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H I G H L I G H T S

The model proposed considers mass and
charge conservation principles.
An online observer for both SOC and
SOH indicators is developed.
SOC and SOH estimations are obtained
by only measuring the battery voltage.
Numerical and experimental data has
been used to validate the observer.
Results show the possibility to properly
estimate the SOC and SOH in real time.
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A B S T R A C T

This study presents an online algorithm capable to simultaneously estimate the state of charge and state of
health of a vanadium redox flow battery. Starting from a general electrochemical model, some order reductions
are carried out considering different conservation laws. Based on these low-order models, the observer is
designed considering the terminal voltage of the battery. This observer is firstly analyzed using numerical
tools. Secondly, an experimental validation is carried out with real data provided by a vanadium redox flow
battery stack, consisting on current and voltage measurements.
1. Introduction

Nowadays, the search of efficient, low-cost, safe and long-life energy
storage systems (ESSs) is one of the topics of greatest interest. In
the exploration of technologies that meet these criteria, vanadium
redox flow batteries (VRFBs) have emerged as a prominent solution.
Moreover, these devices have the particularity of decoupling energy
and power, allowing for the definition of these variables in terms of
electrolyte volumes and stack size, respectively.

On the one hand, the electrolyte volumes define the amount of
energy the battery can store. Thus, they can be chosen according to
the size of the tanks where they are contained. On the other hand, the
power depends on the charging or discharging current and the battery
voltage. Both variables depend on the stack size, in terms of electrode
area and number of cells.

Regarding VRFBs, one of their significant advantages compared to
other redox flow battery typologies is the minimal battery degradation
resulting from the mixing of species on both sides, given that all elec-
trolytes consist of vanadium species. Specifically, the anode comprises
vanadium species V2+ and V3+, leading to the valences VII and VIII.
On the other side, the cathode is composed of vanadium oxides VO2+

and VO+
2 , yielding the valences VIV and VV, respectively. Consequently,

the concentration of each vanadium species is dependent on the redox
reactions occurring within the cell that can be formulated as follows:

V2+ ⇄ V3++e− (1)

VO+
2 + 2H+ + e− ⇄ VO2+ + H2O , (2)

for the anode (1) and cathode (2) sides, where → denotes a discharging
process and ← a charging one.

With respect to the voltage, typical values for a single cell composed
by two electrodes and one membrane vary between 0.6 to 1.8 V
considering a total discharged and charged battery, respectively. In
order to increase the voltage of the VRFB system, a number of cells
are assembled in electrical series to obtain what is commonly known
as a stack. Fig. 1 shows the scheme of a VRFB made of 3 cells where it is
possible to see the configuration required to assemble them conforming
the stack.

Concerning the research inside the field of control and supervision
of VRFBs, one of the most important challenges corresponds to the
estimation of the state of charge (SOC) and state of health (SOH).
Both battery indicators provide valuable information about the system
performance and are typically required for the design of optimal control
strategies, such as the control of the flow rates based on the Faraday’s
electrolysis law [1].

There is a large number of works in the literature focused on the
SOC estimation of electrochemical devices [2]. Specifically, in a VRFB,
the SOC is directly related to the amount of energy stored and its
value depends on the proportion of vanadium species within each side.
Therefore, there are different methods that have been developed to
obtain a measurement of the species concentration such as the analysis
of the electrolyte color or conductivity [3]. However, these techniques
2

Fig. 1. Vanadium redox flow battery scheme composed of a stack with three cells.

usually require an offline analysis and present an important lack of
accuracy [4].

Taking these drawbacks into account, a good alternative that is
currently emerging is the use of state observers capable of estimating
the SOC through other easily measurable variables such as the current
or voltage [5]. Thus, it is possible to find a great number of studies
dedicated to estimate the SOC of a VRFB using different typologies of
observers. By means of the measurement of the open circuit voltage
(OCV), the SOC has been successfully estimated in different works.
Among the different observers used, the Extended Kalman Filter (EKF)
or the Sliding Mode Observer (SMO) can be highlighted [6,7].

Nevertheless, vast majority of SOC observers use an equivalent
electric circuit model (ECM) and the OCV measurement to obtain
highly accurate estimations. This can be observed in works such as
Xiong et al. [8] or Dong et al. [9], where they use ECMs to develop
a SOC observer. In terms of precision, these works have proposed a
valid observer capable of estimating the SOC accurately, with a root
mean square error (RMSE) below 0.01 SOC [9].

In terms of SOH estimation there are few studies that present an
observer capable to estimate its evolution for VRFBs. On the one hand,
the SOH depends on many phenomena, such as mass imbalance due to
ion crossover phenomenon, side reactions or improper operation [2].
Therefore, it is difficult to obtain a model that is capable of replicating
the SOH evolution with high accuracy considering the aforementioned
factors. Furthermore, the dynamics described by these phenomena are
very slow compared to other processes such as the redox reactions
that take place inside the stack almost instantaneously. For this reason,
these slow phenomena are associated to a low observability in terms of
online state estimation.

However, the SOH estimation problem has been presented and
analyZed in other types of electrochemical systems such as lithium-
ion batteries [10]. Typically, the estimation of both SOC and SOH
is developed using ECMs where the SOH is normally associated to a
capacitance. In Xiong et al. [8], a capacity fading factor was used. The
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results obtained in this study show accurate SOC estimation with a
root mean square error (RMSE) below 0.013 V between the measured
terminal voltage and the estimated one.

Other works have been validated with real experimental data such
as a fast ECM-based estimation algorithm developed by Khaki et al. [11]
or a EKF algorithm used to estimate the SOC and the capacity concur-
rently and presented in the work of Wei et al. [12]. Although these
works have proposed partial solutions to the SOH estimation problem
in VRFBs, they have certain limitations that should be highlighted. First
of all, they are based on the use of ECMs where the SOH is described in
terms of a capacitance which cannot be related to the vanadium species
behavior. Furthermore, all these works consider the case of a single cell,
without validating the case of a stack formed by multiple cells.

Recent works have proposed different techniques to estimate the
SOH of a VRFB. This is the case of Vlaso et al. [13], which has presented
a deterministic method based on the shift of electrolyte refractive index
values at the same OCV. However, this work requires specific sensors
that can increase the cost of the battery and can only be used under
certain controlled operating conditions. Thus, the use of measurements
such as the OCV or terminal voltage has not been exploited until
now. In Puleston et al. [14], a SOC and SOH numerical observer is
presented, considering an electrochemical model and the use of the
OCV, presenting a relative error below 2%.

Thus, the aim of this work is to formulate an online SOC and SOH
estimation algorithm that can deal with an electrochemical model.
Specifically, the goal is to design an online estimator compatible with
the VRFB model previously presented in our work [15]. This study in-
troduces a comprehensive model for a VRFB, outlining key phenomena
and variables, such as species concentration evolution, temperature,
and pressure dynamics, among others. The electrochemical model de-
scribed follows the formulation proposed by Skyllas-Kazacos and was
validated using real experimental data. Some model parameters were
calibrated through an offline estimator algorithm, the Particle Swarm
Optimizer (PSO). Additionally, employing this offline PSO, the SOC
and SOH estimation were validated, yielding promising results that
demonstrate the feasibility of determining both indicators using voltage
and current measurements.

Based on these promising results, the complete Skyllas-Kazacos
model has been employed as a starting point to formulate the prob-
lem and present the equations defining the SOC and SOH indicators.
Subsequently, the model has been simplified by considering various
hypotheses and applying conservation principles such as mass and
charge conservation laws. Using the reduced-order model, a SMO has
been formulated and analyzed through various simulation tests. Finally,
the study has been validated using real experimental data obtained
from an experimental setup comprising a stack formed by 5 cells.

This work has been organized as follows. Section 2 presents the
problem formulation introducing the original model, the reduced one
using the different hypotheses and conservation laws, the voltage com-
putation and the definition of the SOC and SOH indicators. Section 3
shows the design of the SMO and the observability analysis. Sec-
tion 4 performs different numerical tests to validate the observer.
Section 5 encompasses the experimental part, describing the experi-
mental setup and the results obtained when the SMO is implemented.
Finally, Section 6 presents the main conclusions.

2. Problem formulation

The dynamics of the vanadium species are presented based on
the original electrochemical model of Skyllas-Kazacos. Based on these
dynamics, it is possible to present the SOC and SOH equations as well
as the voltage computation. Finally, with the application of the conser-
vation principles, the model can be reduced to present the formulation
of the problem.
3

c

2.1. Electrochemical model

The evolution of the four vanadium species concentrations inside a
VRFB is presented in the work of Skyllas-Kazacos et al. [16]. This model
determines the behavior of all vanadium species, considering the effects
of current, flow rates, and the diffusion mechanism. It is important to
note that, due to the difficulty in properly modeling certain undesired
inefficiencies such as shunt currents or component degradation [17],
these phenomena are usually neglected in SOC and SOH estimation
problems. However, even without considering these electrochemical
inefficiencies, this electrochemical model has been widely analyzed and
validated [15].

Considering only the effect of the redox reactions and assuming
that the electrolyte flow rates are high enough to ensure that the
concentration inside the stack is equal to that on the tanks, it is possible
to obtain the following 4th order model [16]:

𝒙̇ = 𝐼
(𝑁 ⋅ 𝑣𝑐 + 𝑣𝑡) ⋅ 𝐹

⋅ [1 − 1 − 1 1]T (3)

here 𝒙 ∈ R4 is the state vector [𝑥2 𝑥3 𝑥4 𝑥5]T composed by the
our vanadium species: VII (V2+), VIII (V3+), VIV (VO2+) and VV (VO+

2 ).
herefore, each state corresponds to a vanadium species concentration
xpressed in units of mol/m3.

Regarding the model parameters, 𝑁 is the number of cells that
ompose the stack, 𝑣𝑐 is the cell volume, 𝑣𝑡 is the tank volume and

is the Faraday’s constant. With respect to the sign of the current 𝐼 , it
as been considered positive for a charging process and negative for a
ischarging one. From now on, to simplify the equations formulation,
he term 𝑣𝑒𝑙𝑒𝑐 will be used to represent the volume of electrolyte on
ach side of the battery that can be computed as:
𝑒𝑙𝑒𝑐 = 𝑁 ⋅ 𝑣𝑐 + 𝑣𝑡 . (4)

t is important to remark that the presented model does not take
nto account side reactions such as vanadium ion crossover, hydrogen
volution rate (HER), or water crossover. These reactions have been
tudied and modeled in different works, as they have great importance
n the system mass imbalance, which affects the battery SOH.

On one hand, concerning vanadium ion crossover, it is well known
hat there are three main phenomena: diffusion, migration, and con-
ection, as discussed by Oldham et al. [18]. As mentioned, only the
iffusion mechanism appears modeled in the work of Skyllas-Kazacos.
owever, specific works have been conducted to model the migration
nd convection mechanisms, such as those by Hao et al. [19] and
hou et al. [20], demonstrating their contribution to mass imbalance.
s explained, these ion crossover reactions change the mass on each
ide of the system while maintaining the total system mass and charge
qual. Thus, based on these conservation principles and to simplify
he problem complexity, a single parameter will be used to determine
he mass imbalance, encompassing all the ion crossover mechanisms
entioned, instead of defining all three phenomena.

On the other hand, concerning the HER or water evolution, there are
lso studies that have developed models for these ions. Oh et al. [21]
ave defined a 3D electrochemical model that considers the evolution
f water ions on both sides of the VRFB. It has been observed that
he water crossover mechanisms contribute to the overall electrolyte
mbalance between the negative and positive sides of the VRFB system.
hus, as with vanadium ion crossover, this phenomenon contributes to
he drop in SOH and can be modeled by means of the mass imbalance
arameter. Finally, with respect to HER at the negative electrode of
he VRFB, Sun et al. [22] present a quantitative method to determine
he hydrogen evolution rate. It has been observed that the hydrogen
ons have a direct effect on the computation of the Nernst equation ac-
ording to the redox reactions that take place inside the cell. However,
n the vast majority of studies, the influence of these hydrogen ions
an be modeled by means of the standard electrode potential, 𝐸𝜃 , as
hown in the works of Knher et al. [23], and is modeled in the voltage
omputation section of this work.
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Finally, it is worth mentioning that all these described phenomena
could be introduced to the model presented in Eq. (3). Concerning
vanadium ion crossover, it would be necessary to add the equations
describing the evolution of vanadium species, considering the diffusion,
migration, and convection mechanisms. Regarding the accounting of
HER and water ions, it would be necessary to expand the state vector,
considering each of these new ions as states in the model.

2.2. Performance indicators

Using the previously described model, it is possible to compute
different performance indicators such as the SOC, the SOH and the stack
voltage.

2.2.1. SOC and SOH computation
There are different definitions to present the computation of both

SOC and SOH. Usually, the SOC is directly computed in terms of
vanadium species or by the relationship between the charge capacity
and the nominal one. With respect to the SOH computation, it is
commonly expressed in terms of the maximum capacity or in relation
to the internal battery resistance.

In this work, the expressions presented in [15] have been used,
enabling the computation of both indicators in terms of the vanadium
species.

Therefore, the total SOC of the battery can be computed as the
minimum SOC between the catholyte and anolyte sides:

SOC = 𝑚𝑖𝑛
(

SOC−,SOC+
)

. (5)

where SOC− and SOC+ are the SOC in the anolyte and catholyte sides,
respectively, which can be computed as follows:

SOC− =
𝑥2

𝑥2 + 𝑥3
, (6)

SOC+ =
𝑥5

𝑥4 + 𝑥5
, (7)

The main advantage of using this definition is the possibility to
distinguish between the SOC in each side. This is particularly relevant
in the presence of mass imbalance, where the SOC of both sides may
differ.

Furthermore, this notation allows to express the battery SOC in
terms of the amount of substance, considering the electrolytes volumes:

SOC− =
𝑛2

𝑛2 + 𝑛3
, (8)

SOC− =
𝑛5

𝑛4 + 𝑛5
, (9)

where 𝑛 denotes the number of moles of vanadium species and can
be computed for any particular species V𝑖 considering the electrolyte
volume:

𝑛𝑖 = 𝑣𝑒𝑙𝑒𝑐 ⋅ 𝑥𝑖 . (10)

With respect to the SOH, using the same notation in terms of amount
of vanadium 𝑛, it is possible to express its dynamics as:

SOH =
𝑚𝑖𝑛

(

𝑛−, 𝑛+
)

𝑛∗
, (11)

eing 𝑛− and 𝑛+ the moles of vanadium in the negative and positive
ides, that can be computed as:

− = 𝑣𝑒𝑙𝑒𝑐 ⋅ 𝑥2 + 𝑣𝑒𝑙𝑒𝑐 ⋅ 𝑥3 , (12)

+ = 𝑣𝑒𝑙𝑒𝑐 ⋅ 𝑥4 + 𝑣𝑒𝑙𝑒𝑐 ⋅ 𝑥5 . (13)

he term 𝑛∗ is the initial number of vanadium moles of each one of the
ides, which under ideal conditions of an initial balanced VRFB is equal
4

or both sides. Therefore, it is possible to calculate its value as the half
art of the total amount of substance 𝑛 of the system:

𝑛∗ = 𝑛
2
, (14)

where 𝑛 can be computed as the sum of the number of moles in the
positive and negative sides:

𝑛 = 𝑛− + 𝑛+ . (15)

2.2.2. Voltage computation
The voltage of a VRFB depends on the species concentration, in the

same way as both SOC and SOH. The VRFB voltage can be computed
as the sum of the OCV and different overpotentials such as the ohmic,
the activation and the concentration ones.

Regarding activation and concentration overpotentials, their im-
pact can be mitigated by operating the battery at low current den-
sities and within conditions where the SOC is constrained between
20% and 80% [24]. Additionally, treatments such as employing high-
performance electrodes with oxygen-enriched thermal activation have
been explored to decrease their contribution [25], resulting in a pos-
sible reduction of activation overpotential by 100 to 140 mV at op-
erationally relevant current densities. For VRFBs, various studies like
Delgado et al. [26] and Noren et al. [27] provide expressions for these
overpotentials. They are based on the use of the Butler–Volmer equa-
tion, which defines the overpotentials in terms of current densities and
species concentrations. With respect to the activation overpotential,
which can be significant even at low currents, it can be simplified
by linearizing the Butler–Volmer equation. In this context, the con-
tribution of activation losses can be represented by a simple resistor.
Considering these insights and with the goal of simplifying the formula-
tion of the terminal voltage, it is assumed that, in comparison to ohmic
losses, activation and concentration overpotentials have a negligible
contribution, which, in any case, can be represented by an unknown
resistor.

With respect to the ohmic losses, they are typically associated with
an ohmic resistance related to the resistivity of the materials composing
the different parts of the stack. Although this resistance may vary
for each individual cell based on factors such as assembly position
or thickness, it is commonly assumed to be equal for all cells within
a stack [2]. Therefore, ohmic losses can be computed by considering
the sum of resistances of all cells that make up a stack or by directly
defining a total battery resistance term.

Taking these aspects into account, it is possible to formulate the
voltage expression used in this work by means of the following equa-
tion [23]:

𝐸 = 𝑁 ⋅
(

𝐸𝜃∗ + 𝑅 ⋅ 𝑇
𝐹

𝑙𝑛
(

𝑥2 ⋅ 𝑥5
𝑥3 ⋅ 𝑥4

)

+ 𝑟 ⋅ 𝐼
)

(16)

being 𝐸𝜃∗ the standard reduction potential that takes into account the
concentration of protons, 𝑅 the ideal gas constant, 𝑇 the cell/stack
temperature and 𝑟 the ohmic resistance of an individual cell.

Both parameters 𝐸𝜃∗ and 𝑟 have not theoretical values and are
usually estimated offline [6]. Moreover, with respect to the resistance
𝑟, it has been found that its value can be different for a charging or
discharging process. Therefore, it is necessary to differentiate between
charging resistance 𝑟𝑐 and discharging resistance 𝑟𝑑 :

𝑟 =

{

𝑟𝑑 𝐼 < 0
𝑟𝑐 𝐼 > 0 .

(17)

It is important to note that this voltage model assumes that all cells
are equal in terms of voltage computation, given the well-established
fact that cells within the stacks typically exhibit similar voltages.
However, it is intriguing to analyze the potential occurrence of a cell
problem within the stack.

If a cell exhibits damage, various phenomena may occur, including

the generation of undesired gases such as hydrogen that can lead to the



Journal of Power Sources 598 (2024) 234181A. Clemente et al.

a
a

𝑥

𝑥

rapid degradation of the cell and the electrolytes. Under this issue, one
cell can experience a high voltage. However, when dealing with stacks
of multiple cells, a high cell voltage can potentially be compensated by
the voltages of the other cells. Therefore, the model should continue to
function properly within reasonable limits.

A defective operation can also manifest as a lower voltage for a
specific current, resulting in a lower total stack voltage. When more
current is demanded, there comes a point where the voltage of that
specific cell reaches zero, and then it reverses. At this stage, the current
no longer increases, and the potential reversal can spread to adjacent
cells [28].

In this work, as only the terminal voltage of the stack is considered,
it is not possible to identify which specific cell may have a problem.
Therefore, this situation is beyond the scope of this study. In the event
of significant damage to one or more cells, the proposed model, which
relates the input current to the output voltage, should be modified
to obtain an accurate estimation. Otherwise, the developed model
will introduce a significant error that will be reflected in unexpected
results concerning the SOC and SOH estimation when the observer is
employed.

2.3. VRFB conservation principles

Considering the battery as an isolated system without any leaks, it
is possible to satisfy certain conservation principles such as the laws of
matter and charge conservation.

On one hand, the matter conservation principle can be proven
analyzing the dynamics of the total number of moles 𝑛 computed
by Eq. (15). Substituting the dynamics expressed by Eq. (3) in Eq. (15)
it is possible to see that the amount of matter is invariant. Thus, the
total number of vanadium moles in the battery remains constant along
the time.

On the other hand, the charge conservation principle can also be
proven. The charge of a VRFB, denoted as 𝜍, is directly related with
the valence of the different vanadium species, being 1 for the vanadium
species VO+

2 , 2 for the species V2+ and VO2+ and 3 for the vanadium
species V3+. Thus, the total charge can be computed as the sum of all
vanadium species moles multiplied by their respective valences. Taking
into account this definition, the charge conservation principle can be
analyzed introducing in (15) the valences of the vanadium species and
considering the same Eq. (3) to compute their dynamics. Similarly to
the matter conservation analysis, the total charge is invariant remaining
constant along the time under the mentioned conditions.

2.4. Reduced order model

Assuming that the total number of moles is initially known, it is pos-
sible to compute the total matter and charge, respectively. Therefore,
as these values are constant, it is possible to simplify the original 4th
order-model to a 2nd order-model.

Moreover, introducing the concept of mass imbalance, which can
be defined as the difference of mass of the positive or negative side
with respect to its original one, it is possible to reduce one more state
assuming that this imbalance is known. Thus, it is possible to reduce
the order-model in terms of 𝑛+ (or 𝑛−) according to Eq. (13). With
the inclusion of this term, it is possible to consider the impact of
crossover in the battery model, such as the vanadium ion crossover due
to diffusion, migration, and convection mechanisms, or the influence of
the hydrogen evolution reaction (HER) and water ions on the system
imbalance. Although due to these phenomena it is known that 𝑛+
is not constant, its variation is very slow compared to the species
concentration dynamics, so it can be considered as a parameter. As can
be noticed from (13), 𝑛+ is linearly independent of (15). Considering
this property, it is possible to derive a 1st order-model with two known
5

parameters, 𝑛 and 𝜍, and one unknown parameter, 𝑛+.
Thus, using as state the vanadium species V2+, its dynamics is given
by the following expression:

𝒙̇𝟐 =
𝐼

𝑣𝑒𝑙𝑒𝑐 ⋅ 𝐹
, (18)

nd the concentrations of the other vanadium species can be computed
s:

3 = −
𝑥2 ⋅ 𝑣𝑒𝑙𝑒𝑐 − 𝑛 + 𝑛+

𝑣𝑒𝑙𝑒𝑐
(19)

𝑥4 = −
𝑥2 ⋅ 𝑣𝑒𝑙𝑒𝑐 − 3𝑛 − 𝜍 − 2𝑛+

𝑣𝑒𝑙𝑒𝑐
(20)

5 =
𝑥2 ⋅ 𝑣𝑒𝑙𝑒𝑐 − 3𝑛 + 𝜍 − 𝑛+

𝑣𝑒𝑙𝑒𝑐
. (21)

Finally, by substituting expressions (19)–(21) in (16), it is possible
to formulate an estimation problem by computing the evolution of 𝑥2
using the voltage measurement 𝐸, obtaining the following system:

𝒙̇𝟐 =
𝐼

𝑣𝑒𝑙𝑒𝑐 ⋅ 𝐹
𝐸 = ℎ(𝒙𝟐, 𝑛, 𝜍, 𝑛+) ,

(22)

where ℎ is the voltage nonlinear function defined by Eq. (16).
It is important to note that if the exact amount of substance 𝑛+ is

known, the SOH can be directly computed and the problem will only
consists on the estimation of the SOC by estimating 𝑥2. However, in
the case where 𝑛+ is unknown, solving the formulated problem requires
the joint estimation of 𝑥2 and 𝑛+ to compute the battery SOC and SOH.
Regarding this situation, it is important to describe two possible cases of
study. During short-time period scenarios, the crossover does not have a
significant impact on the model performance, and it is only necessary
to estimate the value of 𝑛+ considering it as a parameter. However,
in long-time period scenarios, the evolution of the crossover impact
becomes apparent. Therefore, under these circumstances, it is necessary
to consider the term 𝑛+ as a variable to be estimated.

3. Observer design

The sliding mode controller (SMC) is one of the most common
techniques used in nonlinear systems for both control and observer
applications [29]. Its working principle involves creating a sliding
surface where convergence is intended, along with a feedback term
designed to bring the system within this surface. If this control action
is well-designed, the system dynamics are stable and will converge
to the sliding surface in finite time. Thus, for the particular case of
estimation problems, the estimated values will be very similar to the
real ones [30]. The use of sliding mode observers (SMOs) for State of
Charge (SOC) monitoring is prevalent in the literature, with works such
as Du et al. [31] and Xiong et al. [32], designing an SMO to estimate
the SOC of a lithium-ion and redox flow battery, respectively.

To properly design the observer, the following procedure has been
developed. Firstly, a SMO has been formulated considering a general
non-linear system that can be directly related to the VRFB model
presented in Section 2. Secondly, an observability analysis has been
computed to guarantee that the states of the non-linear system can be
estimated using the formulated observer.

3.1. Sliding mode observer formulation

There are many different ways to define an SMO. In this work, it has
been decided to implement the method explained in Cecilia et al. [33],
which can be used for observers with input uncertainty.

Considering a non-linear system expressed as:

𝐱̇ = 𝒇 (𝐱, 𝒖)
𝑦 = ℎ(𝐱) .

(23)

where 𝐱 ∈ R𝑛 is the state vector, 𝒖 ∈ R𝑚 is the input vector and 𝒇

is the vector field. From this formulation, if the system output 𝑦 has
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relative degree 𝑛, it is possible to express the same system dynamics in
controllable canonical form (CCF) by means of the following change of
variables [34]:

𝒛 = 𝝓(𝐱) =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝑦

𝑦̇

⋮

𝑦(𝑛−1)

⎤

⎥

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

ℎ(𝐱)
𝐿𝒇ℎ(𝐱)

⋮

𝐿𝑛−1
𝒇 ℎ(𝐱)

⎤

⎥

⎥

⎥

⎥

⎥

⎦

(24)

where 𝐿𝒇ℎ(𝐱) is the Lie derivative and can be computed as follows:

𝐿𝒇ℎ(𝐱) =
𝜕ℎ(𝐱)
𝜕𝐱

⋅ 𝒇 (𝐱, 𝒖)

𝐿𝑛
𝒇ℎ(𝐱) =

𝜕𝐿𝑛−1
𝒇 ℎ(𝐱)

𝜕𝐱
⋅ 𝒇 (𝐱, 𝒖) .

(25)

As long as the 𝝓(𝐱) transformation is a diffeomorphism, trajectories
in the new coordinate system 𝒛 will have unique counterparts in the
original 𝐱 coordinate system that are also smooth.

Thus, it is possible to compute the dynamics of the new coordinates
𝑧 as:

𝒛̇ =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑧̇0
𝑧̇1
⋮

𝑧̇𝑛−1
𝑧̇𝑛

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑧1
𝑧2
⋮

𝐿𝑛−1
𝒇 ℎ(𝐱)

𝐿𝑛
𝒇ℎ(𝐱)

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(26)

which represent a triangular form. For this particular structure, it is
possible to design a higher-order sliding mode observer that takes the
following form [29,33]:

̇̂𝒛 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑧̂1 − 𝜆0|𝑧̂0 − 𝑦|(𝑛∕𝑛+1)𝑠𝑖𝑔𝑛(𝑧̂0 − 𝑦)

𝑧̂2 − 𝜆1|𝑧̂1 − ̇̂𝑧0|(𝑛−1∕𝑛)𝑠𝑖𝑔𝑛(𝑧̂1 − ̇̂𝑧0)

⋮

𝑧̂𝑛 − 𝜆𝑛−1|𝑧̂𝑛−1 − ̇̂𝑧𝑛−2|(1∕2)𝑠𝑖𝑔𝑛(𝑧̂𝑛−1 − ̇̂𝑧𝑛−2)

−𝜆𝑛𝑠𝑖𝑔𝑛(𝑧̂𝑛 − ̇̂𝑧𝑛−1)

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(27)

where ̇̂𝒛 is used to denote the estimation of the state dynamics 𝒛̇, 𝑛
stands for the order of the model, 𝜆𝑖 are the observer parameters to be
tuned and 𝑠𝑖𝑔𝑛(⋅) is the sign function that can be computed as:

𝑠𝑖𝑔𝑛(𝑎) =

⎧

⎪

⎨

⎪

⎩

𝑎
|𝑎|

if 𝑎 ≠ 0

0 if 𝑎 = 0
(28)

Thus, it is possible to formulate (27) in terms of the output error,
which can be computed as 𝑒𝑦 ≜ 𝑦̂ − 𝑦1:

̇̂𝒛 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑧̂1 − 𝜆0|𝑒𝑦|(𝑛∕𝑛+1)𝑠𝑖𝑔𝑛(𝑒𝑦)

𝑧̂2 − 𝜆1|𝑒̇𝑦|(𝑛−1∕𝑛)𝑠𝑖𝑔𝑛(𝑒̇𝑦)

⋮

𝑧̂𝑛 − 𝜆𝑛−1|
̇𝑛−1
e 𝑦|

(1∕2)𝑠𝑖𝑔𝑛(
̇𝑛−1
e 𝑦)

−𝜆𝑛𝑠𝑖𝑔𝑛(
𝑛̇
e𝑦)

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(29)

One of the greatest advantages of this type of high-order estimators
is that the computation of the state dynamics follows a recursive proce-
dure from the last equation to the initial one. This can be seen looking
(27) where it is possible to observe that the last term to compute ̇̂𝑧𝑖
corresponds to the previous state ̇̂𝑧𝑖−1. This recursive procedure occurs
from the last state ̇̂𝑧𝑛 until the initial one ̇̂𝑧0 where the last term
corresponds to the output measurement 𝑦.

1 To formulate the derivatives of the output error 𝑒𝑦, the following notation

is used
𝑖̇
e where the subscript 𝑖 represents the 𝑖th derivative.
6

𝑦

Fig. 2. Observer scheme for the VRFB.

Thus, it is important to remark that using this state estimator it
is only necessary to compute the output error 𝑒𝑦, differing from the
classical SMO that requires to compute all error derivatives that appear
in (29) using the derivatives of the output function, which can lead to
several problems such as noise and uncertainty phenomena. This can
be observed in Fig. 2, which illustrates a schematic representation of
the proposed SMO for the VRFB. As depicted, for the state estimation,
it is only necessary to compute the output signal 𝑦, corresponding to
the terminal voltage 𝐸.

It is important to note that the set of parameters 𝜆0, 𝜆1... 𝜆𝑛 are
positive and must be tuned in order to ensure that the observer estima-
tion converges to zero. There are different ways to compute the values
of 𝝀 to ensure the correct convergence of the state estimator. Works
such as [33,35] present a methodology to tune the aforementioned
parameters considering the case of high-order sliding mode observers
(HOSM). This methodology is based on the use of a family of Lyapunov
functions (LF) that makes possible to estimate the convergence time or
the robustness against measurement noise.

Following the general methodology presented in [35], the observer
design parameters 𝝀 can be defined as:

𝝀 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝜆0
𝜆1
⋮

𝜆𝑛−1
𝜆𝑛

⎤

⎥

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝜅0𝑀 (1∕𝑛)

𝜅1𝑀 (2∕𝑛)

⋮
𝜅𝑛−1𝑀 (𝑛−1∕𝑛)

𝜅𝑛𝑀

⎤

⎥

⎥

⎥

⎥

⎥

⎦

(30)

being 𝑀 the upper bound of the last system derivative 𝑧̇𝑛 such that
|𝑧̇𝑛| ≤ 𝑀 .

The set of parameters 𝜅 are positive parameters that are usually
chosen by computer simulation or can be found using a recursive
procedure [35]. The estimation error will converge to zero if 𝜅𝑖 are
positive constants such that the polynomial

𝑠𝑛 + 𝜅0𝑠
𝑛−1 + 𝜅1𝑠

𝑛−2 +⋯ + 𝜅𝑛−1𝑠 + 𝜅𝑛 (31)

is Hurwitz, which means that has all the roots in the left half-plane [36].
If these two conditions are met, the observer will converge to the

real value with null error in finite time. regarding the selection of the
parameter 𝜅𝑖, it directly influences the convergence time and sensitivity
to disturbances. Considering the case of a 1st order-model with a
unique parameter 𝜅0, higher values of 𝜅0 enable a faster estimation,
but makes the estimation more sensitive to disturbances such as mea-
surement noise. Conversely, lower values of 𝜅0 exhibit the opposite
behavior.

Therefore, there must be a trade-off between both convergence time
and sensitivity. When dealing with noisy systems, the establishment
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time may need to be sacrificed by using small observer gains 𝜅𝑖 to
nsure a correct estimate with low noise. On counterpart, when dealing
ith non-noisy systems, faster convergence can be achieved by using
igh values of 𝜅𝑖.

Although it is not straightforward to define a tuning methodology
ecause it depends on the concrete experimental setup (i.e. it depends
n the measurement noise), there are some theoretical works focused
n this topic which offer concrete tuning methodologies [37].

.2. Observability analysis

Before the implementation of the observer it is important to intro-
uce the concept of observability. The observability of a system is the
roperty that determines if the internal states can be inferred through
he external outputs. Thus, for the VRFB, the system defined in (22)
ill be called observable if the state 𝑥2 can be inferred from the output
.

For any non-linear system as the ones proposed in this work, it
s possible to determine its observability through the analysis of the
bservability codistribution, 𝛺𝑠, rank [38]. If the rank is equal to the
umber of states, the system is called observable. Otherwise, not all
tates can be reconstructed from the output system. The computation
f 𝛺𝑠 can be formulated as:

𝑠 = 𝑠𝑝𝑎𝑛{▿ℎ(𝐱)}⊕ 𝑠𝑝𝑎𝑛{▿𝐿𝒙̇ℎ(𝐱)}

⊕ 𝑠𝑝𝑎𝑛{▿𝐿2
𝒙̇ℎ(𝐱)}…⊕ 𝑠𝑝𝑎𝑛{▿𝐿𝑛−1

𝒙̇ ℎ(𝐱)} (32)

here ⊕ is the direct sum operator, ℎ is the output function, and 𝐿𝑖

s the 𝑖th Lie derivative function. As can be noticed, the computation
f 𝛺𝑠 requires the same functions used in the formulation of the SMO,
eing possible to relate 𝛺𝑠 to the jacobian of 𝝓.

. Numerical validation

To analyze the behavior of the SOC and SOH estimator, various
ases have been numerically analyzed. In order to perform this nu-
erical analysis, it has been chosen a VRFB composed by a single cell,

wo reservoirs of 100 ml and a total vanadium concentration of 1600
ol/m3.

Considering the amount of electrolyte that is imposed by the reser-
oirs capacity and the electrolytes concentration, it is possible to com-
ute the total number of moles and charge, 𝑛 and 𝜍, resulting:

𝑛 = 0.32 ,

= 1.12 .
(33)

Before implementing the observer, it is important to study the
ependence of the system dynamics with respect to 𝑛 and 𝜍 parame-
ers. This analysis will provide information about how sensitive is the
implified model.

To perform this initial study, the evolution of 𝑥5 has been analyzed.
s can be noticed from Eq. (21), its value depends on 𝑥2 and some
odel parameters. On one hand, the evolution of 𝑥2 only relies on the

urrent and electrolyte volumes according to (18). On the other hand,
he total number of moles 𝑛 has been changed while the total charge 𝜍
emains constant. Moreover, it has been considered that the system is
alanced being 𝑛+ exactly half of 𝑛.

Under these conditions, if there is a difference between the consid-
red 𝑛 with respect to the real value in (33), it will exist a difference
etween 𝑥2 and 𝑥5. Fig. 3 shows the behavior of 𝑥5 when different
alues of 𝑛 are considered assuming a constant 𝜍, and a charging and
ischarging process at constant current of 2 A.

As can be noticed from Fig. 3, when 𝑛 takes the real value, the
volution of 𝑥5 (in blue) is equal to 𝑥2. However, if 𝑛 is changed

increasing its value, the evolution of 𝑥5 also changes, existing an
important error.

For the case of presenting a 0.3125% relative error with respect to
7

the real value (case of 𝑛 = 0.321), there exists a constant gap of 35
Fig. 3. 𝑥5 evolution during a charging and discharging process at 2 A for different
values of 𝑛 considering that 𝜍 = 1.12 and the system is balanced. (For interpretation
of the references to color in this figure legend, the reader is referred to the web version
of this article.)

mol/m3, which can be seen as a relative error of at least 4.2% along the
cycle. The gap grows considerably for a relative error of 3.125% (case
of 𝑛 = 0.330). In this case, the gap between the real value of 𝑥2 and
the estimated one is approximately 350 mol/m3, which corresponds to
an error higher than 40% along the charging and discharging process.

Therefore, for the development of the SOC and SOH estimator
using the reduced model presented in (22), it is necessary to accu-
rately compute the system’s amount of matter, 𝑛, and charge, 𝜍, or
employ an observer capable of operating under situations of parameter
uncertainty.

4.1. State of charge estimation

The first analysis that has been carried out is the estimation of 𝑥2
assuming that 𝑛+ is known and constant. Thus, the model consists on
the first order-model system formulated by Eq. (22).

For this particular case, the observability analysis is straightforward.
As there is only one state to be estimated, the SOC can be directly
observed by means of the output signal 𝑦. Therefore, it is possible to
implement the observer structure defined in Eq. (27) corresponding to
a 1st order-model. Thus, the observer takes the following form:

̇̂
0 = −𝜅0𝑀 ⋅ 𝑠𝑖𝑔𝑛(𝑒𝑦) (34)

being 𝑒𝑦 = 𝑧̂0 − 𝑦 the error between the estimated voltage and the real
one 𝐸 computed by means of expression (22).

As can be observed from Eq. (34), the parameters to select are 𝜅0
and 𝑀 . According to the estimator theory described in the previous
section, for this 1st order-model, the parameter 𝑀 must be greater than
the output derivative, 𝑦̇, which corresponds to the voltage derivative.

In order to find the value of 𝑀 , an analytic analysis has been de-
eloped consisting on determining the bounds of the voltage derivative.
onsidering the voltage function which depends on the state 𝑥2 and the

nput current 𝐼 according to expression (22), it is possible to compute
he output derivative 𝑦̇ as:

̇ = 𝜕ℎ
𝜕𝑥2

⋅ 𝑥̇2 +
𝜕ℎ
𝜕𝐼

⋅ 𝐼̇ . (35)

From this equation, it is possible to obtain analytically the bounds of
𝑦̇. In the Appendix section it is shown the process developed to obtain
the analytical expression of 𝑦̇ and its possible derivatives, which can be
required for higher-order models.



Journal of Power Sources 598 (2024) 234181A. Clemente et al.

t
3
s

h
a

e

Fig. 4. SOC estimation for a charging process at constant current of 2 A considering different values of 𝜅0. (a) Real (red) and estimated SOC evolution (blue) under ideal conditions.
(b) Output error 𝑒𝑦 evolution under ideal conditions. (c) Real (red) and estimated SOC dynamics (blue) in the presence of measurement noise in the output function. (d) Real
(red) and estimated SOC dynamics (blue) in the presence of measurement noise and parameter uncertainty. (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)
A
d
o

c
S
4

r
a
s
o
d

h

Thus, to compute numerically the lower and upper bounds of 𝑦̇ it is
only necessary to define the bounds of both 𝐼 and 𝑥2 variables.

With respect to the current, for a single VRFB as the one presented in
his numerical analysis, typical values of current varies between 1 and
A [39]. Therefore, in order to make a realistic and reliable numerical

tudy it has been considered a higher bound of 4 A.
With respect to the concentration 𝑥2, theoretically it can only vary

between 0 and the total vanadium concentration which in this case
is 1600 mol/m3. However, it is important to remark that in practical
applications, it is not recommended to take the battery to extreme
levels of charge or discharge, due to the appearance of secondary
reactions. Normally the SOC operating range varies between 10 to 90%
to avoid these undesired phenomena [40].

Thus, for this case of study, it has been considered a bound between
150 mol/m3 to 1440 mol/m3. Taking into account these values, it
as been found that 𝑀 must be positive and greater than 2 ⋅10−3 to
ccomplish the condition of upper bound.

Once the value of 𝑀 has been selected (1 ⋅10−1 for this particular
xample) it is only necessary to choose the value of the parameter 𝜅 .
8

0

s has been explained, it must be positive ensuring that the polynomial
efined by Eq. (31) has the root in the left half-plane. Different values
f gain 𝜅0 have been considered to analyze the observer performance.

Fig. 4(a) shows the SOC profile when a charging process at constant
urrent of 2 A takes place. In order to validate the results, the estimated
OC (ŜOC) has been compared with the original one obtained with the
th order-model under the same mentioned conditions.

As can be noticed, the gain 𝜅0 has a direct effect in the estimation
esponse time. Lower values of 𝜅0 increase the convergence time. It is
lso possible to analyze the error dynamics, which in this case corre-
ponds to the difference between the real voltage and the estimated
ne. The behavior obtained is similar to the ones observed for the SOC
ynamics.

First of all, as can be noticed in Fig. 4(b), it is important to remark
ow the error converges to zero in finite time. For the case of 𝜅0 =

100, the steady-state behavior of the error is found in less than 2 s, but
presenting a gap that varies between −4 and 2 ⋅10−5. Considering the
other case with 𝜅0 = 5, the error converges to zero in almost 30 s and
the gap of the sliding surface is almost null as can be observed in the
detail.
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Taking into account these results it seems appropriate to choose
high values of 𝜅0 in order to obtain a faster estimation. However, it
must be noted that the sliding surface also increases as can be noticed
in the details of Fig. 4(a) and (b) for the SOC and error dynamics,
respectively.

At this point, it is important to analyze the behavior of the presented
observer under undesired phenomena such as parameter uncertainty or
measurement noise in the output or input signals. Taking into account
all these possible situations, the value of 𝑀 must be recomputed,
which can be developed numerically introducing the limits of these
phenomena and performing a simulation to find the upper values of
the output function and its derivatives.

With respect to 𝜅0, under the presence of measurement noise, the
ffect of high values of 𝜅0 is negative getting a noisier estimation.
ig. 4(c) shows the SOC estimation when the output presents noise with
Gaussian distribution with 0.002 variance. As can be noticed, under

his situation, the estimation is noisier with high values of 𝜅0 while the
oise is practically null taking lower values.

Finally, it is important to analyze the case of uncertainty in the
ystem parameters such as the total number of moles 𝑛 or the charge
. In order to develop this analysis, it has been considered the previous
rofile, introducing a 10% of variation of 𝑛.

As has been previously discussed, the system sensitivity on the
arameter uncertainty can be handled by means of the SMO gain 𝜅0.

Fig. 4(d) shows the SOC estimation where it is possible to see how
under the conditions of uncertainty mentioned, there exist a constant
error between the SOC obtained from the original model and the
estimated one ŜOC. This constant error appears due to the fact that the
parameter 𝑛 appears in the diffeomorphism. Therefore, it is important
to obtain good measurements of both 𝜍 and 𝑛 in real applications.

As a general observation across all studied cases, it can be concluded
that the estimation error decreases with low values of the 𝜅0 parameter,
ut the convergence time is higher. Hence, it is necessary to find
compromise between various characteristics, including the conver-

ence time, sensitivity to output measurement noise, and parameter
ncertainty.

Taking into account the results obtained from the different analyses,
here the original 4th order-model was compared to the simplified
ne by means of an observer, it is possible to conclude that the SOC
stimator presents good results being possible to modify its robustness
n terms of the 𝜅0 parameter.

.2. State of charge and state of health estimation

Considering 𝑛+ as a unknown parameter that must be estimated, the
roblem focuses into the estimation of both SOC and SOH indicators.
s has been explained, the amount of vanadium in the positive side
+ is associated to the SOH, varying its value when the imbalance
henomena take place. Usually, the lost of capacity due to this elec-
rolyte imbalance is so slow that can be considered as constant in
hort-medium intervals of time [41]. However, reasonable studies have
efined a slow and linear SOH tendency along the cycles [7].

Thus, this work presents a SOC and SOH estimator for two cases.
he first one consists in the estimation of the SOC and SOH assuming
hat 𝑛+ is a constant unknown parameter. In the second one, the SOH
s not assumed constant and to contemplate this behavior a model with
tate perturbation has been defined.

Taking into account these two cases, it is possible to formulate a 2nd
nd a 3rd order-model systems using the same output function ℎ, which
orresponds to the VRFB voltage denoted as 𝐸. For both cases, the
bservability analysis has been developed and the observer is computed
ollowing the theory explained in the previous section.

For the first case of study it is possible to formulate the new system
ynamics as:

̇ =

[ 𝐼
𝑣𝑒𝑙𝑒𝑐 ⋅ 𝐹

0

]

(36)
9

𝑦 = ℎ(𝒙𝟐, 𝑛, 𝜍, 𝑛+) c
eing 𝒙 = [𝑥2 𝑛+]⊤ the new state vector that considers the previous
tate 𝑥2 and the amount of vanadium in the positive side 𝑛+. Thus, the
roblem becomes a second order-model with two unknown states that
ppear directly in the output function 𝑦.

As can be noticed, with the dynamics formulated by means of (36),
+ is considered as a parameter. Using this formulation it is possible
o use the second-order SMO to estimate the value of both 𝑥2 and 𝑛+
tates, that is translated in the SOC and SOH estimation.

Before implementing the aforementioned observer, an observability
nalysis has been developed in order to see if both states can be
stimated using the system output 𝑦. By means of the computation of
𝑠 as was described in (32), it has been found that the rank of 𝛺𝑠

s 2, being the number of states of 𝒙. Therefore, the system dynamics
resented in Eq. (36) are observable.

Once the observability analysis has been performed, it is possible
o define the SMO for the 2nd order-model system which takes the
ollowing form:
̇̂
0 = 𝑧̂1 − 𝜅0𝑀

1∕2
|𝑧̂0 − 𝑦|(1∕2) ⋅ 𝑠𝑖𝑔𝑛(𝑧̂0 − 𝑦)

̇̂
1 = −𝜅1𝑀 ⋅ 𝑠𝑖𝑔𝑛(𝑧̂1 − ̇̂𝑧0) .

(37)

As can be noticed, for this second-order observer, in the second
quation appears in the last term the variable ̇̂𝑧0 which can be directly
omputed by means of the previous equation and the system output
. Therefore, for this particular case there are two 𝜅 parameters to be
uned and the same parameter 𝑀 previously bounded.

Taking into account this model, the parameter 𝑀 must be found
s the upper bound of the second voltage derivative ÿ, following
he theoretical procedure presented in [35]. Thus, its value can be
omputed performing the derivative of the function 𝑦̇, which appears
n the Appendix, following the previous procedure shown. For this
articular case, as the second voltage derivative equation ÿ is long to
e computed it has been omitted.

As has been done with the previous case of study, it has been
erformed an analysis to estimate both SOC and SOH when a charging
rocess takes place from an initial discharged balanced system.

In order to analyze the estimation of both SOC and SOH using the
econd-order system, the same scenario previously defined has been
sed.

As can be observed in Fig. 5, both SOC and SOH are estimated with
reat accuracy.

Looking Fig. 5(a), it can be noted that the time required to estimate
he SOC is less than 10 s, appearing the sliding surface along the SOC
ynamic. With respect to the SOH, the estimation requires a similar
onvergence time, as can be seen in Fig. 5(b). From these obtained
esults it is possible to validate the SOC and SOH observer in short
ime periods.

In order to validate the estimation at long time periods, a new
imulation has been carried out where the SOH from the original 4th
rder-model decreases linearly along the time from an starting 97%.
he selected total time is 𝑡tot = 50 000 s, while the SOC range is
%–25% SOC in 1500 s.

Using the same second-order observer presented in Eq. (37) the
esults obtained are the ones shown in Fig. 6. As can be seen in
ig. 6(a), the SOC estimation stills converge with null steady-state error.
owever, with respect to the SOH, when it evolves along the time, its
stimation using the previous observer carries an error and oscillations
s can be seen in Fig. 6(b). This result is expected, as the observer has
een designed with the purpose of estimating the SOH when is assumed
onstant. Therefore, if it is intended to estimate the SOH when its value
ecreases along the time according to the evolution seen in Fig. 6(b),
new observer must be designed.

The solution that is proposed in this work is to develop a model
ith state perturbation to be able to model the SOH dynamic. Thus,
onsidering 𝑛+ as a state to be estimated it is possible to formulate the
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Fig. 5. Real (red) and estimated (blue) SOC and SOH dynamics when 𝑛+ is constant
and is assumed constant in the reduced 2nd order-model. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of
this article.)

new system dynamics using an augmented third-order model. This new
model can be defined as follows:

𝒙̇ =

⎡

⎢

⎢

⎢

⎣

𝐼
𝑣𝑒𝑙𝑒𝑐 ⋅ 𝐹

𝛿
0

⎤

⎥

⎥

⎥

⎦

𝑦 = ℎ(𝒙𝟐, 𝑛, 𝜍, 𝑛+)

(38)

being 𝒙 = [𝑥2 𝑛+ 𝛿]⊤ the new state vector composed by the vanadium
species 𝑥2, the number of vanadium moles in the positive side 𝑛+, and
a parameter 𝛿 that determines the slope of the SOH decline. Thus, the
ystem becomes a third order-model.

Under the formulation of these new dynamics, it is possible to
esign a third-order SMO that accomplish with the same objectives
escribed. Developing the observability analysis it is possible to obtain
hat the rank of the observability codistribution matrix 𝛺𝑠 for the
ystem formulated in (38) is 3. Therefore, the new system dynamics
epresented by (38) are still observable using the output 𝑦.
10

c

Fig. 6. Real (red) and estimated (blue) SOC and SOH dynamics when 𝑛+ decreases
along the time but is assumed constant in the reduced 2nd order-model. (For
interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)

Following with the same procedure described for the observer de-
sign, it is possible to compute the estimation dynamics as:
̇̂
0 = 𝑧̂1 − 𝜅0𝑀

1∕3
|𝑧̂0 − 𝑦|(2∕3) ⋅ 𝑠𝑖𝑔𝑛(𝑧̂0 − 𝑦)

̇̂
1 = 𝑧̂2 − 𝜅1𝑀

2∕3
|𝑧̂1 − 𝑧̂0|

(1∕2) ⋅ 𝑠𝑖𝑔𝑛(𝑧̂1 − 𝑧̂0)
̇̂
2 = −𝜅2𝑀 ⋅ 𝑠𝑖𝑔𝑛(𝑧̂2 − ̇̂𝑧1) ,

(39)

here appears a new parameter to be tuned with respect to the previous
ase which corresponds to 𝜅2. With respect to 𝑀 , it must be chosen
eing greater than the upper bound of the third voltage derivative 𝑦,
hich can be found analytically performing the procedure described
reviously.

If the observer parameters are selected properly according to the
heoretical specifications mentioned, it is possible to estimate both SOC
nd SOH with great accuracy as can be seen in Fig. 7. For this study,
he original model is compared with the reduced one formulated by
eans of the system (38) when 𝑛+ decreases along the time.

As can be observed in Fig. 7, the estimated SOC and SOH are

ompared with the real evolution using the original 4th order-model.
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Fig. 7. Real (red) and estimated (blue) SOC and SOH dynamics when 𝑛+ decreases
and is considered a state in the reduced 3rd order-model. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of
this article.)

Fig. 7(a) shows the profiles of the real and estimated SOC during a
charging and discharging process. With respect to the SOH, Fig. 7(b)
shows the dynamics of this indicator, where it is also possible to check
the same tendency regarding the error dynamics.

As can be seen, for this particular case, the SOH estimation con-
verges to the real value with null steady state error. From these
obtained results it is possible to conclude that the new dynamics
obtained do not present error in the estimation of both SOC and SOH.

After validating the numerical analysis, the proposed observers can
be implemented for a real VRFB system. However, before implementing
these techniques, it is important to consider features such as com-
putation time, convergence time, maximum acceptable error and the
potential occurrence of chattering phenomenon.

Regarding the computation time, it depends on the number of
operations that must be performed in each iteration. Therefore, for the
purpose of this work, it can be associated with the computation of the
observer states 𝒛 presented in Eq. (29). Taking the worst-case scenario
11

as an example, considering the 3rd-order model observer, it implies
implementing a discretized version of Eq. (39). As observed, this pro-
cess does not require complex computational costs, involving simple
mathematical operations. Thus, these calculations can be performed in
a matter of microseconds. Therefore, for real applications where the
sampling periods can vary from milliseconds to seconds, the proposed
observer can be used effectively.

With respect to the convergence time, it can be modified according
to the observer gains, as mentioned and shown for the SOC estimation
problem. With respect to the estimation of both SOC and SOH indica-
tors, considering a complete charging and discharging cycle of 3000 s,
the convergence time required to correctly estimate both indicators is
less than 1000 s. Taking into account these results from the numerical
analysis, it can be stated that the proposed observer can be used for real
applications being possible to estimate both SOC and SOH indicators
before a cycle ends. Additionally, it is important to emphasize that con-
vergence time is required when initializing the observer from scratch,
i.e. it will only affect during the first charging/discharging cycle.

In terms of the maximum allowable error, for high-scale energy
systems such as the VRFB analyzed in this work, values lower than
1% are considered acceptable. As evident from the presented results,
under conditions of noise disturbance and parameter uncertainty, it is
possible to achieve lower errors results by adjusting the observer gains.

Finally, it is important to explain the possibility of phenomena such
as chattering in real applications. This phenomenon is influenced by
different factors such as the sampling period or the observer gain. With
respect of the sampling period, it depends on the application. For our
case of study, this sample period is only related with the measurement
of both voltage and current measurements, being possible to work
under sample periods between 0.1 to 1 s. The main problem when using
low samples periods is a slower integration that implies more chattering
in the estimated signals. In terms of the observer gain, higher values
required to speed the convergence time also favor the appearance of
chattering.

5. Experimental validation

To validate the results obtained from the numerical analysis, an
experiment was conducted using a real VRFB prototype assembled at
the Instituto de Carboquímica. The experimental setup comprises two
reservoirs, each with a volume of 250 ml, and a stack consisting of
5 cells. Concerning the structure of the stack, each cell is composed of
two PAN-based Sigracell® GFD4.6 felt electrodes thermally activated as
described in [42], each with a surface area of 60 cm2 and compressed
0.6 mm (from 4.6 to 4.0 mm). Each pair of electrodes is separated
by a Fumasep FAP-450 membrane to separate the anode from the
cathode reactions. Finally, the cells assembled in series are separated
by flexible graphite bipolar plates manufactured by Mersen. Regarding
the electrolyte composition, a solution of 1600 mol/m3 of vanadium in
H2SO4 supplied by HydraRedox was used. Using two peristaltic pumps,
the electrolytes were introduced at the bottom of the stack, distributed
to the cells following a Z-type configuration and returned to the tanks
from the top of the stack, ensuring that they reach the entire surface of
the electrodes.

In order to prevent the oxidation of vanadium species V2+, a nitro-
en line is connected to the anolyte tank. Thus, the mass imbalance
an be associated only to the ion crossover phenomenon through the
embrane. Finally, with the purpose of validating the observer design

t is necessary to compute the current and voltage along the time. Both
easurements of current and voltage are monitored and saved using a
aspberry PLC with a sample time of 1 s. Fig. 8 shows the experimental
etup with the aforementioned parts.

Before implementing the observer, as in any estimation problem,
t is necessary to calibrate the model. For the case of a VRFB, typical
arameters to be tuned are the standard potential 𝐸𝜃∗ and the ohmic
esistances 𝑟𝑐 and 𝑟𝑑 . These parameters must be properly calibrated
ince they appear on the voltage computation as it was shown in
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Fig. 8. VRFB prototype assembled in the Instituto de Carboquímica. 1: Peristaltic
pumps; 2: Raspberry PLC; 3: Electrolyte reservoirs; 4: Stack; 5: Nitrogen line.

Eqs. (16) and (17). They have been calibrated using the PSO technique
presented in different works [6,15,43]. The PSO technique is a compu-
tational method that iteratively improves possible solution candidates
to optimize a given problem. Initially, these candidates form a swarm
of particles, typically constrained by upper and lower values of the
unknown parameters to be estimated. Each particle has a position and
velocity that is updated in each iteration based on a cost function,
allowing the identification of local and global minima in optimization
problems. Therefore, once these bounds are defined, it is only necessary
to establish the number of particles that will constitute the swarm.
Increasing the number of particles ensures obtaining more accurate
values but comes with a higher computational cost.

For our study, the propose vector of parameters to be estimated
is 𝑝 = [𝐸𝜃∗ , 𝑟𝑐 , 𝑟𝑑] and to solve this problem it has been defined a
swarm of 400 particles with a lower bound vector 𝑝 = [1, 0.01, 0.01],
a upper bound vector 𝑝 = [2, 1, 1] and using the mean square error
(MSE) between the real and estimated voltages. Using the PSO solver
of Matlab, the obtained results have been 1.35 V, 0.12 Ω and 0.14 Ω,
for 𝐸𝜃∗ , 𝑟𝑐 and 𝑟𝑑 , respectively.

The experiments conducted to validate the observer involved dif-
ferent charging and discharging cycles at a constant current of 2 A,
which represents a current density of 33.3 mA cm−2. These operating
conditions were selected for two main reasons. Firstly, VRFBs are
commonly operated at constant voltage or constant current due to
the limited battery voltage range [2], necessitating specific battery
characterization for constant power operation [44]. Secondly, the use
of constant current allows for a more precise definition of a charging
and discharging cycle.

In relation to the SOC, the correlation with operating current density
is only temporal. On the other hand, regarding SOH, it is possible
that current densities may have varying influences on phenomena such
as ion crossover or capacity decay. However, for the purposes of this
study, there is no need to analyze other operating current densities. The
primary reason is that, as explained earlier, the behavior of SOC and
SOH remains nearly constant, yielding similar profiles albeit at different
time intervals. Consequently, with higher current densities, the number
of cycles increases compared to lower ones over the same period,
potentially leading to a faster capacity decay in terms of SOH. The
key point here is that these temporal differences do not interfere with
the developed observer. As demonstrated in the numerical analysis, the
convergence times for both SOC and SOH can be adjusted based on the
observer gains. Consequently, using the aforementioned current allows
for the definition of a complete cycle, involving a charging process until
the voltage reaches 8 V, followed by a discharging process until the
voltage reaches 4 V, as depicted in Fig. 9(a).
12
It must be highlighted that the proposed observer can operate
under various operating conditions in terms of current and voltage,
including the use of constant power profiles. This capability stems
from its reliance solely on current and voltage measurements, without
imposing limitations on the behavior of these signals. With respect to
other experimental conditions, high flow rates of 350 ml min−1 where
used to guarantee that the concentration inside the cell and tanks is
equal.

Finally, in terms of temperature inside the stack, as could not be
monitored is was assumed constant and equal to 298 K. Specific models
have been developed in the literature to determine the temperature
inside the cell or stack of a VRFB, considering the ambient temperature
and the temperatures inside the electrolyte tanks, such as the one de-
veloped by Skyllas-Kazacos et al. [45]. However, in these works, it has
been observed that the major contribution to temperature fluctuations
is due to high current densities or extreme levels of SOC, as analyzed
in the work of Trovo et al. [46]. Therefore, considering the low current
density used for the experiments, it is possible to assume that the
electrolyte temperature remains constant.

As can be noticed from Fig. 9(a) the period time of the cycles
decreases over time due to the effect of the mass imbalance. Therefore,
by means of this type of experiment it is possible to validate the
proposed SOC and SOH observer at long term scenarios.

As the experimental data correspond to a long operational time, in
order to estimate both SOC and SOH indicators, the model used is the
ones presented in Eq. (39). For this case of study, the different values
of the observer parameters used are: 𝜅0 = 7, 𝜅1 = 20, 𝜅2 = 10 and 𝑀
= 1 ⋅10−3.

Fig. 9(b) shows the output estimation 𝑦̂ compared to the real one
measured 𝑦 when the proposed observer is implemented. As can be
noticed, the estimated output converges to the real one with practically
null error in less than 100 s, which is a fast response and expected
considering the numerical analysis made.

The observed SOC and SOH dynamics are shown in Fig. 9(c) where
it can be seen how the SOH decreases while the SOC varies according
to the charging process that takes place. For these simulations, the
results have been plotted using the same sampling time period of 0.2 s.
However, it has also been validated for a sampling time period of
1 s. As explained in the numerical section, the computation time is
much smaller than these periods, making it possible to obtain a good
estimation of both indicators before a cycle ends.

The proposed SOC and SOH observer can be validated computing
the capacity loss along the cycles. In this work, the capacity loss during
the charging process has been calculated by means of the Coulomb
counting method.

Thus, the capacity can be computed in units of A s by the following
equation:

𝐶𝑘 = ∫

𝑡𝑓𝑘

𝑡0𝑘

𝐼 𝑑𝑡 (40)

where 𝐶𝑘 is the capacity of a particular cycle 𝑘, 𝑡0𝑘 is the initial time of
the cycle 𝑘 and 𝑡𝑓𝑘 is the final time.

The computation of the capacity in each cycle has sense taking into
account that all cycles are defined with the same operating conditions
previously mentioned. Thus, it is possible to see how the capacity decay
along the cycles. Fig. 10(a) shows the capacity evolution (red dots) with
respect to the cycles. To have more knowledge about the capacity decay
a linear function has been used to interpolate the data, being possible
to see an approximately drop of 164 A s for cycle.

With respect to the initial capacity of the system, it is possible to
compute the system capacity as:

𝐶0 =
𝐹 ⋅ 𝑐𝑡 ⋅ 𝑣𝑒𝑙𝑒𝑐

𝑁
(41)

where 𝑣𝑒𝑙𝑒𝑐 is the electrolyte volume which is 250 ml, 𝑁 is 5 according
to the number of cells of the stack and 𝑐 is the total vanadium
𝑡
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Fig. 9. Experiment developed to estimate the SOC and SOH with the proposed observer
during 14 cycles at constant current density of 33.3 mA/cm2. (a) Current (blue) and
voltage (red) measurements. (b) Real (red) and estimated (blue) output voltage. (c)
SOC (blue) and SOH (red) estimations. (For interpretation of the references to color
in this figure legend, the reader is referred to the web version of this article.)
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Table 1
Observer design parameters.

Notation Meaning

𝜅 Observer coefficient
𝑀 Observer coefficient
𝛷 Jacobian matrix
𝑓 System dynamics function
ℎ Output system function
𝐿 Lie derivative
𝑢 System inputs
x System state vector
x̂ State estimation
ẋ State derivative
y System output measurement

Table 2
VRFB model parameters.

Notation Meaning Units

𝐸 VRFB voltage V
𝐸𝜃 Standard electrode potential V
𝐹 Faraday’s constant A s/mol
𝐼 VRFB current A
𝑁 Number of cells –
𝑛 Moles of vanadium species –
𝑛− Anolyte moles of species –
𝑛+ Catholyte moles of species –
𝑅 Constant of gases J/mol K
𝑟𝑐 Charging resistance Ω
𝑟𝑑 Discharging resistance Ω
SOC State of Charge - or %
SOH State of Health - or %
𝑇 Temperature K
𝑣𝑒𝑙𝑒𝑐 Electrolyte volume m3

𝑣𝑐 Cell volume m3

𝑣𝑡 Tank volume m3

𝑥 Species concentration mol/m3

concentration which is 1600 mol/m3. Then, the theoretical initial
capacity of the VRFB is 7718 A s. This value is far from the initial
experimental value (6685 A s). There are different reasons that explain
this difference.

On the one hand, it is possible that during the first cycle there is
a loss of capacity. However, as has been observed in Fig. 10(a), the
capacity is around 164 A s. On the other hand, the theoretical initial
capacity computed by Eq. (41) considers that all vanadium species
react according to the total vanadium concentration 𝑐𝑡. Nevertheless,
to operate the system in optimal and safe conditions the SOC does
not usually reach 100% where high overpotentials appear and side
reactions can take place. This SOC limitation can be found looking at
Fig. 9(a) where the maximum voltage reaches 8 V that corresponds
to 1.6 V per cell. According to the literature, this voltage value is
associated to a 90% SOC. Therefore, the theoretical initial capacity
must be computed considering this SOC limitation obtaining a value
of 6946.92 A s which is closer to the experimental one.

Computing the capacity in units of SOH, it is possible to compare
the experimental SOH obtained from Fig. 10(a) with the estimated one
by the implemented observer that appears in Fig. 9(c). Both profiles are
shown in Fig. 10(b) where it is possible to see how the estimated SOH
matches with the one obtained from the Coulomb counting method.
As can be noticed, at initial state when the SOH is totally unknown
there exist an important error between the real and estimated value.
However, after 500 s the SOH stabilizes near the real value. It is
important to remark that the use of the Coulomb counting method
to validate the SOH estimation has its limitations when a battery
is used over an extended period without undergoing full charge or
discharge cycles. As the battery operates over time, errors accumulate,
posing difficulties in accurately estimating the SOH. It is plausible that
running the cell for an extended duration may lead to more pronounced
deviations as the ones shown at the end of the experiment.
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Fig. 10. Analysis of the SOH estimation. (a) Experimental capacity decay at each cycle
(red) and the interpolated linear function of all this points (blue). (b) Experimental SOH
obtained from Coulomb counting method (red) and the estimated one (blue) using the
proposed observer with the system dynamics (38). (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article.)

6. Conclusions

In this research, an online state of charge (SOC) and state of health
(SOH) estimation technique is proposed based on a recognized elec-
trochemical model proposed by Skyllas-Kazacos et al. [47]. By means
of the conservation laws, a reduced order-model can be used for both
SOC and SOH monitoring using the current as input and the battery
voltage as output measure. The reduced-order model takes into account
various phenomena, including redox reactions, the impact of flow rates,
and mass imbalance. While the proposed model has limitations in terms
of addressing battery degradation or electrochemical inefficiencies, its
operation in a closed-loop observer enables it to compensate for these
undesired phenomena. The proposed observer consists on a high-gain
14

sliding mode observer (HGSMO) that presents a null steady-state error
Fig. 11. Evolution of 𝛼 and its derivative considering that the operating region varies
between 10 to 90% of SOC. (a) Evolution of 𝛼. (b) Evolution of 𝛼̇.

and can be tuned in order to avoid some parameter uncertainty or
measurement noise. One of the strengths of the proposed observer is
that it only requires the measurement of the battery voltage, which is a
variable that can be measured with great accuracy and with practically
null noise, as has been observed in the experimental part.

The experimental validation has shown reasonably good results
when the estimated SOH has been compared to the real one, obtaining
a relative error less than 2%. These results demonstrate a high level of
accuracy in addressing the SOC and SOH estimation problem compared
to other works that rely on equivalent circuit models (ECMs) and solely
utilize the open-circuit voltage (OCV) measurement. However, the im-
portance of knowing the total concentration of vanadium species must
be remarked in order to properly apply the conservation principles. For
future contributions it could be interesting to analyze different aspects.
On one hand, in light of the challenges associated with the Coulomb
counting approach to validate the SOH estimation, it could be necessary
to conduct complete charge or discharge processes to more accurately
quantify the real capacity when determining the SOH. Furthermore, it is
conceivable that certain model parameters may undergo changes with

repeated cycles. A pragmatic approach to recalibrating the observer
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could involve performing a single cycle to re-estimate the model pa-
rameters and subsequently implementing the observer again using this
newly parameterized model.
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ppendix

In order to compute numerically the value of the output deriva-
ive 𝑦̇, and its respective derivatives, the following procedure can be
eveloped.

First of all, starting from the original system (22), it is possible to
ewrite the problem as:

̇ 2 = 𝜆 ⋅ 𝐼

𝑦 = ℎ(𝑥2, 𝐼) ,
(42)

here 𝜆 is a constant that according to (22) is defined as 𝜆 = 1∕𝐹 ⋅𝑣𝑒𝑙𝑒𝑐 .
Then, it is possible to compute the output derivative, 𝑦̇, as:

𝑦̇ = 𝜕ℎ
𝜕𝑥2

⋅ 𝑥̇2 +
𝜕ℎ
𝜕𝐼

⋅ 𝐼̇ , (43)

which can be rewritten as:

𝑦̇ = 𝛼(𝑥2) ⋅ 𝜆 ⋅ 𝐼 + 𝑟 ⋅ 𝐼̇ , (44)

where 𝛼 denotes the partial derivative of ℎ with respect to 𝑥2 and 𝑟 is
the ohmic resistor according to (16).

The value of 𝛼 can be computed numerically, developing the partial
derivative of ℎ with respect to 𝑥2 and considering the possible values
of 𝑥2. Fig. 11(a) shows the numerical values of 𝛼 with respect to 𝑥2,
considering the parameters defined in the numerical section and that
15

the SOC can only vary between 10 to 90%.
Thus, it is possible to obtain the upper value of 𝑦̇ with respect to
the input current 𝐼 as:

‖𝑦̇‖ ≤ 5.5 ⋅ 10−4 ⋅ 𝜆 ⋅ ‖𝐼‖ + 𝑟 ⋅ ‖𝐼̇‖ . (45)

As can be noticed, by means of this procedure it is only necessary to
ake into account the profile of the input current 𝐼 , and its derivatives.

The second derivative ÿ can be computed according to (44) as:

𝑦̈ = 𝜕𝛼
𝜕𝑥2

⋅ 𝑥̇2 ⋅ 𝜆 ⋅ 𝐼 + 𝛼(𝑥2) ⋅ 𝜆 ⋅ 𝐼̇ + 𝑟 ⋅ 𝐼 (46)

= 𝜕𝛼
𝜕𝑥2

⋅ 𝜆2 ⋅ 𝐼2 + 𝛼(𝑥2) ⋅ 𝜆 ⋅ 𝐼̇ + 𝑟 ⋅ 𝐼 , (47)

eing possible to compute the upper value of ÿ considering the upper
alue of the derivative of 𝛼 with respect 𝑥2 (Fig. 11(b)) as:

𝑦̈‖ ≤ 6 ⋅ 10−6 ⋅ 𝜆2 ⋅ 𝐼2 + 5.5 ⋅ 10−4 ⋅ 𝜆 ⋅ ‖𝐼̇‖ + 𝑟 ⋅ ‖𝐼‖ . (48)

Following this procedure, higher derivatives can be computed and
he upper value 𝑀 can be adjusted with respect to a particular known
nput current 𝐼 .

omenclature

See Tables 1 and 2.
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