K"[x],
and this factor has degree deg(Q).

If v has rank one, then ¢ = @) and this theorem follows easily from Montes’ original arguments
in the discrete rank-one case. The proof in the general case is much more involved. We postpone it
to Section [4.6] which is entirely devoted to this purpose.

Corollary 4.11. F, 4(g9) = ||\ Fu,6(9)(\) where —X runs over the slopes of N:)(b(g).
Proof. Immediate from Theorem [£10 O

4.4. Dissection by factorization of residual polynomials. For ¢ € K[z] and our fixed type
(14, ®) as above, let —A; < -+ < —\; be the slopes of N/j@(g). Let us assume that ¢ { g in K[z], so
that nx, = 0.

For each slope —\ of NI¢(Q), consider the augmentation py = [; ¢, A] and the factorization of
the residual polynomial R,,, (g) in x(ux)[y]:

(4.1) R, 6(g) =¢T" -l 1, s € Irr(k(pa))-
Let ¢; = lift,,, »(¢;) € KP(uy) be arbitrary lifts for all 1 <i <'s.

Proposition 4.12. F, 4(9)(A\) = LI}_; Fur,e: (9)-

Proof. As we saw in Section the factorization (4.1) leads to a factorization of in,, g into a
product of pairwise different homogeneous prime elements in G,,, , up to units:

. na _n1 " . . )
ing, g ~unit AT T, T =1in,, ¢, m =in,, ¢;, 1 <i<s.

By Theorem if A < Ay (so that ny > 0), the irreducible factors of g in the set F,,, (¢) determine
exactly s + 1 tangent directions of uy, which are precisely
[d)]um [‘pl]uw R [‘ps]ux'

Take any irreducible factor G € F,,(g). By Corollary we(¢) > A if and only if t(uy, wg) =
[#]uy- Therefore, the irreducible factors G with wg(¢) = X are distributed among the remaining s
tangent directions. The claimed dissection follows. If A = A1, then n) = 0 and we get directly the
same dissection. ]

Corollary and Proposition [£.12]lead to a double-dissection process, as illustrated by Figure
Going on, the computation of each principal Newton polygon N :Mai (g) will lead to further
double-dissections.

Definition 4.13. We say that the type (u, ¢) singles out an irreducible factor of g in K"[z] if
Fus(g) ={G} and deg(G) = deg(Qp.q4)-
If moreover ¢ is irreducible in K"[x] (that is ¢ = Q,.4), we say that ¢ is an approximant of G.

Proposition 4.14. If in the factorization we have n; = 1, then the pair (ux, i) singles out
an irreducible factor of g in K"[x].

Proof. By Lemma [£.7} we know that

(4.2) C(NS . (9) =ni, 1<i<s.
The result then follows from Theorem 4,10 O

Notice that (4.2)) is relevant from a computational perspective: in all required computations of
principal Newton polygons, we know a priori the length of the polygon.
Thus, it suffices to implement a Newton polygon routine

NP (i, ¢,£)(g)

which finds only the first £+ 1 coefficients ag, . . ., ay of the ¢-expansion of g, and then computes the
lower convex hull of the set {(n,u(a,)) |0 <n < /¢}.
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F1GURE 3. Double dissection of F,, 4(g). The figure represents paths in the tree
T, with initial node pu. The first “slope” dissection leads to the horizontal path
determined by the nodes p < py, < --- < px, < wg. For each slope A;, the second
“residual” dissection gives tangent directions of p, represented by upwards paths,
pointing out to the leaves we for all G € Fy, 4(9).

% [ ¢, 00] = wq

Ky HXy_q 2281

FIGURE 4. Newton polygon Ny, ¢, (g). The slope is —v;, where 71 := (3 + 2\@) /36.
® 57 +30v2

48 + 322 -~
i

ol 36 72 144 216 288 360 432 504 576

Summary. We have shown so far that for any given type (p, @), we can derive a double-dissection

Fup(9) = |_|)\ I_l;l Frriei (9)-

Theorem [£.10] gives moreover information about the degrees and the number of irreducible factors
of g in these sets. This double-dissection process can be continued inductively and whenever we
find some n; = 1 in , an irreducible factor of g is singled out. This sketches the OM algorithm,
which will be described in Section Bl

Let us first illustrate the iteration of this double-dissection process in the particular case of

Example

4.5. Resolution of Example We saw in Example that the first dissection at depth zero
detected no reducibility. The second dissection is determined by the factorization of R, 4,(g) in
k[y] = x(po)[y]. Since g = P57 (mod M), we get

Ryups0(9) = (0 +y +1)°7°.

Since this polynomial is a power of the irreducible polynomial 1y = y% 4y + 1, the second dissection
at depth zero detects no reducibility either.
Let us choose a lift of ¢y with respect to (o, ¢o). The most natural choice is

b1 = lift 4o (Y0) =22 + 2+ 1= P.

All augmentations p = [uo; ¢1,71], will have fo = 2 (with the notation of Section 3.3), because
k(p) =~ k[y]/(y?> +y + 1). Let us represent this latter field as

k1 = k(z) CFp, 24 24+1=0.

Although we detect no reducibility yet, we obtain some information about the irreducible factors of
g: all of them have associated valuations with residual degree multiple of 2.
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FIGURE 5. Newton polygon N

H1,P2
5841 n\‘

(g9). The slope is —v2, where 7y, := 377;.

28871

Depth one. The first dissection at depth one is given by the slopes of the Newton polygon N, 4, (g).
The ¢1-expansion of g is immediately deduced from:

g = (72 + 1406 5 t5)% 4+ 141037 130 ¢36.
One checks easily that N, ¢, (g) is one-sided of length 576. Its concrete shape is displayed in Figure
[ Therefore, we get a unique augmentation:

p = [po, d1,7m], M= (3+ 2\/5) /36.

In particular, ey = ('), : T'y,) = 36. Although we detect no reducibility yet, we know that all
irreducible factors of g have associated valuations with ramification index multiple of 36.
In order to simplify the computation of R, ¢, (g), we observe that g ~,, Q®, so that

Rl"17¢1 (g) = R#17¢1 (QS) = Ru1,¢1 (Q)S = (y2 + 1406)8

in k1[y]. In the notation of Section 2.2, for the computation of R, 4, (Q) we chose u := in,, W,
where W = t3t3. The factorization of R, ¢, (g) detects that g is not irreducible:

Ry .6.(9) = (y + 6982 + 349)% (y — 6982 — 349)5.

This implies a factorization g = Fy Fy, where Fy, F; € K"[z] have both degree 576.
Denote Ag = 6987 + 349. Then, the irreducible factors of g in K"[z] determine two different
tangent directions of uy, represented by the key polynomials:

bo = ¢5" =1lift,,, 4, (y + 6982 + 349) = ¢3° + W Ay,

$8> = lift,,, 4, (y — 6982 — 349) = ¢3¢ — W A,.
This splits the procedure into two independent tasks, which may be executed in parallel.
From now on, we focus on the factorization of Fj, by analyzing suitable augmentations of the
form pu = [u1; ¢2,72]. Since the irreducible factor ¥; := y + 698z + 349 has degree one, we have
f1 =1, because all these augmentations will have k(u) = x1[y]/¥1 ~ k1.

Depth two. Factors of F;. The information we are interested in is located in the principal Newton
polygon N:[l’¢2 (9)- By Lemma the length of N:[M252 (9) is equal to 8 = ordy, Ry, ¢, (g). Thus, we
need only to compute the (nine) first coefficients of the ¢s-expansion of g, and the desired Newton
polygon is the lower convex hull of the corresponding nine points. This turns out to be the polygon
displayed in Figure [5} one-sided, of slope —~v5, where o = 37v;.

Therefore, we get a unique augmentation:

po = [p1; d2,72], 72 =37
Thus, ey = (I',: IT'y,) = 1. By choosing v :=in,,, (W¢1), we get:

1
Ry 6,(9) = 05 (752 — (602z + 301)y — 298y> + (3292 — 597)y* + 425y +

(4332 + 545)y° + 179y° — (1562 + 78)y" + 702y%) ,
which factorizes in k1[y] as: Ry, 4,(g) = 95, for ¢s :=y + 9732 + 1248.
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So far, we detect no reducibility of Fy. Let A; = 973x + 1248. A possible lift of 15 is:
¢z = lift,,, g, (1h2) = ¢1° + WAg + WA ¢1.

Note that deg(¢s) = deg(¢2). This means that we get no new information on ramification indices
(e2 = 1) nor residual degrees (fo = degyy = 1).
On the other hand, for any future augmentation us = [u2; ¢3,73], the chain

$0,70 P1,7 P2,72 3,73
Vv o— Mo — M1 —7 P2 — M3

will not be a MLV chain, because of deg(¢2) = deg(¢s). MacLane showed that, in this situation, ¢3
is a key polynomial for p1 and pg = [u1; @3, v3]. In other words:

We may consider ¢z = lift,,, 4, (¥) as a better choice than ¢o as a lift of Y1 with respect to the
type (p1,¢1), and obtain us as a direct augmentation of p;.

A double-dissection that detects no reducibility and the degree of the key polynomial does not
grow is said to be a refinement step. In this case, the most efficient procedure is to go back to py
and consider the augmentations based on the type pair (u1, ¢3) instead of (u1, ¢2).

In order to keep a coherent notation, we rename ¢3 again as ¢o. That is, we take

G =% + W (A + A1)

Depth two, again. Consider the following family of linear polynomials:

A; =973x 4+ 1248, A; = Ay, Az =235z + 879, Ay = 528z + 264,
As =329x + 926, Ag = 1079z + 1301, A; =103z + 813, Ag = 1271z + 1397,

together with Ag = Ag = 698x + 349.
By iteration of the double-dissection loops, we fall in a series of nine consecutive refinement steps,
leading to the following successive improved candidates for ¢s:

0 =P+ WD A0l 1<i<o.
§=0

9)
2

Let us perform the double-dissection based on the type (u1, ¢2), for ¢o = . Let ag,...,as €

K|[z] be the first nine coefficients of the ¢o-expansion of g. We have:
ap ~puy — (3222 + 161)WHH2 ag ~,, TO2WE.

The polygon N/jh@ (g) is the line joining (0, p11(ap)) with (8, pu1(as)). Thus, it is a one-sided
polygon of slope —v5, where

— 3
Yo = —Ml(ao) 3 i (as) =3 + 3671 .

Moreover, all points (i, u1(a;)), for 1 < ¢ < 7, lie strictly above this line. Consider the augmentation

M2 = [M1;¢>2,72]~

Clearly, eo = (I'y,: T'y,) = 2, so that the associated valuations of all irreducible factors of F; have
ramification index multiple of 72. Also, the residual polynomial R, ¢,(g) will have degree 4.
Since p2(¢3) = 3 + 7271, we may choose u := in,, (W?#}). We obtain the residual polynomial:

Ry,.0,(9) = y* — (3222 4 161)/702 = (y* — (352 — 419)) (y* + (352 — 419)) ,

where the two quadratic factors are irreducible.

By Proposition we conclude that Fy € K"[z] is the product of two different irreducible
polynomials of degree 288. They have both ramification index 72 and residual degree 4.

A concrete approximant to each irreducible factor can be obtained as a lift of the quadratic factors
of Ry, ¢,(g) with respect to (u2, ¢2). For instance,

b3 — (352 — 419) W48, b3 + (352 — 419) W48,
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The second branch. The analysis of the second branch, based on the type (u1, gzbg 2), leads to a
completely analogous result. The polynomial Fy € K"[z] splits as the product of two irreducible
factors of degree 288, with exactly the same arithmetic behaviour as above. Actually, by taking

9
$h =0 =W Ajbl,  ph=[m; 6,7,
§=0
we obtain completely analogous computations, leading to
R o, (9) = y* + (3222 + 161) /702 = (y* — (352 + 454)) (y* + (352 + 454)) .
The corresponding approximants are:
LY — (35z + 454) WS, LY+ (35a + 454) TS,

4.6. Newton polygons and Henselization (proof of Theorem [4.10]). There is an addition law
for Newton polygons. Consider two polygons N, N’ with sides Si,...,Sy, S7,...,S%, respectively.

The left endpoint of the sum N + N’ is the vector sum in Q x I'g of the left endpoints of N and
N’, whereas the sides of N + N’ are obtained by joining to this endpoint all sides in the multiset
{S1,...,8,,5%,...,S.}, ordered by increasing slopes.
Theorem 4.15. [30, Thm. 4.1] For all ¢ € KP(u) and nonzero g,h € K|x], we have
NI¢(gh) = qus(g) + N:@(h)-
This follows mainly from the fact that the sum of Newton polygons is simply the lower convex
hull of the Minkowski sum.

4.6.1. Newton polygons with respect to Henselian valuations. We assume in this section that the
valued field (K, v) is Henselian. The following result is crucial for our purpose.

Theorem 4.16. [30, Thm. 4.4] For a Henselian (K,v), let Q € KP(v) for some extension v of v
to K[z]. Then, for all F € Irr(K) we have

Ql, F <= v<ovr and t(v,vp)=1[Q],.

Moreover, if these conditions hold, then:
(i) Pither F = @Q, or the Newton polygon N, q(F) is one-sided of slope —vp(Q).
(i) F ~ QF with £ = (N, g(F)) = deg(F)/ deg(Q).

Let us rewrite Theorem [£.10] in the Henselian case and show that it follows easily from Theorem
4. 10l

Theorem 4.17. For a Henselian (K, v), let v be an extension of v to K[z], Q € KP(v), g € K|[x]
monic and N = NIQ(Q). Then,

(i) For all G € F,.q(g), deg(G) is a multiple of deg(Q).
(ii) For all € € T'g, we have
deg(G) = £(S.(N))d .
Y r o 1€8(6) = (5.()) deg(@)
Proof. Let F(g) be the multiset of irreducible factors of g. By Theorem [4.16]
Fuolg) ={G € F(9) | v <wg, tv,ve) =[Ql} ={G € F(g)| Q. G},
and all polynomials in this set have degree a multiple of deg(Q). This proves (i). Recall that
Fr@9)(e) ={G € FLq(9) | va(Q) =€}
for all e € I'g. We claim that ¢ (SE(N:Q(G))) = 0 for all G € F(g) such that G & F, q(g)(e).

Indeed, if G ¢ Fyq(g), then @ f, G and Lemma [1.7] shows that ¢ (N/o(G)) = 0. 11 G = @,

then N, o(G) = {(1,0)}. Thus, SE(N:Q(G)) has length zero too. If G € F,q(g) and G # Q,
then Theorem shows that N, o(G) is one-sided of slope —ve(Q). Thus, if ve(Q) # €, then

necessarily ¢ (SC(N:Q(G))) = 0. This ends the proof of our claim.
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By Theorem 4.15
— + — +
SN =D (SWSQ@) =30 (ScNfo(@).

Finally, for all G € F, ¢(g)(€), we have ¢ (Se (NJQ(G))> = deg(G)/ deg(Q), by Theorem 4.16] This
ends the proof of (ii). O

4.6.2. Newton polygons with respect to non-Henselian valuations. Let us go back to our arbitrary
valued field (K, v) and its Henselization (K", v").

Consider the unique extension p” of u to K"[z] whose restriction to K" is v" (Theorem. The
strategy to prove Theorem [£.10] is to deduce it from Theorem [£.17] after a suitable comparison of
the sets F,, 4(9), Fu6(g9)(\) with the analogous objects F,.o(9), Fv.o(g)(€), with respect to v = "
and Q = @Q,,¢. To this end, we need a relevant consequence of Theorem

Proposition 4.18. [30, Prop. 5.6] For ¢ € KP(u), let Q € Irr(K™) be the irreducible factor of ¢
determined by pi. Then, Q € KP(u") and in,n(¢/Q) is a unit in G,n.

With the above notation, from now on we denote
P:=¢/Q c K"[z], o = p(P).

The first thing to observe is that the types (u,¢) and (1", Q) “point out” to the same irreducible
factors of g in K"[x].

Lemma 4.19. F, 4(9) = F,r o(9).
Proof. By Theorem for all G € F(g), we have
p<wg = ph<(we) =g
Thus, in order to prove the lemma, we need only to check that
t(p,we) = [0, = (" ve) = [Q]n.

By Corollary this is equivalent to:
(4.3) w(9) <wa(d) = p"@Q)<va(Q).
By Proposition in,n» P is a unit in G,». Hence, @ f,» P. Since t(u",vg) = [Q],,», this implies
u"(P) = vg(P) by Lemma Hence,
(4.4) p'(¢) = 1"(Q) = p"(P) = vg(P) = va(9) — va(Q).
Since, p'*(¢) = pu(¢) and va(¢) = wa(¢), this proves (4.3)). O
Corollary 4.20. Item (i) of Theoremfollows from item (i) of Theorem .
Corollary 4.21. For all A € g, Fu¢(9)(A) = Fun o(9)(A — o).
Proof. By Lemma we may rewrite these subsets as:

Fuo(@)N) ={G € Fuo(9) [wa(d) = A},

Fur@(9)A =) ={G € Fus(9) | va(@Q) = A —a}.
These sets coincide by . O

In order to finish the proof of Theorem we must compare the Newton polygons N: ¢(g)
and N;rh Q(g). Instead of comparing these polygons directly, we compare each one with an auxiliary
polygon. Consider the canonical ¢-expansion of g:

g= Zn>0 and”, an, € K[z], deg(a,) < deg(s).
We may deduce a trivial Q-expansion of g in K"[z]:

— n — n
9=, o tnQ" bn=anP".
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This Q-expansion is far from being the canonical one, but it leads to a Newton polygon which is
easily comparable with N, 4(g).

Notation. Let us denote by N (g) the convex hull of the cloud of points
{(n, " (ba)) | > 0}.
Let N (g) be the polygon formed by the sides of A'(g) of slope smaller than —v(Q).
Lemma 4.22. The linear automorphism
QxTg — QxTyg, (z,y) — (z,y+ax)
maps Ny 4(g) to N(g). Moreover, it maps Sx (Nu,6(9)) to Sx—a (N(g)) and it preserves the lengths
of these components. In particular, it maps Nid)(g) to N*(g).

Proof. Since " (b,) = p(an) + na, this linear automorphism maps:

{(n an)) [ 0> 0} > {0, 1" (b,)) [ 0> 0}

Since linear mappings preserve convex subsets, N, 4(¢g) is mapped to N(g). The points lying on
Sx (Nyu,6(g)) correspond to monomials a,¢™ satisfying:

wlan) +nx < p(am) +mA  for all m > 0.
This is equivalent to
w1 (b)) +n(\—a) < p"(by) +m(A—a)  for all m > 0.

Thus, the linear automorphism maps Sx (N,,4(g)) to Sx—a (N (g)), and it preserves the lengths of
these segments. O

Therefore, the proof of Theorem [£.10] follows immediately from Theorem [£.17], once we prove the
next result.

Lemma 4.23. N7 (g) = N:h 0(9)-

Proof. It suffices to show that S, (Nt (g)) = S. (N:h Q(g))7 for all € € Tg such that € > p(Q).

Consider the augmented valuation v, = [u"; Q,¢]. Recall that @ becomes a key polynomial of
minimal degree for v.. The monomials b,Q™ such that v.(b,Q") = v.(g) correspond to points lying
on S, (Nt (g)). Imagine that these monomials are:

bsQ® + -+ b,Q"
Then, if we denote for simplicity b,, = in,_ by, and ™ = in,_ @, we have:
iny, () = bsm® + -+ b7’ €G) [1] =Gy,.

Indeed, by Proposition in,n b, = in,n(a, P") is a unit in G, for all n. Hence, Q {,n by, so
that v,(b,) = p"(b,). Hence, the homomorphism Gu» — Gy, maps in,n by, to b, and the latter is a
unit in G,_.

Now, let g = >, .,¢,Q" be the canonical Q-expansion of g. We can argue as above. The

monomials ¢, Q™ such that v.(¢, Q™) = ve(g) correspond to points lying on S, (N:hyQ(g)). If these
monomials are ¢, Q* + - - - 4 ¢,Q, we deduce as above:
iny, (9) =" + - +r’ € G [1] = G
By Theorem we deduce that
s=k, t=4{ b,=2¢,

for all s <n <t such that v (b,Q™) = ve(g), which must be the same indices for which v.(¢,Q™) =
ve(g). This proves the lemma. O
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5. THE OM-ALGORITHM

5.1. A formal OM-algorithm. Results of Section [4] lead to the following algorithm, where NP
stands for the Newton polygon routine described in Section -4 Executability of the involved
subroutines is elaborated upon in Section [5.4}

Algorithm 1: OM-algorithm

Input :g€Ir(K), v a valuation on K
Output: A list of types singling out the irreducible factors of g in K" [x]

Stack < [(v, z,deg(g))]; Types < [];
while #Stack > 0 do
pick any (u, ¢,¢) € Stack and delete it from Stack;
for —\ slope of NP(p, ¢, ¢)(g) do
pix = [ @, Al;
compute and factorize R, 4(g) = 1" -+ ¥y in &(pa)[yl;
for 1 <i<sdo
L2 hftux@(wi);
if deg(y) > deg(¢) then
L A= M

if n; =1 then
| append (px,¥) to Types
else

| append (p, ¢, n;) to Stack

return T ypes

Theorem 5.1. If the OM-algorithm terminates then it provides:

o An approzimant in K[z] to each irreducible factor of g in K"[z].
o All extensions of v to the field L = K|x]/(g), plus a computation of their ramification indices
and residual degrees.

Proof. Assuming termination, each irreducible factor G € K"[z] of g is singled out by some output
type (1, ¢) thanks to Corollary 4.11} Proposition and Proposition We thus have

Fus(9) ={G}, t(p,wg) =8y, deg(G)=deg(Qu,e)-

Each augmented valuation being ordinary, p is inductive and Lemma [3.7] shows that ¢ € KP(u) C
KP(p") is irreducible over K"[z]. Thus, ¢ = Q.4 and ¢ is an approximant of G (Definition |4.13)
The second point follows from Theorem [5.2] below. O

5.2. Extensions of v to the field L = K[z]/(g). Let (i, ¢) be an output type. By storing all
pairs (fin, ¢n+1) and slopes 7,41 considered along the procedure, we get a MLV chain of ordinary
augmentations:

(5.1) v W e P e Y =g

satisfying moreover deg(¢,) < deg(¢).

Theorem 5.2. Let G € Irr(K"[z]) be the irreducible factor of g singled out by (u, ). Then,
e(Wa/v) =eo---er,  f(Wa/v) = fo--- fro1deg(Ryug,.(9)),

where, e;, f; are the numerical data of the MLV chain of p.

Proof. By Lemma ¢ € KP(u™). Since t(u, wg) = [¢],, we have

1"(0) = w(9) < wa(d) = va(9).
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Hence, t(u",vg) = [¢],n, by Corollary Now, since p"(G) < vg(G) = oo, we deduce that
¢ |, G. Since deg(G) = deg(#), this implies that G is a key polynomial for ph and G ~un ¢ 27,
Lem 2.5].

Therefore, it makes sense to consider the ordinary augmentation [uh; G, 00]. Since this valuation
has support GK"[z], we have [u"; G, 0] = vg, by Proposition By Lemma we obtain the
following MLV chain of vg:

h %0  h P11 brYr R n G,00
vto—— g — T M =W — UG,

whose numerical data ey, . .., e.; fo,..., fr—1 coincide with those determined by the MLV chain (5.1)
of p. By Proposition

e(vg/v") =eo---ep,  f(OG/0") = fo-- frordeg(Ryn 4 (G)).
Since G ~,n ¢, [27, Cor. 5.5] shows that R,n 4 (G) = R,n 4 (¢). Also, let u € G, be a homogeneous

unit such that gr,(u) = pu(¢gr). Let u" € G,n be the image of u under the isomorphism G, < G,n.
Then, it is easy to check that the following diagram commutes

Klz] < K"[]
Bu,ou J/ i, R“h,d),uh
Kyl — w(u")ly]

where the lower horizontal map is the isomorphism induced by G, < G,». We deduce that
deg (R,n 4,(¢)) = deg (R4, (¢)). Therefore, the theorem will be proved if we check that

(52) e(@a/v) = e(ta/v"),  f@a/v) = f(va/v").
Now, the extension L" = L- K" = K"[2]/(G) is a Henselization of (L,w¢). Hence, the commutative
diagram of extensions of valuations:

(KM o) — (L")

T T
(K,v) — (L,wg)
implies (5.2)), because e(v”/v) =1 = f(v"/v) and e(v¢/We) = 1 = f(ve/Wa). 0

5.3. Towards better approximants of the irreducible factors. We may consider the whole
class [¢], C KP(u) as a set of approximants to G provided by the OM-algorithm. The measure of
the quality of any @ € [¢], as an approximant to G is indicated by the value we(Q — G) = wa(Q).

If v has rank one, then K is dense in K" and the set wg ([¢],) is unbounded in I'g. In this case,
there are approximants with arbitrarily large precision. For larger rank, this is unfortunately not
always possible as shown by the following example, for which this set is bounded.

Example 5.3. Take a prime number p = 1 (mod 4) and let ord, be the p-adic valuation. Denote
by @ the reduction modulo p of an integer a € Z. Choose a p-adic root i € Z, of the polynomial
g=a?+1:
i=ig+ip" 4+ inp™
with 0 < i, < p for all n. Denote the truncations of i by
an =i +i1p" 4 Fip_1pt €Z.

Consider the field K = Q(t) equipped with the ord; valuation. Fvery uw € K* has an initial coeffi-
cient in(u) = (ut= (W) (0) € Q*, with respect to ord,. Consider the following discrete rank-two
valuation on K :
v K* — 72, v(u) = (orde(u), ord,(in(uw))) ,

with values in Z2 equipped with the lexicographical order. The residue field is k = Fp.

The OM-algorithm applied to the polynomial g = x> +1 terminates after a single double-dissection.
Indeed, the Newton polygon N, .(g) is one-sided of slope (0,0) and for po = [v; x,(0,0)], we have
Ry 2(9) =v*+1 = (y—io)(y~+io). Hence, the algorithm detects the irreducible factors x—i, x+1i €
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K"[z], singled out by the output types (po, T — i), (o, = +1io), respectively. However, the quality of
the approximants is bounded:

we (¢ — o)) = {8(an — i) | n > 0} € {0} x Z.
The MLV chains of wy—; and wy4; require here a limit augmentation, namely

,(0,0) ,(0,0)
v IH Ho — Wg—i = [C; 9700]7 v z*) Ho — Wgyi = [Cl7 g,OO],

where C = ([Ua T — Ap, (Oagn)])nzo and CI = ([U1 x + Ap,y (Oagn)])nZO'

In general, the enlargement of the chain (5.1)) into a MLV chain of w¢ is not easy to describe. It
may be necessary to consider several limit augmentations [30, Ex. 8.6].

5.4. Executability of the OM-algorithm.

Proposition 5.4. Suppose that v has a finite rational rank (dimg(T'g) < c0) and we have algorithms
performing the following tasks.

e Field operations in K and k and computation of the valuation v: K* — T.
o Computation of the residue class O} — k* and a section lift,: k* — O}.
e Polynomial factorization in kly| for arbitrary finite extensions k/k.

Then, there are algorithms performing all subroutines of the formal OM-algorithm.

Proof. Indeed, we use only three subroutines:

NP(,U7¢v 6)(_)7 R/uﬂlﬁ(_)v hftﬂ/\,¢(_)'

The subroutine NP (u, ¢, £)(—), described in Section requires only:

(i) A quotient-with-remainder routine in K[z] to compute truncated ¢-expansions.

(ii) A routine to compute p.
By Lemma the computation of pu(a) for any a € KJz] follows easily from the computation of
the Newton polygon

NP (pr—1, ¢r-1, [deg(a)/ deg(¢r-1)]) (a).

Thus, a recursive descending procedure along the MLV chain , enables the computation of p,
based in the end on the routine computing the valuation v.

The routines R, 4(—) and lift,, 4(—) can be obtained by a similar descending recursive proce-
dure, described in [26, Sec. 5]. O

5.5. Refinement steps and termination of the OM-algorithm. The only obstacle for the
termination of the OM-algorithm would be the existence of an infinite sequence of double-dissections
(double for loops).

Since F(g) is a finite set, it admits only a finite number of non-trivial dissections of any of its
subsets. Also, since deg(¢) < deg(g) for all key polynomials ¢ constructed along the process, the
condition deg(¢) < deg(¢p) inside the second for loop may occur only a finite number of times. Thus,
the OM-algorithm does not terminate if and only if there is an infinite sequence of refinement steps,
defined as follows.

Definition 5.5. A refinement step for a type (u,¢,L) is a step of the while loop which yields a
unique new type (ux, p,n), with moreover deg(yp) = deg(¢).

By Theorem deg(p) = ere(py) deg(v)) deg(¢). Hence, a refinement step is characterized by
the following two conditions:

. N;(b(g) is one-sided and its slope —\ satisfies ey (pn) = 1.
e Ry, 4(9) = (y— Q)" for some ¢ € r(un)*
In this case, we just replace (u, ¢, ¢) with (u, p,£) in the Stack, where ¢ is the lift of y — (.

Montes proved that infinite sequences of refinement steps cannot occur in the discrete rank-one
case [24].

Theorem 5.6. If v is discrete of rank-one, then the OM-algorithm terminates.
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Let us write L = K(6), where 6 € L is the class of  modulo the ideal gK[z]. The proof of this
theorem is based on the finiteness of the local index

ind(g) :=v ((Og: Ou[0])) €T,

where O, is the integral closure of O, in the finite extension L/K. Through an ordered isomorphism
between I' and Z, this index is identified with a non-negative integer. The theorem follows from the
fact that in all intermediate steps of the algorithm, including the refinement steps, there is a positive
integer contributing to the total value of ind(g) [14, Thm. 4.8].

If v is not discrete of rank one, we can identify three kinds of infinite refinements steps. As we
saw in Section the OM-algorithm aims to construct an MLV chain

0,70 d1,71 DrVr
v gy —— o = up=p

of a valuation p which is sufficiently close to the valuation w¢, for some irreducible factor G of g in
K"[z]. Denote m,, := deg(j1,) = deg(¢,,) for all 0 < n < r. For a field K C K C K", let

Vi, (K) :={wa(f) | f € K[z] monic, deg(f)=my} C I'g.

For each n > 0, the analysis of the augmentation step p,—1 — pn leads to three different infinite
refinement situations:

(IR1) There exists max (V;,, (K)),
(IR2) max (V;,, (K)) does not exist, but there exists max (V,,, (K")),
(IR3) max (Vi (K")) does not exist,

By [28, Thm. 4.7], the augmentation p,—1 — p, is ordinary in the case (IR1) and a limit augmen-
tation in cases (IR2) and (IR3).

Vaquié showed that limit augmentations in the Henselian case occur only when G has defect [45],
[28, Sec. 6]. Thus, we say that p,—1 — py is a defectless limit augmentation in the (IR2) case,
and a defect limit augmentation in the (IR3) case. Defect limit augmentations occur only when
char(k) = p > 0; also, deg(tn)/ deg(tin—1) is necessarily a power of p.

Let us detail some examples of each type of infinite refinement steps.

Example 5.7 ((IR2) case). Let (K,v) = (Q(t),ord;) be the valued field considered in Example [5.3
Let us apply the OM-algorithm to the polynomial

g=a*+(t+2)2*+1¢€ K[a].

The double-dissection applied to the triple (v,x,4) yields a one-sided Newton polygon of slope (0,0).
For po = [v,z,(0,0)], the residual polynomial factorizes

Rugal9) =1+ 20 +y' = (y* +1)° = (y — a1)*(y + @1)* € k[y.
As lifts of the irreducible factors we may take x — a1, © + a1, respectively. We get Stack =
[(v,z —a1,2), (v,x +a1,2)]. By Theorem we detect a splitting of g into a product of two
(unknown) polynomials in K"[z] of degree two.

The application of the double-dissection to the triple (v,x — a1,2) leads to an infinite sequence of
refinements:

(5.3) (v, —a1,2) ~ (v,x—ag,2) ~ - ~ (v,T—an,2) ~

and a similar situation occurs for the triple (v,x + a1,2). Indeed, the truncated (x — a,,)-expansion
of g is by + by (x — a,) + ba(x — a,)?, with

bo := g(an) = 2 +ta2, by :=g'(an) = 4anc, + 2tan, by := %g”(an) = 6c, +t — 4,
where ¢, == a2 + 1. One checks easily that \, = v(c,) = (0,£,) and c,/p'™ = —2igiy,.

Hence, N,,_, (9) is one-sided of slope —\, and contains the three points (0,2\n), (1,An),
(2,(0,0)). Denote p, = [0, — an, \n]. We may identify r(p,) = k and take u, = in,, (p*) as a
unit of grade \,,. We get R, »—a,(9) = (y — fn)2 and a natural lift of y — i, is (x — ap) — i,p'" =
T — ant1 € KP(pn).
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FIGURE 6. Newton polygon N¢ ,241(g) (or N: (9))-

0,T—1%
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The totally ordered family of valuations C = (pr), > 0 is an essential continuous family of
augmentations of po = po. It can be easily shown that all polynomials of degree one are C-stable, but
¢ := 2% + 1 is C-unstable; indeed, for all n we have

¢=(x— an)2 +2an(T — an) +¢n = pn(@) =min{2X\,, \p, A} = .

Thus, ¢ is a limit key polynomial for C and the right triple to append to the Stack would be (C, ¢, 2).
The double-dissection loop can be applied to this triple, to continue the OM-algorithm. The
truncated ¢-expansion of degree two is the whole ¢-expansion:

g=—t+td+¢>

The Newton polygon, displayed in Figure @ is one-sided of slope —\ = —(1,0)/2. The limit aug-
mentation p = [C; ¢, ] has ere1(p) = 2. We may still identify k() = k and take v =in, t as a unit
of grade 2X. We get R, 4(9) =y — 1. Thus, g is a lift of y — 1 and the algorithm appends the type
(1, g) to the output list Types.

We may proceed in a analogous way with the triple (C', ¢, \), where C' = (p},),,~, is the essential
continuous family of the valuations p,, = [v, T + an, \p]. -

The OM-algorithm would output two types (i, g), (', g) which single out two irreducible factors
G, G' of degree two of g in K"[x], with MLV chains:

,(0,0 A , ,(0,0 A ,
70) Ho 25 n IS we, v "0 Ho R poES we,
where pg — w, po — K are limit augmentations and p — wg, p' — wgr are ordinary augmentations.
Since p and p' are not inductive, we do not get approzimants to the irreducible factors G, G'.
However, we know the ramification indices and residual degrees of their associated valuations. Indeed,

by Proposition
(5-4) e(Wg/v) = e(War/v) =2,  f(wa/v) = f(Wer [v) =1

Example 5.8 ((IR1) case). Take p, i as in the preceding example and consider the base field K =
Q,(t), equipped with the analogous discrete rank-two valuation

v: K* — 72 v(u) = (ords(u), ord,(in(uw))) .

lex>
Let us apply the OM-algorithm to the same polynomial g = x* + (2 + )2 + 1.

The double-dissection applied to the triple (v, x,4) yields two triples (v,x — a1,2), (v,z + a1,2),
each one leading to infinite sequences of refinements as in . However, imagine that our lifting
routine chooses lift,, ,(y —a1) =« — i and lift,, »(y + a1) =z + i.

Then, the double-dissection applied to the triple (v, — i,2) is no more a refinement step. The
truncated (x — i)-expansion of g is by + by(x — i) + bo(x — i)2, with

bo = g(i) = —t, bi:=g'(i)=2ti, by:=g"(i)/2=1t—4.

Thus, N;O,x_i(g) is the polygon displayed in Figure|0. It is one-sided of slope —\ = —(1,0)/2. The
ordinary augmentation p := [po;  — i, ] has exa(p) = 2. We may still identify x(u) = k and take

u:=1in,t as a unit of grade 2X. We get

1 — )2
in, g =in,(—t —4(x —14)?) = —du <4 + (@—1) > ;
u

so that Ry, ,—i(g) =y + (1/4), admitting ¢ = (x — i)> + (t/4) as a lift. The algorithm appends the
type (1, @) to the output list Types.
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We may proceed in a analogous way with the triple (v, + i,2) to obtain the augmentation p' =
[to;  +1i, A and a key polynomial ¢' = (x+14)% + (t/4). The output of the OM-algorithm is a list of
two types (i, ®), (1, ¢') which single out two irreducible factors G, G' of degree two of g in K"[z].

The MLV chains of p and p’ contain only ordinary augmentations:

,(0,0) z—i\ 2,(0,0) TN

— Mo — v Mo — M
Hence, the key polynomials ¢ = (v —i)? + (t/4), ¢ = (x +1)? + (t/4) are approzimants to the true
factors G, G', respectively. We have

we(z —1) = A= (1/2,0) = max (V1(K)).
The ramification indices and residual degrees of their associated valuations are given by .

Example 5.9 ((IR3) case). Let F be an algebraic closure of the prime field Fy,, for some prime
number p. For an indeterminate t, consider the fields of Newton-Puiseux series and Hahn series in
t, respectively:
K= | F((t"N)) C F((t%))1ex-
NeN
The Hahn field F((t2))1ex consists of all power series with rational exponents and well-ordered sup-
port. As remarked by Abhyankar [1],

5= anl 7" € F((E2))1ex

is a root of the Artin-Schreier irreducible polynomial g = 2P —x —t~' € K|x]. The truncations of s
belong to K :

Sp=t VP4 VP e K o>,

Consider the valuation v := ord, on K, with value group I' = Q and residue field k =F. The valued
field (K,v) is Henselian.

Let us apply the OM-algorithm to test the irreducibility of g. The double-dissection applied to
the triple (v,z,p) yields a one-sided Newton polygon of slope 1/p. For py := [v,z,—1/p], and
ug = in,, t~1/P as a chosen unit of grade —1/p, the residual polynomial is R, .(g) = (y—1)? € k[y].
Take x — s1 as a lift of y — 1. The iterative application of the double-dissection leads to an infinite
sequence of refinements:

(’U7x_817p) ~ (’qu_SZap) ~ ~ (U7.’E—Sn7p) ~

Consider the essential continuous family C := (pn)n>0, where p, = [v; © — s,,1/p" ], All
polygons N, s, (g) are one-sided of slope 1/p" ™ and R, s, (9) = (y — 1), if we choose u, :=
in,,, t=VP"" 4s a unit of grade —1/pntt.

The polynomial g is a limit key polynomial, and wy = [C; g,00]. The unique extension of v to
L = Klx]/(g) is the valuation w naturally induced by wgy. It has

e(w/v) = f(w/v) =1,  d(w/v)=p,

where d(w/v) is the defect of the extension.

Summary. We developed an executable OM-algorithm over general valued fields, whose termination
depends only of the non-existence of an infinite sequence of refinement steps.

e In order to overcome the existence of infinite sequence of refinements of type (IR1), the lifting
routine lift,, | 4. ,(—) should be clever enough to compute max(V;,, (X)) in a finite number of
steps, for all n.

e In order to overcome the existence of an infinite sequence of refinements of types (IR2) or (IR3),
the OM-algorithm should be modified in order to be able to detect limit augmentations and compute
limit key polynomials.

In the next section, we will see that termination can be guaranteed in some new situations which
go beyond the usual discrete rank-one case.
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6. IRREDUCIBILITY AND FACTORIZATION : PROOF OF THEOREM [0.1l AND THEOREM [0.2]

In this section, we extend the OM-based algorithms of Poteaux-Weimann [41] (irreducibility
test and polynomial factorization) from the discrete rank-one case to the more general settings of
Theorems and stated in the introduction.

A crucial feature of our algorithms is that, under some restrictions on the residual characteristic,
we can show that :

e Infinite refinements of type (IR1) can be avoided by considering approzimate roots as “optimal”
key polynomials. This is the main point.

e Infinite refinements of type (IR3) do not occur as there are no defect limit augmentations.

e If ¢ is irreducible, or if v has rank one, there are no infinite refinements of type (IR2) since
defectless limit augmentations do not appear (this is independent of the residual characteristic).

We obtain in this way an irreducibility test for an arbitrary valued field (K, v) and a factorization
algorithm for an arbitrary rank one valued field (possibly non discrete), under some restrictions on
the residual characteristic.

In order to improve the approximations of the irreducible factors, we develop a valuated Hensel
lifting, valid for any augmented valuation and any residual characteristic.

We illustrate our algorithms on Example in Section [6.2.6)

6.1. Irreducibility test. Let g € K[x] be a monic polynomial. Let n be a divisor of deg(g) such
that char(K) t n.

Definition 6.1. The approximate root QQ = {/g is a monic polynomial in K[x], of degree deg(g)/n,
such that the canonical Q-expansion of g:

9=Q"+an1Q" '+ +a1Q +ao, deg(a;) < deg(Q),
satisfies ap_1 = 0.

Approximate roots were introduced by Abhyankar and Moh in [3] as a tool to prove the embedding
line theorem (see [38] for a survey). In [2], Abhyankar used approximate roots for an irreducibility
test in C[[z]][y], then generalized in [40}, 4I] over a complete discrete valuation ring.

It is obvious that the approximate root is unique, if it exists. The existence follows from the
following result, which gives moreover a concrete algorithm to compute it.

Lemma 6.2. [38] proof of Proposition 6.3] Let g € K[x] be a monic polynomial. Let n be a divisor
of deg(g) such that char(K) t n. Take any monic polynomial ¢ € K[z] of degree deg(g)/n, and
consider the ¢-expansion

g=0" +a, 10"+ -+ arp+ap, deg(a;) < deg(e).
Take ¢* = ¢ + (an—1/n) and let a’_, be the (n — 1)-th coefficient of the ¢*-expansion of g. Then,
if an—1 # 0, we have deg(al_;) < deg(an—1).
The next result establishes a link between approximate roots and key polynomials.

Proposition 6.3. Let p be a valuation on K|x] and ¢ a key polynomial for p. Let g € K[x] be a
monic polynomial such that deg(yp) | deg(g), char(k,) t deg(g) and moreover:
(i) Nue(g) is one-sided of slope —\.
(i) For px = [i; @, A], we have R, ,(g) =", for some 1 € Irr(k(py)).
Then, the following holds:
(a) The approximate root Q = /g is a key polynomial for pix and R, ,(Q) = 1.
(b) If Ny, q(g) is one-sided of slope —A, and for v = [ux; Q, \i] we have R, q(g) = ¥+ for
some ¥, € Irr(k(v)), then n, < n.

Proof. By (i) and (ii), deg(g) = efndeg(p), where e = ee1(uy) and f = deg(¢)). Take any monic
¢ € K[z| of degree ef deg(p) = deg(Q) such that R, ,(¢) = ¢. By Theorem m ¢ is a key
polynomial for xy. By Lemma [6.2] we may obtain Q from ¢ by a finite number of transformations
of the form ¢ — ¢* = ¢ + (an—1/n), where a,_1 is the (n — 1)-th coefficient of the ¢-expansion of
g. Hence, in order to prove (a), it suffices to show that ¢* € KP(uy) and R, ,(¢*) = .
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By Lemma the Newton polygon N:Md)(g) has length n. Since

n = deg(g)/ deg(®) = £ (Ny, 6(9))

we deduce that N, 4(g) = N:Mz,(g). Thus, all slopes —e of N, (g) satisfy € > px(¢). Now,
the point of abscissa n — 1 lying on N, 4(g) is (n — 1,€), where —e is the largest slope of this
polygon. Since the point (n — 1, ux(an—1)) lies on or above the polygon, we have uy(a,—1) > €.

Since char(k,) 1 deg(g), we have py(n) = 0, so that

pa(an—1/n) = pr(an-1) = € > pr(e).

Thus, ¢ ~,, ¢*. Since deg(¢) = deg(¢*), we deduce that ¢* is a key polynomial for py and
R, »(¢*) = Ry, »(¢) =9 [27, Lem. 2.5, Cor. 5.5]. This proves (a).

Let g =3 .~ b;Q° be the Q-expansion of g. By the definition of the approximate root, b,_; = 0.
Under the hypotheses of (b), we have

ndeg(Q) = deg(g) = e fun. deg(Q),

where e, = e,q1(v) and fi. = deg(v.). Hence, n = e, fin, and the equality n = n, holds only when
ex = f« = 1. This is incompatible with the assumptions in (b). Indeed, e. = f. = 1 implies that
R, o(g) = (y+{)™ for some ¢ € x(v)*. Since char(iuy) { n, the (n—1)-th coefficient of this polynomial
is n¢"~! # 0. By the definition of the residual coefficients (Section , the point (n — 1,b,_1) lies
on the Newton polygon. This is a contradiction because b,_; = 0. This proves (b). O

We obtain Algorithm [2| below as an irreducibility test for arbitrary valued fields (K, v).

Algorithm 2: Irreducibility Test

Input : (K,v) valued field, g € K[z] monic, square-free such that char(k) { deg(g)
Output: True if g is irreducible over K"[x] and False otherwise

[t vy ¢« x5 n < deg(g) ;

while n > 1 do

if N, 4(g) is one-sided (of slope —\) then
IV RPN

else
L return False

if R, 4(g) =4¢™ for some ¢ € Irr(k(p)) then
AT

else

L return False
L n+<m

return True

Proposition 6.4. Algorithm[9 returns a correct answer and terminates in log(deg(g)) steps. If g
is irreducible over K"[z], the algorithm computes as byproduct a MLV chain of the valuation Wg
together with its residual degree and ramification index.

Proof. The condition deg(¢) | deg(g) holds initially for ¢ = x and it is preserved along the execution
of the algorithm as long as no factorization of g is detected.

Now, in the very first step, N, »(g) could be one-sided of slope —\ € T" and R, »(g) be the n-th
power of a polynomial of degree one. Thus, e = f = 1, with the notation of the proof of Proposition
m However, as long as we do not detect a factorization of g over K"|[x], Propositionshows that
in all further steps we will have e, f, > 1. Therefore, no refinement steps occur and the algorithm
terminates in log(deg(g)) steps. As we did for the OM-algorithm, if g is irreducible over K"[z],
then by storing all types (u, ¢) obtained along the process, we obtain a MLV chain of its associated
valuation wy. The last statement follows from Theorem [5.2} O
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FIGURE 7. Right end-side of N = N, 4(g), defined by a splitting pair.

ol no=na deg(g)/ deg (@)

6.2. Polynomial factorization. Cousider a monic, square-free g € K[z]| such that char(k) t deg(g).
A splitting pair of g is any pair (u, ¢) considered in the last call of the while loop of Algorithm
Note that, either (u,®) = (v, ), or (u, @) is a type. A splitting pair has the following properties.

Lemma 6.5. Let g € K[z] be monic, square-free with splitting pair (i, ¢).

(i) If (1, ) # (v, @), then Fy 4(9) = F(9)-
(i) Nuo(9) = N;f;(g) has length (N, 4(g)) = deg(g)/ deg(¢).
(iii) ¢ is irreducible over K"[z].

Proof. Ttems (i), (ii) follow immediately from the design of the Irreducibility test. Item (iii) follows
from Lemma because p is an inductive valuation. O

6.2.1. Right end-slope factorization. Let —\ be the right end-slope of N = N, 4(g). That is, the
slopes —e of N satisfy —e < —\, or equivalently, € > \. Let n) be the abscissa of the left end-point
of Sx(N) (cf. Figure[7).

From now on, we assume ¢ reducible in K"[r] and denote uy = [u, ¢, A]. Although a splitting
pair of ¢ is not unique, the valuation ), is intrinsically associated to g. Indeed, Figure |3| (where
A = \¢) shows that py is the greatest common lower node of the finite set of leaves {wg | G € F(g)}
in the tree 7. The existence of greatest common lower nodes in T is guaranteed by [4, Prop. 5.2].

By definition of a splitting pair, at least one of the following situations occurs:

o N, 4(g) is not one-sided.
e R, +(g) has at least two coprime factors.

The first point is equivalent to ny > 0. The second point is equivalent to

Ry o(9) =91 - gs, b € Iiv(k(py)) s > 2.

Let ¢; := lift,, ¢(¢s) € KP(ux) be monic lifts of ; for ¢ = 1,...,s. We denote ng := ny and
o = ¢ for convenience. So, either ng > 0, or s > 2.

Lemma 6.6. g ~,, [[\_,¢i" and deg(g) = > i_,deg(pi?).

Proof. By in Section we know that in,, g ~unie ing, ([T;_o¢}"). By Lemma [6.5](ii)
and our choice of \, we get lc,, (9) = 1. Since ¢ € KP(u) has minimal degree and ¢; € KP(u,),
Theorem implies that lc,, (p;) = 1 for all ¢ > 0. By Theorem in,, g = in,, (IT_o ¢i")
(which proves the first claim) and deg,,, (9) = >_;_, deg,,, (¢;").

As mentioned after Definition deg,,, (9) = max (Sy, ¢(g9)) = deg(g)/ deg(¢). On the other
hand, Theorem shows that deg,, (p;) = deg(yp;)/deg(¢) for all 0 < i < s. This proves the
second claim. 0

Let p? be the unique common extension of uy and v" to K"[z] (Theorem [1.1)).

Proposition 6.7. There exist unique monic Gy, . .., G, € K"[z] such that g = ;.0 Gi, Gi ~uh or
and deg(G;) = deg(p}?) for alli. If n; =1, then G; is irreducible.

Proof. Since the augmentation p — iy is ordinary, the valuation ) is inductive. Thus, ¢o,...,ps €
KP(p%), by Lemma For all 0 < i < s, let G; be the product of all irreducible factors G of g in
K"[z] satisfying ¢ | uto G- Then, the result follows from Lemma and Theorem O
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6.2.2. Hensel lifting. The next result is a generalization of the multifactor Hensel lifting [10, Algo-
rithm 15.17] to an arbitrary valuation. We keep the notation of the previous paragraph.

Proposition 6.8. Let v = px(g — ¢5° - ©%) — px(g). For all n € N we can compute monic
polynomials G(()”)7 LG e K[z] such that ph(G; — ng)) > uh(G;) + 2".

Proof. Note that v > 0 by Lemma Such a valuated Hensel lifting is detailed in [41l Section
4.3] in the discrete rank-one case. Since @) is strongly monic in ¢ with respect to py ([41l Defini-

tion 5]), then [4Il Lemma 7] remains true in our context and [4I, Algorithm HenselStep] extends
straightforwardly to the valuation ). O

This Hensel-like algorithm has quadratic convergence in the sense that the precision is doubled
at each Hensel step. We refer the reader to Subsection for an illustrating example with more
details. The following corollary is immediate.

Corollary 6.9. If the sequence (2"7y)nen is unbounded, then the sequence (ng))neN converges to
G; for all 0 < i <s. In particular, this holds whenever v has rank one.

If v has rank one, any choice of lifts ¢; will allow to approximate the G;’s with an arbitrary
precision. If v has rank > 1, this is not always possible, as illustrated by Example

6.2.3. Gauss valuation and Okutsu bound. Let vy be Gauss’ valuation on K[x]. In order to fac-

torize recursively each approximant ng) of Proposition we will measure the quality of the
approximation with Gauss’ valuation on K"[z] :

v« K"[x] — Tgoo, vl (Z cixi) = minov"(¢;),

which offers the advantage of being independent of the current splitting pair (u, ¢). The valuation

vé‘ is asymptotically equivalent to the valuation ///{ in the following sense :

Lemma 6.10. Suppose g € O[x] monic, and let u,, \ as above. Then, for all F € K"[z], we have

deg(F)

h h h h

Ol (F) < p"(F) < pb(F) < ol (F) + A .

§UP) < ' (F) < (P < b (F) + AT

Proof. The assumption g € O[z] ensures that the right end-slope —Xg of N, ,(g) satisfies Ao > 0.
Hence, the first extended valuation pg := [v, x, Ag] computed by the irreducibility test of ¢ satisfies

pl > o, Since pf > pl, this proves the left inequality of the lemma. Let us prove the right

inequality. Since Mﬁ and v} coincide on K", we may suppose F € O"[z] up to multiplying F by a
suitable constant ¢ € K”. Also, it is enough to consider the case F irreducible in O"[z]. In such a
case, v} (F) = 0 and the claim follows from [27, Theorem 3.9], having in mind that A = px(¢). O

In what follows, splitting pairs of polynomials in K"[z] are defined as for K|[z].

Definition 6.11. Let F € K"[x] be monic square-free, with splitting pair (u", ¢") and right end-
slope —\. The Okutsu bound of F is §o(F) := pl(F).

Note that dg(F') does not depend on the choice of the splitting pair. The notation and terminology
for §o(F') is justified by the fact that Definition coincides with [25], Definition 5.9] when F' is
irreducible.

Proposition 6.12. Let f,g € O[z] be monic, square-free such that vo(f — g) > do(g) and char(k) {
deg(f)deg(g). Then, g and f have the same right end-slope and the same right end residual poly-
nomial. In particular, g is irreducible in K"[x] if and only if f is irreducible in K"[x].

Proof. Let (p,¢) be a splitting pair of g with right end-slope A. Since f,g € O[z], Lemma
shows that

(6.1) px(f —g) = vo(f —g) > do(g) = pa(g) > vo(g) > 0.

Hence, deg(g) = deg(f) and g ~,,, f. This implies N, 4(g) = N, o(f) and R, #(9) = Ry, .o(f) 27,
Cor. 5.5]. The statement follows easily from these properties. O
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Corollary 6.13. Let g € Ox] be monic square-free such that char(k) { deg(g). Running algorithm
TIrreducibility (g) with Gauss precision o > do(g) returns a correct answer and allows to compute a
splitting pair (1, @) of g. If g is reducible, the precision o is also sufficient to compute the right
end-slope X and R, 4(g).

Remark 6.14. In the discrete rank one case, one has a priori an upper bound for do(g) in terms
of the valuation of the discriminant of g, namely

(6.2) do(g) < 2v(disc(g))/ deg(g)

by [1, Lemma 2.2]. This bound can be computed efficiently, although it’s not interesting from a
complezity perspective. In practice, we rather start with a small precision and check if it is sufficient
to detect the right end-slope of the current Newton polygon (see [40, Rem.5.4] for more details in an
analoguous discrete rank one situation). If not, we double the precision and restart all computations.
This is the approach we implicitly follow here.

6.2.4. A factorization algorithm. For g € K"[z] monic square-free, we define
dmax(9) := max{do(G), G € F(g)}.
The previous results lead to Algorithm [3| below.

Algorithm 3: Factorization

Input : g € O[z] monic, square-free with char(k) = 0 or char(k) > deg(g) and a precision
o € I" such that o > dmax(9).
Output: The irreducible factors of g in K"[x] computed with Gauss precision > o.

Run Algorithm [2{ with input g and with precision dy(g);
if g is irreducible then
| return [g]
else
(1, @) « splitting pair of g;
—\ < right end-slope of N, 4(9);
px = (15 &, AL;
compute and factorize R, 4(g) = 1" -2 in &(pa)[yl;
compute some ; < lift,, 4(¢;) for 1 <i < s and let (¢o,n0) < (¢, n2);
v palg — o - 08) — palg);
compute n € N such that 2"y > o + Adeg(g)/ deg(d);

compute G(()”)7 6 e Olx] as in Proposition

Res + [ ];
fori=0,...,sdo
if n; =1 then
| append G\ to Res
else

L call recursively Algorithm [3| on Gg") and append the output to Res

L return Res

Theorem 6.15. If v has rank one, then Algorithm [3 terminates and returns a correct answer.
Moreover, the approximant factors converge to the irreducible factors of g when we let o0 — oco.

Proof. Since I" has rank one and ~ > 0, there exists n € N such that
2"y > o + Adeg(g)/ deg(¢).

By Proposition and Lemma vl (G — GE")) > o0, where G; is given by Proposition
Since 0 > Omax(g) > 60(G§")), we deduce by induction from Corollary that the algorithm will
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recursively detect and compute all irreducible factors of g with the suitable precision. The last
statement is obvious. O

Remark 6.16. Again, the bound dmax(g) is unknown before running Algorihm @ One checks easily
that (6.2)) gives again an a priori computable upper bound dmax(g) < v(disc(g)) in the discrete rank
one case. However, we rather follow in practice the analoguous strategy described in Remark [6.17)

For v of arbitrary rank, the algorithm will return a correct answer as soon as all involved v’s
satisfy
Omax(g) < sup(m~y, m € N)
since we can then compute a suitable integer n € N at each call. This might be a weaker condition

than that of Corollary However, it is not clear that the approximants G of G € F (g) converge
to G.

The following corollary is immediate:

Corollary 6.17. Suppose that v has rank one. Let g € O[zx] be monic square-free with char(k) =0
or char(k) > deg(g). If f € Olx] is monic and satisfies vo(g — f) > Omax(g), then g and f have the
same OM-factorization.

6.2.5. Proof of Theorems and [0-2 The first result is a consequence of Theorem [6.15] while
the second result follows from Corollary In both cases, we compute the involved indices of
ramification and residual degrees thanks to Theorem

6.2.6. Coming back to Example[I.5. Besides factorization, Algorithm [3| gives an alternative way to
solve Problem [T.4] where Hensel lifting and approximate roots replace the refinement steps inherent
to Algorithm [1} This is particularily relevant from a complexity point of view, as shown in [41] in
the discrete rank one case.

Let us illustrate this fact on our Example solved in Subsection At the end of the depth
one step, one has computed a factorization of the current residual polynomial

Ry, 0,(9) = (y + 6982 + 349)%(y — 6982 — 349)° =: ¥¢5 € ray]

which implies a factorization g = Fy Fy in K"[z]. In order to find the next augmented valuations of
the MLV chains of g, we need to compute a key polynomial of degree 72 for each induced tangent
direction, not leading to a refinement step (such as ¢§9> in the notation of Subsection . As
explained above, this can be achieved as follows :
(1) Compute approximants Gy, Gs of Fi, F, with a high enough precision (Proposition .
(2) Compute the 8"-approximate roots of G; and G5 (Proposition .
Let us detail step (1), based on the generalized Hensel lifting of [4I]. The initialisation requires
to compute Gy,G2 € Kz] with Gy, G2 monic of degrees deg(G;) = deg(F;) and their "Bézout
cofactors” Uy, Uy € K|x] such that u1(U;) = —p1(G;) and such that
p1(g — G1Gz) > pi(g) and  py (U1Gy + UG — 1) > 0.
For G and Gy, this is equivalent to take an arbitrary monic lift of ¢/{ and ¢§. Following Subsection
we can take
G1 = (¢35 + W (698x + 349))® and Go = (¢3¢ — W (698x + 349))8
where W = 3 t3. We check indeed that u1(g — G1G2) = pu1(g) +v1 > u1(g) as required (where v,
is the current slope). To compute Uy, Us, we first compute a residual Bezout relation
ur Y +ug 9y =1 € Kyl
We find uq(y) = u2(—y), with
up = (538 — 4472) 4" —269y°5+ (104 + 208z) y° —101y* — (365 + 7302) y> —584y> +(244 + 4882) y+369.
Then we lift uy,ue in K[x], imposing the conditions ;1 (U;) = —u1(G;). We can take :
Ui = (538 —447z) W 159252 _ 269 1216 1 (104 + 208z) W 3¢180 — 101W 124144
— (365 + 730z) W19 — 584W 10430 1 (244 + 4882) W ¢3¢ + 369 8,
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and Us given by the same formula but replacing W with —W. We can indeed check that p(U;) =
—u1(G;) and py (U1G1 + UsG2 — 1) = v > 0, as required. Applying several times the classical
Hensel’s step (adapted to the valuation pq, see [41l Prop.8]) allows to lift this factorization up to a
higher precision. After n steps, we get G1,Go € K|[z] monic of degrees deg(G;) = deg(F;), which
satisfy
p1(g — G1Gz) > pa(g) +2"m
which in turns forces pf'(F; — G;) > p?(F;) + 2"v;. By Lemma we get
~ deg(F;)
h n (2
(7= 6 > () + (2 - T2 )
0 deg(¢1)
As we are in the rank one case, one can take n such that the right hand side is greater than dy,ax (F)
(see Remark about how to reach in practice a sufficient precision). Then, calling recursively
Algorithm [3[ on each factor G; will allow to compute the MLV-chains of all irreducible factors of g
(Corollary [6.13)).
Notice that deg(G1) < char(k), so Proposition ensures that the 8"-approximate root ¢ of
G4 leads immediately to a splitting pair (u?, #) of Gy, hence of F; by Proposition In other

words, we may have chosen ¢ instead of q5(29) as a “splitting” key polynomial for F} in Subsection
In the discrete rank one case, it is shown that this approach is less onerous than refinement steps
inherent to Algorithm [1] One reason is that we might need O(dmax) refinement steps to compute a
splitting pair, while Algorithm [3| uses only O(log(dmax)) Hensel steps due to quadratic convergence.
Moreover, it is shown in [4I] that we can modify Algorithm [3[to an even more efficient algorithm
using a divide and conquer strategy for the precision.
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